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Abstract

For purposes of Value-at-Risk estimation, we consider three multivariate families
of heavy-tailed distributions, which can be seen as multidimensional versions of
Paretian stable and Student’s ¢ distributions allowing different marginals to have
different tail thickness. After a discussion of relevant estimation and simulation
issues, we conduct a backtesting study on a set of portfolios containing derivative
instruments, using historical US stock price data.

1 Introduction

The purpose of this paper is to assess the performance of some classes of multivariate
laws with heavy tails in the estimation of Value-at-Risk for nonlinear portfolios. The
inadequacy of Gaussian laws, in one or several dimensions, to model the distribution of
risk factors, especially in view of applications to risk modeling, is well-documented in
the empirical literature (see e.g. [3], [6] and references therein). Here we concentrate on
models for risk factors that are multivariate extensions of the classical a-stable and Stu-
dent’s t distributions. In particular, we consider multivariate laws whose marginals may
have different indices of tail thickness, and/or whose structure allow for tail dependence
(i.e., roughly speaking, extreme movements of several risk factors may happen together).

Let us briefly recall how VaR is usually estimated for nonlinear (i.e. containing deriva-
tive instruments) portfolios, and what kind of improvements have been proposed. In the
simplest setting, one uses a linear approximations of losses with normally distributed
risk factors: denoting by L the loss over a certain time period, one sets L ~ (A, X),
where X ~ N(m, Q) is a d-dimensional vector of Gaussian risk factors, A is an element
of R, and (-, -) stands for the usual scalar product of two vectors. Then (A, X) follows
a one-dimensional Gaussian distribution with mean (A,m) and variance (QA,A), so
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that (an approximation of) VaR can be obtained immediately. However, it is clear that
such a scheme suffers of two major weaknesses: the linear approximation is inaccurate,
as the payoff function of derivatives is usually highly non-linear, and the hypothesis that
random factors are Gaussian is often inappropriate, as briefly mentioned above (the
literature on this issue is very rich — see e.g. [4, [0l 8], to mention just a few classi-
cal references). Among the many improvements that have been suggested in literature,
some focus on a better modeling of the nonlinear relation between L and X (e.g. by
using quadratic approximations of the type L ~ (A, X) + (I'X, X)), but still assuming
X Gaussian (see e.g. [6]), while others introduce alternative distributions of portfolio
losses, often just in the univariate setting (see e.g. [15]). To the best of our knowledge,
however, there are only a small number of studies devoted to models that take into ac-
count both non-linearities and non-normality in a multivariate setting: Duffie and Pan
[7] and Glasserman et al. [I0] adopt the quadratic approximation and non-Gaussian
risk factors. In particular, risk factors include a jump component in the first work, and
are modeled by multivariate ¢ distributions (or a modification thereof) in the latter.
However, both works are devoted to different issues (analytic approximations and effi-
cient simulation techniques, respectively), therefore they do not address the statistical
issues related to the implementation of their models, and do not measure their empirical
performance on real data.

Our contributions are the following: we introduce a stable-like model for risk factors
obtained by multivariate subordination of a Gaussian law on R (see §2), such that each
marginal (i.e. each risk factor) can have a different index of tail thickness. We construct
estimators for the parameters of this distribution and we study their asymptotic behav-
ior. An analogous program is carried out for a multivariate t-like law (see §3]). The
statistical properties of an alternative multivariate t-like law, obtained by “warping”
the marginals of a standard multivariate ¢, which was introduced in [I0], are studied in
4l In g6l we provide an extensive back-testing study of the three parametric families of
distributions using real data, on portfolios containing both standard and exotic options,
relying both on full revaluation of the portfolio value and on its quadratic approximation.

2 Multivariate stable-like risk factors

2.1 Description of the model

Given a probability space (Q, F,P), let X : Q — R? be a random vector of risk factors
such that

X = AY2G, (1)
where A = diag(Ay,...,Aq) is a diagonal random matrix with independent entries,
AiNSaim((cos Wji)Z/ai,1,0> Vi=1,....d, (2)

and G is a R%valued Gaussian random vector, independent of A, with mean zero and
covariance matrix . In (2)) we assume a; €]1,2[ for all i = 1,...,d.



Note that ({l) and (2] imply that, for each ¢ = 1,...,d, the i-th marginal of X has
distribution Sy, (0;,0,0), where E[G?] = 202. In particular, risk factors are allowed to
have different indices of tail thickness «;, and they are dependent through the Gaus-
sian component G. Other distributional properties of this class of random vectors are

discussed in §2.4] below.

2.2 Estimation

Let X(t), t = 1,...,n be independent samples from the distribution of X. For p <
minj<;<q(c;)/2, define the (improper) sample p-th moment as

My(n) =n""Y " Xi(0) P X;(6)7,
t=1

where X®) := | X|Psgn(X). Note that, by Cauchy-Schwarz’ inequality, we have
E|XiX P < (BIXP) 2 (B1XGPP) < oo,
thus also, by Kolmogorov’s strong law of large numbers,

lim My(n) =E(X;X;)? as.

n—oo

Since the random matrix A and the random vector G are independent, one has
E(X;X;)P = (EAf/2> (EA§/ Q)E(GiGj)@),
where (see e.g. [16, p. 18])

221 (1 — p/ay) QT 305 T\ o, DT
EAP? = P (1 tan? S5 (cos T ) " cos BT =i oy
’ Pfooo w21 sin? u du +tan 4 5Ty S P

The constant C,,, can be computed explicitly, recalling that

21 2 2—1 Uy
/ uw PV sin? udu = —2°/ COSZF(—p/Q).
0

Let us now define the function

fr:]l—-L1[ =R
q— E[(Z122)")],

where Z1, Z5 are jointly normal random variables with covariance matrix

L)



For any given p < min;(c;)/2, matching the theoretical signed p-th moments of X;X;
with their sample counterparts, we obtain the following estimator for the matrix Q:

- n Y X)X (1)) o
QZ] = QUlU]f; < QPUfO"I;Cal pCaJ_ . 5 1, ] = 1, . ,d,

where the superscript “«—” stands (here and henceforth) for the inverse function.

If {0;}; and {a;}; are not known a priori, but we rather have only consistent esti-
mators {G;, }; and {&;, }i, respectively, one can easily deduce (by several applications of
the continuous mapping theorem), that the estimator of () obtained replacing «; with
Q&;n and o; with &;, in the above expression is still consistent.

Remark 1. (i) As far as the estimation of the covariance matrix @ is concerned, the
heavy tailed assumption does not imply any extra computation burden.
(ii) For our purposes, it is enough to choose p = 1/2, as we always assume «; > 1 for
all 7 (as is well-known, this is equivalent to assuming that all returns have finite mean).
(iii) Unfortunately we are not aware of an explicit expression for the function ¢ —
fp(q). However, it can be expressed as an integral with respect to a Gaussian measure
in R2:
z129)¢ Ple=3(Q7'e) gy

fp(/’): 27_‘_\/@/]1%2

2m4/1 — g2 /R2

which can be computed by numerical integration with essentially any accuracy. Figure
M plots the function f;/o on the interval [0, 1].

2)(x172qx112+x2)

T122) <p e 2(-q dxq dxo (3)

Let us consider a simplified case: d = 2, 01 = 09 = 1/\/5, and a7, ag given. The
assumption d = 2 is harmless, as in any case the method works componentwise. The
case of unknown «; and o; can be dealt with replacing them with their corresponding
consistent estimators, as discussed above.

Let us define
:fe Zt 1X1() XZ()<>
Cahpcamp

(4)
We first prove the following lemma:

Lemma 2. The function f, :]—1,1[— R is bounded, continuously differentiable, concave
increasing on | — 1,0[ and convez increasing on ]0,1][.

Proof. Boundedness follows by concavity of the function z — |z|P for p < 1 and Jensen’s
inequality, that yield

1£5(q) = [EZP 2P| <E|Z1 2P < (E|Z1 Zo)P < 1,

where the last inequality follows by Cauchy-Schwarz’ inequality and EZ? = EZ3 = 1.
Continuous differentiability w.r.t. ¢ is immediate by inspection of (3]). Differentiating (3]
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Figure 1: Plot of the function f,, with p =1/2.

w.r.t. g twice, one gets (after some cumbersome but elementary calculations) fl’,(q) >0
for all ¢ €] — 1,1, and f}'(¢) <0 for ¢ <0, f;/(0) =0, f(¢q) > 0 for ¢ > 0. The lemma

is thus proved. ]

It is easy to prove that ¢, is strongly consistent, i.e. that ¢, — ¢ a.s. as n — oco. In
fact, as above, since p < (min; ;)/2, by Kolmogorov’s strong law of large numbers one
has 1 ®) X, (£)®)

R n- "X 1(0)'P? X5 (t)'P
o) = s XTI noe, 577000 = f() s,
Cahpcfm P
from which we can conclude thanks to the continuous mapping theorem and the conti-
nuity of f*.

We are now going to prove that the estimator (4]) is asymptotically normal, under
a more stringent assumption on the chosen value of p. Let us define the function g, :
R? - R,
. x§p> x;m

Cahpca%p.

It is clear that the estimator (@) can be defined as the solution of the equation

gp T = (x1,22)

Bugp = 3 9p(X(K)) = Bygp(X) = f,(0) @
k=1



where PP, stands for the (averaged) empirical measure of the sample X (1),...,X(n), i.e.

1 n
k=1
Proposition 3. If p < min;(«;)/4, then ¢, is asymptotically normal and satisfies

Vi(an = a) = N (0, f3(0) 2 (Bylg2(X)] - 2(@) ). (6)

Proof. We have proved in lemma 2 that f,(¢) = E,g,(X) is a bijection on the open set
] = 1,1], it is continuously differentiable on its domain, and f,(z) # 0 for all x €] —1,1[.
Moreover, as it follows from (@) and (B]), one can write

Vian = a) = V(£ (Pagy) = i (Bagp(X)) ). (7)

We have, by the strong law of large numbers, P,g, — E,g, a.s. as n — oo. Recalling
that by hypothesis p < min;(«;)/4, it follows that quf)(X ) < oo, hence, by the central
limit theorem,

V(Pngy — Eggp(X)) = N(O’qugza(X) - fg(Q))

An application of the delta method, taking into account the inverse function theorem,
now yields the result. O

A shortcoming of the asymptotic confidence interval implied by the above proposition
is that the asymptotic variance depends on the parameter to be estimated itself. One
can overcome this problem by a variance stabilizing transformation: let us define the
function v :] — 1,1[— R,

2
E[X X (EXP X))

= Eq02(X) — (Eqgp(X))* = B
'Yp(Q) qu( ) (qu( )) Cay,2pCas,2p Cé, 504

Q1,p—a2,p

and

c foly)
T) = d
wD= ) e

Then, again by the delta method, we obtain

Vi) = @) = N (0602 710 ) = N (0. 1),

and a corresponding asymptotic confidence interval for ¢ as

q¢€ [‘P;;_(‘Pp(dn — za/v/n), ‘P;(‘Pp(dn + za/ V)]

This asymptotic normality result for ¢,(G,) would of course be better if we had an ex-
plicity expression for ¢,,, which instead needs to be approximated numerically. However,
since both f, and +, are smooth functions (i.e. at least C?), constructing a numerical
approximation of ¢, is a rather simple task.



2.3 Simulation

In view of the results of the previous subsection, we assume that the covariance matrix
Q is known, hence, with a slight but harmless abuse of notation, we shall write @) instead
of Q

Random vectors from the distribution of X can be simulated by the following simple
algorithm:

(i) generate d independent random variables Z; ~ N(0,1), ¢ =1,...,d, and form the
random vector Z = (Z1,...,7Z4) ~ N(0,I), so that Q*/2Z ~ N(0,Q);

(ii) independently from Z, generate d independent random variables from the distri-

bution of 4;, i =1,...,d, as defined in (2));

(iif) setting A = diag(Ay,...,Aq), one has that AY2Q'Y/2Z is a sample from the d-
dimensional law of X

Note that the only computational overhead with respect to the simulation of a Gaus-
sian vector is the simulation of the stable subordinators, for which nonetheless efficient
algorithms are available (see e.g. [16]).

2.4 Distributional properties

We shall now prove some distributional properties of the random vector of risk returns
X. We begin showing that X can be regarded as a particular case of multivariate subor-
dination, with a construction analogous to that of [I]. Let us recall that a subordinator
in R? is an R%-valued Lévy process with T(0) = 0 a.s. and T(t) increasing a.s. for all
k=1,...,d. Then one has, for v € R?,

Ee~ 0 TM) = exp [t/ (%) — Vu(dx) +it(y,c)| = e WO, (8)
R

d
+
where ¢ € R? and v is a o-finite measure on R? such that suppr C R% \ {0} and
/ (LA |z]) v(dx) < 0.
Ry

Given a process Y (t), t > 0, with values in R?, we define the process subordinate to Y’
by T as
Y(T(t)) :== V(T1(2)), - .., Ya(Ta(t)))-

Proposition 4. There exists a multivariate subordinator T (t), t > 0, such that
d
X =W(T (1),

with W an R%-valued Wiener process with covariance matriz Q.



Proof. In fact, taking T(t) = (Ai(t),...,Aq(t)), with A;(¢) independent «;/2-stable
subordinator for all ¢ = 1,...,d, by subordinating the Wiener process W (t) we obtain
(AL ()P (1),. ., Ag(8) P Wg(1))
A2gLx,

(Wi (Av(8)), -, Wa(Aa(t)))

lle Il

choosing t = 1. O

As is well known, classical subordination (i.e. when subordinators are one dimen-
sional increasing Lévy processes) is closely related to the class of type G laws. This
remains true in the multivariate case, and the following proposition establishes a con-
nection with a class of multivariate laws recently studied in [I].

Proposition 5. The law of the random vector X is of type multG.

Proof. We have X £ AY2QY27, with Z ~ N(0,I), hence also X < SY2Z, with
S = A/2Q1/? (Al/le/Q)*. The random matrix S is clearly symmetric positive definite,
and its infinite divisibility follows immediately by

S = A1/2QA1/2 _ n(Al/QQAl/Q),
mn

therefore X is of class multG by definition. O

Since S is infinitely divisible as an element of the space of positive definite symmetric
d x d matrices LT (R?), its law ug admits a Lévy measure mg.

Proposition 6. The law of the random vector X

(i) is infinitely divisible with characteristic triplet [0,0, mx]|, where mx (dx) = u(x) dz,

dNQ R(m)
= -~ 7 d .
u(z) /Lj(Rd) 12 mg(dR);

(ii) 4s absolutely continuous with respect to Lebesque measure with probability density

function
dNo,r()

=[S ustany

(iii) admits the characteristic function

. 1 % —Tr(&E*
Ee'¢X) = Eexp ( - 5Tr(££ S)) = exp /L*(]Rd)(e TR — 1) ps(dR),
1

where & s treated as a column vector.



Proof. Infinite divisibility of X follows immediately noting that for any n € N we have

x 2L a2g 4L S Xk 4 3 allqy,
k=1 k=1

with >~ Gy 2 @G. The latter decomposition obviously always exists because Gaussian
vectors are infinitely divisible. The characteristic triplet of X is of the type [0,0, mx]
because subGaussian random variables have no Gaussian component and mean zero
(see e.g. [16]). Moreover, since we assumed that @ has full rank, and the laws of stable
subordinators are absolutely continuous with respect to Lebesgue measure and their
support coincides with R4, it follows that the Lévy measure mg is supported on the
space of strictly positive definite d x d matrices. Then the result follows by Proposition
3.1 in [1]. O

2.5 Extensions

Let us remark that the model () for the vector of risk factors can be extended to allow
for asymmetries. In particular, setting

X =AY2G+ B,

where B is a random vector with independent components B; with law Sa (0Bi,BBi,0),
we have that the ¢-th marginal of the vector X has distribution S, (63, B, 0), where

- , , . o
gi = (0" + U%@)l/aﬂ Bi = ﬁBzﬁ

One can then estimate the parameters &; and f3; fitting a general Paretian stable law to
observed data, and obtain (in general in a non-unique way) values of o;, op,, and Bp,.
A common choice is fp, = 1, so that

op, = B/ %5, = (1-5)"5,

Moreover, model (I]) does not allow for tail dependence among different risk factors.
As a remedy, one may use the series representation of stable subordinators (see e.g. [16]),

setting
A = Z W i=1,0n,

where (7;)r>0 is a (fixed) sequence of independent standard Gamma random variables.
The analysis of this model, however, is considerably more involved, and we plan to
elaborate on these issues in a future work.



3 Multivariate t-like risk factors

3.1 Description

On a probability space (€2, F,P), let us consider a d-dimensional random vector of risk

factors X such that
Gy

X = ——,
‘ vV Vi/vi

where G ~ N(0,Q) and Vi,. ..,V are independent one-dimensional x2-distributed ran-
dom variables with parameters vy,...,v4, respectively. We also assume that G and
(V4,...,Vy) are independent. Then, for each k = 1,...,d, the k-th marginal of X is
distributed according to a Student’s ¢ distribution with parameter v, multiplied by
Of = (EG%)I/ 2. In particular, as in the case of the previous section, risk factors may
have different indices of tail thickness (measured by 1), and their dependence comes
from the Gaussian component G.

k=1,...,d, 9)

3.2 Estimation

Assuming for the time being v, k = 1,...,d, to be known, let us estimate the covariance
matrix ) by the method of moments. We shall assume from now on that v > 2 for all
k, which implies in particular that EX z < oo for all k. One has
EXyXi = onve EGLGLEV, 2RV,
—1/2 iy —1/2
= Qui VR BV, VPRV, Y

for all h # k, and
EX? = Qu vk BV, ' = 0Z v, EV, L

Denoting, for simplicity, a random variable with x?(v) distribution by V, the density of
V' is given by

1 @

_ v/2—-1_-%

fl/(x) 2V/2F(I//2)x € 27

so that
o0 1 o0 =
EV /2 :/ o Y2 (x dxzi/ V273273 dy
0 ule) 2v”T(v/2) Jo
 T(v/2-1/2)

V2T(v/2)
and, similarly,
1T(v/2-1) 1

EV-t= [ a2 2% gp = L = .
/0 e TSR v 2

Here we have used the definition of Gamma function,

oo
I'(z) = / t*~le~t dt, z >0,
0

10



and its “factorial” property I'(z 4+ 1) = 2I'(z). The above calculations yield

2 Twn/2)  T(w/2)
Qni = vk D(wp/2 = 1) T(/2 — 1) BXn Xk, Rk

and
vV — 2

Qur = 0} = EXZ.

We have thus obtained the following moment estimator for @:

Ao 2 Tw/2)  T(/2)
Qhk—\/mr(yh/Q—m T(ve/2—1) n ZXh )Xt h#k,

and

Note that, for each k, v, can be estimate by one-dimensional maximum likelihood on
the k-th marginal, thus obtaining a family of consistent estimators oy, k = 1,...,d.
Therefore, the corresponding estimator of () obtained by substituting in the previous
expressions each vy with 0y, for each k, is still consistent.

We can now prove that Qhk is asymptotically normal. For compactness of notation,

we shall set
V2 T(v/2)
\/_F(V/Q -1)’

and we shall consider only the case h # k. The asymptotic normality of the estimators
o1 can be established analogously (see also §3.4]).

C, =

Proposition 7. Let d = 2,

_ |1 q
and
R 1<
Gn = Cin G, ~ > X1(H)Xa(1).
t=1

Then one has
\/ﬁ((jn - q) = N(O,Uth(q))’

where
121 02 1) C2

2¢° 4+ 1
V1—2V2—2( + )

Uvy,va (Q) =
Proof. We have Var g, = Eq2 — ¢* and
2 = C2 CL EXTX3 = r1nCl Co EGIG3EV ' EV, !
V102 1/202

= —4 — 2 REGIGS,
V1—2V2—2

11



where we have used the identity EV ! = (v — 2)~!. To compute EG?G%, let us write

6o vl [2)

Go q 1—¢q%| | 22|’

with (Z1,Z2) ~ N(0,I). This yields, recalling that the fourth moment of a standard
Gaussian measure is equal to 3,

EG3G2 = ¢*BZ} + 1 — ¢* = 2¢* + 1, (10)
thus also 2 e
~ Ny by, 2 2
= —F——22(2 1) —
Var Gy, V1_2V2_2( ¢+1)—-q,
whence the result follows by the central limit theorem. O

Remark 8. One could derive from this asymptotic normality result an asymptotic con-
fidence interval using a variance stabilizing transformation, as shown in the previous
section.

3.3 Simulation

Generating random vectors from the distribution of a multivariate ¢-like distribution is
a straightforward modification of the procedure outlined in §2.3] above.

3.4 Extensions

Since marginals of the random vector X follow a univariate ¢ distribution, they are
symmetric. In order to allow for asymmetric marginals, one may posit X = (X1,..., Xy),

k=1,...,d,

where G ~ N(0,Q), and m = (my,...,mq), n = (n1,...,1m4) € R Then for the k-
th marginal one has that X + n; follows a noncentral ¢-distribution. The reason for
subtracting the vector n from X is that EX # 0, unless m = 0, and it is common to
assume that risk factors have mean zero. Unfortunately the density of the noncentral
t law is expressed in terms of a definite integral depending on parameters (see e.g.
[17]), hence maximum likelihood estimation on the marginals becomes numerically quite
involved. On the other hand, assuming v, > 4 for all k£, one can use the method of
moments to construct estimators for v = (v1,...,v4), m, n and Q. In fact, considering
k fixed and equal to 1 for the sake of simplicity, the constraint £X; = 0 translates into

the relation I'((v1+3)/2)
_
EV. 1/2 /9 Vl—
n = m1y/v1 EV) mvan I'(v1/2)

Since we need to estimate four parameters, we need other three equations. These can be
obtained by matching the second, third, and fourth sample moments to the corresponding
theoretical moments, which are known in closed form (see e.g. [11]).

12



We should also observe that in general it is not necessary to match moments of
integer order to obtain consistent and asymptotically normal estimators. One may also
use fractional moments, as it has been done in the previous section, thus relaxing the
assumptions on the parameters v,. For instance, let X be as in [@)), d = 2, Q = [1 q],

q1
and consider the problem of estimating ¢. Setting g,(x1,z2) = x%p >x§p >, we can write

Egp(X) = (1) *EV; PEV, P/*E(G1Go) ).

Note that E(G1G2)® = f,(g), where f, is the function introduced and studied in §2.2
and, in analogy to a calculation already encountered in this section,
_ r 2—p/2
EV, p _LW/2=p/2) (11)
QP/QP(V]C/Q)
This relation can be used as a basis for a moment estimator, as in §2.21 Choosing p
small enough, one does not need to assume v > 2.

4 Warped multivariate ¢ risk factors

4.1 Description

On a probability space (2, F,P), let G and V be a d-dimensional random vector with
law N(0,Q) and an independent one-dimensional random variable with y? distribution
with 1y degrees of freedom, respectively. We shall call the law of the random vector
X' = G/\/V/vy a multivariate t distribution (with parameters vy and Q). There are
other possible multivariate generalizations of Student’s ¢ distribution (see e.g. [13]), but
we shall concentrate exclusively on this definition. In contrast to the models considered
in the previous two sections, the marginals of X have the same tail thickness (as measured
by 1), but one expects nontrivial tail dependence between any two marginals. In order
to allow for different tail behavior along different coordinates, one may set X = f(X’),
where f is a deterministic nonlinear injective function, for instance defined through the
marginals of X’ and a copula function. The typical situation (see e.g. [I0]) is to set

Xk:(skFl:(FVO(XIQ:)% kzla"'7d7

where d; > 0 for all k, F, denotes the distribution function of a one dimensional ¢ law
with v degrees of freedom, and Qi = 1 for all k. It is clear that the k-th marginal
is t distributed with vy degrees of freedom, thus overcoming the problem of having all
marginals with the same tail thickness.

4.2 Estimation

From the statistical point of view (hence also from an implementation perspective) the
model suffers from a major drawback. In fact, once one has estimated the parameters
v and 0k, k = 1,...,d (for instance by maximum likelihood), in order to estimate @) we

13



would need to know the “true” value of 1. In other words, the model is not identifiable
given observations of X, as it requires to arbitrarily choose the value of a parameter a
priori.

We shall assume from now on that v is fixed. We shall also treat v, and J;, as known,
although the latter assumption comes at no loss of generality, since the two parameters
can indeed be estimated. Let us show how one can estimate the covariance matrix Q).
As we have already done several times, we are going to consider only the case d = 2.
Since

a_ Gk k=12

\/m? ) )

E (P (X3 /8k)) (12)

we have, recalling that EV ! = (vg — 2)7!

q = EGlGQ == QE[F;;(FW (Xl/(Sl))Fl:(FVQ(XQ/(SQ))]

240
It is then natural to define the estimator

G = ”0‘“2 By (X1 (0)/60)) F (Fo (Xa(8)/52))

which is easily seen to be consistent. Since the function (z,v) — F,(x) is continuous as
a map from R? to R, one still has ¢, — ¢ in probability as n — oo if we replace vy, vs,
01 and do with corresponding consistent estimators in the previous display.

Asymptotic normality of ¢, follows easily by the central limit theorem. In particular,
by (I2]) one easily obtains

E¢2 = (vy — 2)*EV 2 E(G1G2)?.

Recalling (II), the factorial property of the Gamma function, and taking (I0) into
account, we get

-2
Var ¢, = o
1/0—4

We have thus proved that, if vy > 4, one has

(2¢° +1) - ¢*.

Vn(Gn — )=>N(O i(Zq +1)—q>

Vo —
In analogy to §2.2] one can use fractional moments of order p, with p sufficiently small,
to relax the restriction on vy and still obtain asymptotic normality of §¢,. Similarly, by
a variance-stabilizing transformation, one can easily obtain an asymptotic confidence
interval independent of the “true” value of q.

Let us discuss more closely the issue of non-identifiability of the model. In particular,
in view of the application to the parametric estimation of VaR (see next section), it is
natural to ask how sensitive the estimates of () and of the quantiles can be with respect
to the chosen value of 1vy. Even though it seems unlikely to be able to give a general
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answer in analytic terms, it is not difficult to obtain qualitative informations through
a numerical study. In particular, let X be a sample from the warped multivariate ¢
distribution in R? with parameters vy, v1, vo and Q. We keep v, 15 and @ fixed, and
let vy vary in the simulation as well as in the estimation step. We also compute the
a-quantiles (with a € {0.95,0.99}) for the random variable Y := w1 X; + wa X2, with
wy + we = 1, again for varying values of vy in the simulation and the estimation step.
The results are plotted in figure 2 and figure B3], respectively.

One can see that the estimates of ) and of the quantiles of Y are very sensitive to
the choice of a test vy (by this we mean the value of vy chosen for estimation purposes),
unless both the true and the test value of vy are sufficiently large. Moreover, considering
a fixed test value of v, the estimates of the quantiles of Y are essentially insensitive to
the true value 1. One may thus conclude that

(i) the estimates of the covariance matrix of a warped multivariate ¢ law are not
reliable;

(ii) from the perspective of estimating quantiles, since they are essentially insensitive
to the true value of vy, one could as well take vy = oo, thus reducing to the case
of X’ being Gaussian.

4.3 Simulation

Random samples from the distribution of X can be generated again by a rather straight-
forward modification of the procedure outlined in §2.3 In fact, the distribution function
of the univariate ¢ distribution, as well as its inverse, are implemented in several software
packages (such as Octave), even though they do not admit a closed-form representation.!

5 Estimation of Value-at-Risk by simulation

We shall denote by L the loss of a portfolio depending on the vector of risk factors
X. Recall that the Value-at-Risk (VaR) of a portfolio at confidence level 8 (usually
B =0.95 or § = 0.99) is simply the 5 quantile of the distribution of portfolio losses.
Since it is in general very difficult, if not impossible, to obtain analytically tractable
expressions for the distribution function of the random variable L (even if the density
function, or the characteristic function, of the vector X is known in closed form), one
usually estimates quantiles of L by generating random samples from its distribution
and computing the corresponding empirical quantiles. We shall exclusively deal with
the so-called parametric (estimated) VaR, in the sense that we fit to observed data the
parameters of a given family of distributions for the vector X of random factors, and we
generate random samples from the law of X. In order to obtain a sample from the law
of L we should know the functional relation between L and X. For a linear portfolio
(roughly, a portfolio without derivative instruments), one simply has L = (w, X), where
w € R% In the more interesting case of a portfolio containing derivatives, one has

Tt might be better to say that they do, but in terms of hypergeometric functions.
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Figure 2: Correlation estimates

This figure plots the correlation estimates from the warped multivariate ¢ distribution. The parameters
v1, v2 and @ are kept fixed to the values 4, 6, and 0.3, respectively, while we let vy vary through the
set {2.1,15} both in the simulation and in the estimation step. Panel A shows the whole simulation
grid, while panel B shows the subset vy € {2.1, 7}. Both panels are obtained with simulated samples of
100, 000 replications.
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Figure 3: Quantiles estimates

This figure plots the quantiles estimates from the warped multivariate ¢ distribution. The parameters
v1, v2 and @, as well as the values of vp, are exactly as in figure[2l Panel A plots the 95% quantiles of

Y, while panel B plots the 99% quantiles. Both panels are obtained with simulated samples of 100,000
replications.

Panel A: 95% quantiles

28

Panel B: 99% quantiles
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L = f(X), where f : R? — R is a nonlinear function. Unless the derivatives in the
portfolio are very simple, the function f may not admit a closed-form representation, or
could just be obtained by nontrivial numerical procedures, that would have to be carried
out for each random sample of X. For this reason one usually relies on approximations
of the function f of the form

L £(0) + (/(0), X) + 5 (£ (0)X, X),

which is obviously motivated by the second-order Taylor expansion of the function R¢ 5
x — f(z) around zero. The values of f'(0) and f”(0) are in general determined by
the so-called greeks (in this case, Delta, Gamma and Theta) of the derivatives in the
portfolio. Note that in the above approximation the possible dependence of f on time
can be taken into account by including time in the set of risk factors.

The analytic computation, or just approximation, of quantiles of quadratic forms in
random vectors (other than Gaussian) is in general a very difficult task. Simulation is
hence a viable alternative, as long as one can generate samples from the distribution of
X.

We are going to perform a backtesting study on the three classes of parametric models
for the distribution of risk factors introduced in Sections 2-4, to which we refer for the
corresponding estimation and simulation procedures. Value-at-Risk is just estimated by
empirical quantiles of random samples of L, either obtained by full revaluation, or by the
above quadratic approximation. In particular, we do not focus on efficient simulation
methods for quantile estimation, but we are rather interested on the relative performance
of different distributional hypotheses for risk factors, when tested on real data.

6 Empirical tests

6.1 The data set

We tried to mimick a (US) domestic investor with a potentially highly correlated stock
exposure. To do so we chose two US stocks from each of four different industries?. The
raw price series are freely available on the web, and the returns are calculated as daily
log-differences®. The data set covers the time period from 2-Jan-1991 until 31-Dec-2008.

Let us provide a few descrptive statistics of the data set. Table [ collects mean,
standard deviation, skewness and kurtosis for each stock return. Note that the sample
kurtosis is larger than 3 for most return series, which could be interpreted as evidence
of tail-thickness of the underlying distribution. — Table 2] reports the (whole sample)
correlation matrix for the eight return series. The correlation coefficients are all positive

2The selected stocks are Apple, Bank of America, Chevron, Citigroup Conoco, Microsoft Johnson
and Johnson, and Pfitzer.

3We restrict ourselves to consider daily data for two reasons: the first and most important is that
the industry and regulatory standard is to compute VaR and related risk measures on a daily basis. On
the other hand, studying lower frequencies (such as weekly or monthly) would considerably decrease the
size of our samples, possibly invalidating the asymptotic properties of the proposed estimators.
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Table 1: Descriptive statistics of financial series

This table reports some descriptive statistics for the log-returns of the analyzed time series.

Descriptive statistics

Mean Standard deviation Skewness Kurtosis
Microsoft 0.000 0.022 0.027 5.184
Chevron 0.000 0.016 0.153 10.488
Apple 0.000 0.033 -2.196 54.773
Conoco 0.000 0.018 -0.253 5.372
Bank of America 0.000 0.023 -0.459 22.909
Citigroup 0.000 0.026 0.412 35.400
Johnson & Johnson 0.000 0.015 -0.153 6.733
Pfitzer 0.000 0.019 -0.161 2.912

Table 2: Correlation matrix of financial series

This table reports the sample correlation matrix for the log-returns of the analyzed time series.

Correlation matrix

Msft Chevron Apple Conoco BoA Citigroup J&J Pfitzer
Msft 1.00 0.26 0.35 0.22 0.33 0.36 0.27 0.30
Chevron 0.26 1.00 0.14 0.68 0.30 0.31 0.27 0.29
Apple 0.35 0.14 1.00 0.16 0.24 0.24 0.12 0.14
Conoco 0.22 0.68 0.16 1.00 0.28 0.27 0.23 0.25
BoA 0.33 0.30 0.24 0.28 1.00 0.70 0.27 0.32
Citigroup 0.36 0.31 0.24 0.27 0.70 1.00 0.30 0.35
J&J 0.27 0.27 0.12 0.23 0.27 0.30 1.00 0.52
Pfitzer 0.30 0.29 0.14 0.25 0.32 0.35 0.52 1.00

in a range from 0.12 to 0.70. Let us assess the significance of the correlation amongst
the selected return series using Bartlett’s test (see [2]). Denoting the sample size by n,
under the null hypothesis that the correlation matrix C' € R4*? is equal to the identity,
the statistics

— ((n—1) — (2d 4+ 5)/6) log(det C) (13)
is distributed as a x? random variable with d(d — 1)/2 degrees of freedom. Calculated
on our sample of eight stocks, the value of the statistic is 9958, that is well above the
value of XSQ% (28) = 48.278. So we can safely reject the hypothesis that the returns of
the selected stocks are uncorrelated.

6.2 Test portfolios

We construct three test portfolios adding to a basic linear portfolio containing only the
eight “underlyings”, in equally value-weighted proportions, the following positions in
options:

NLL long 10 calls and 5 puts on each asset (“NonLinear Long”);

NLS short 5 calls and 10 puts on each asset (“NonLinear Short”);
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NLDC short 10 down-and-out calls with barrier equal to 95% of the asset price, and
short 5 cash-or-nothing put with cash payoff equal to the strike price (“NonLinear
Down and Cash”).

All options are European, at-the-money, and with time to expiration equal to 6 months.

The nonlinear part of the three test portfolios is “synthetic”, in the sense that the
option prices, unlike the stock prices, are computed on the basis of the information
available on the corresponding underlying and the time series of (a proxy for) the risk-
free rate, using Black-Scholes formula for the standard calls and puts, and its variants
for the barrier and binary options*. Even though this procedure is incompatible with
the non-Gaussian distributional assumptions we are going to test, this is nonetheless
common practice (see e.g. [10] for a more thorough discussion of this issue).

6.3 Backtesting

Let us now turn to the analysis of the performance of the three parametric distributions
for risk factors introduced above, when applied to the (predictive, i.e. out-of-sample)
estimation of Value-at-Risk. More precisely, we fit each of the three multivariate distri-
butions to a subset of the time series of stock returns (using a rolling window consisting
of 250 observations), and we estimate the 0.95 and 0.99 quantiles of the distribution of
losses by simulation, i.e. selecting the corresponding empirical quantiles from a simulated
sample. In particular, once a random sample from the distribution of X is obtained, we
translate it into a random sample from the distribution of portfolio losses either by a full
revaluation of the portfolio value for each sample, or by the usual delta-gamma quadratic
approximation (see §0l). Let [t — ¢, ] denote the time period over which the parametric
families of distributions are estimated, where ¢ stands for the (fixed) length of the rolling
window. Denoting by VaR; the empirical quantiles of the simulated distribution of losses
(with risk factors fitted over [t — ¢,t]), we form the statistic

41 =sgn’ (L1 — VaRy),

for all ¢t € [¢,T], where T denotes the length of the time series, L; stands for the
observed loss of portfolio value over the period [t — 1,], and where sgn* z =1 if x > 0,
and equals zero otherwise. This procedure produces a different set of (&)¢<¢<7, for each
combination of test portfolio, model for risk factors, quantile level (95% and 99%), and
portfolio revaluation method (full vs. quadratic approximation).

To assess the accuracy of the VaR estimates, we perform a simple Proportion of
Failure (PoF) test (cf. [14]), which mimicks a classical likelihood-ratio test. In particular,

setting
g [ BB
T (zﬂ(l T ) "

4We provide formulas for prices and sensitivities of these exotic options in Appendix [Al
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where 8 € {0.95, 0.99},
T
T
L= Z &, b= T_0

t=0+1

one expects ( to be asymptotically x? distributed with one degree of freedom. Therefore,
the corresponding VaR model can be considered reliable with a 95% confidence level if
¢ < (o~ 3.84.

The results of the backtesting procedure with full revaluation are collected in table
Bl where values of x are in the first column, p in the second column, and ¢ in the third
column. Note that we included, for comparison, VaR estimates obtained under the
assumptions that risk factors are jointly Gaussian. Moreover, due to the identifiability
problem of warped ¢ distributions discussed in §4] we report the backtesting results for
three choices of vy.

As one may expect, the “benchmark” Gaussian approach fails at 99% confidence
level for all three test portfolios. On the other hand, as far as VaR estimates at 95%
confidence level are concerned, the Gaussian approach is still satisfactory. The same
observations apply to the multivariate ¢-like approach. The stable-like approach instead
is rejected by the PoF test only once. We may therefore say that, between the two models
constructed by multiplying the marginals of a Gaussian vector by a set of independent
random variables (with suitable distribution), the stable-like approach is preferable. The
clear winner, however, is the family of warped t laws, whose VaR estimates cannot be
rejected for any one of the test portfolios. Surprisingly enough, the results essentially do
not depend on the choice of the “test” value for the non-identifiable parameter vq. For
any given test portfolio, quantile estimates are not sensitive to the choice of vy € {3,5,7}
(although this cannot be seen directly from the tables, their relative difference is not
above 1%). While this suggests that the distribution of risk factors cannot be a warped
multivariate ¢ law (cf. the discussion in &), it seems that this class of models can be
surprisingly robust for purposes of risk management. The main message, however, could
be that models allowing for tail dependence may have an advantage with respect to
models lacking this feature.

Completely analogous observations could be made for the estimates of VaR obtained
by the delta-gamma quadratic approximation of portfolio losses, for which we refer to
table @ As in the case of full revaluation, the Gaussian approach performs remarkably
well at the 95% confidence level. In this respect, it is probably worth recalling that
obtaining the quantiles of a quadratic form in Gaussian vectors is particularly simple and
can be done with very little computational effort. In this sense, the classical quadratic
approximation with Gaussian risk factors could still be regarded as a useful tool.

A Prices and sensitivities of some exotic options
Throughout this appendix we place ourselves in a standard Black-Scholes model with

one “underlying” stock, whose price process is denoted by S, 0 < t < T, and whose
(constant) volatility is denoted by o. The risk-free rate will be denoted by r. We shall
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consider options written on the stock, denoting the exercise time by 7', the strike price
by K, and the barrier by H.

In the following table we collect the definitions, in terms of their payoff, of some
barrier and binary options.

NAME PAYOFF

Down-and-In call max (S — K,0) if ming<;<7 St < H
Down-and-In put max(K — S7,0) if ming<;<r Sy < H
Down-and-Out call max (S — K,0) if ming<;<7 St > H
Down-and-Out put max(K — S7,0) if ming<;<7 St > H
Up—and—In call max(ST — K, O) if maxo<¢<T St > H
Up-and-In put max(K — S7,0) if maxo<i<7 St > H
Up-and-Out call max (S — K,0) if maxo<i<7 St < H
Up-and-Out put max(K — S7,0) if maxo<i<7 S < H
Cash-or-Nothing call 1 if St > K
Cash-or-Nothing put 1 if St < K

We shall use Cy; and Py to denote the price (at time zero) of a down-and-in call and
a down-and-in put, respectively. Completely analogous notation will be used for the
remaining options, replacing the subscripts accordingly. The price of plain European call
and put options will be denoted by Cpg and Ppg, respectively. The price at time zero
of a European call option with strike K and exercise time 7', written on an underlying
whose price at time zero is Sy, will be denoted by Cps(Sp, K,T). The corresponding
notation will be also used for European put options.
Setting

DN | —

-
and assuming H < K, one has (see e.g. [9]),

Cy = H Sy *Cps(H?Sy ', K, T),

Py = Cyi + KH 'Pgs(So, H,T) — (HSy 1)*" 2HK 'Cps(KHS, ', K*H ', T),
Cui = CBs

P,; = H)Sy Pps(H?Sy ', K, T).

By the obvious identities
Cai + Cao = CBs; Cui + Cuo = Cps,

and the corresponding ones for put options (i.e. those obtained replacing C' with P),
we obtain pricing formulas for all barrier options listed in the above table. By the well-
known formulas for sensitivities of European call and put options, elementary calculus
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yields

%gzi = —AHMS ' Cps(H?Sy ', K, T)
— HM25,;22Aps(H?S; K, T),

820& Ag—A—2 2q-1

W :)\()\+1)H SO CBS(H SO ,K,T)

0

+ 2\ + 1) HM2S; 23 Aps(H?S, ', K, T)
+ HMAS A T e (H2 S, Y K, T),

aac;i“ = H*S;*Ops(H?Sy ', K, T).

Similar expressions can be derived for the sensitivities of the other binary options.
Setting
~ 1og(So/K) + (r+o*)T

dy : ,
! ovT

dz = d1 —O’\/T,

we have (see e.g. [12])
Con = T®(dy), Py =e "T®(—dy),

where ®(-) stands for the distribution function of the Gaussian law on R with mean zero
and unit variance. The sensitivities of binary options are just an exercise in elementary
calculus. Let us include, for the sake of completeness, the sensitivities of the cash-or-
nothing put, which is used in our portfolios:

0P,  —e"Td (—dy)

aSO O'SO\/T ’
82Pcn B e—rT(I)l(_dQ) _d26—rT—d%/2
053 oS2VT 02T S22
0P, T re "T® (—dy)log(So/K) r—0%/2
len o TH(_ _ _
orT e (=d2) + 20T3/2 oVT
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Table 3: Value-at-Risk backtesting

This table reports the results of a Value-at-Risk backtesting. Panels A and B report the results for
the short and long portfolios, respectively, while Panel C reports the results for the down-and-out and
cash-or-nothing portfolio.

Panel A: NLS

Violations Percentage LR
Warped tg5% (vo = 3) 235 5.48% 2.02
Warped tgg99 (vo = 3) 35 0.82% 1.56
Warped 959 (vo = 5) 226 5.27% 0.65
Warped 999 (vo = 5) 39 0.91% 0.36
Warped tg59 (vo = 7) 224 5.22% 0.44
Warped 999 (vo = 7) 42 0.98% 0.02
Multi t-likegso, 225 5.25% 0.54
Multi #-likegos, 64 1.49% 9.13*
Stable-likegso, 223 5.20% 0.36
Stable-likeggo, 49 1.14% 0.84
Gaussiangsy, 207 4.83% 0.27
Gaussianggy, 63 1.47% 8.33*

Panel B: NLC

Violations Percentage LR
Warped tg59 (vo = 3) 220 5.13% 0.15
Warped g9 (vo = 3) 43 1.00% 0.00
Warped g5 (vo = 5) 213 4.97% 0.01
Warped tgg99 (vo = 5) 46 1.07% 0.22
Warped g5 (vo = 7) 208 4.85% 0.20
Warped 999 (vo = 7) 44 1.03% 0.03
Multi #-likegso, 204 4.76% 0.54
Multi t-likeggoy 64 1.49% 9.13"
Stable-likegs, 205 4.78% 0.44
Stable-likegg, 66 1.54% 10.81*
Gaussiangsy, 191 4.45% 2.79
Gaussianggy, 61 1.42% 6.84*

Panel C: NLDC

Violations Percentage LR
Warped tg5% (vo = 3) 235 5.48% 2.02
Warped tgg99, (vo = 3) 42 0.98% 0.02
Warped tgs59 (vo = 5) 231 5.39% 1.32
Warped 999, (vo = 5) 44 1.03% 1.03
Warped tos% (1o = 7) 224 5.22% 0.45
Warped tgg9g;, (vo = 7) 44 1.03% 0.03
Multi t-likegso, 201 4.68% 0.90
Multi #-likegos, 59 1.35% 5.48"
Stable-likegso, 207 4.83% 0.27
Stable-likeggo, 47 1.10% 0.39
Gaussiangsy, 212 4.94% 0.28
Gaussianggy, 65 1.52% 9.95*
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Table 4: Value-at-Risk backtesting: quadratic approximation

This table reports the results of a Value-at-Risk backtesting using the quadratic approximation. Panels
A and B report the results for the short and long portfolios, respectively, while Panel C reports the
results for the down-and-out and cash-or-nothing portfolio.

Panel A: NLS

Violations Percentage LR
Warped tgs59 (vo = 3) 239 5.57% 2.87
Warped tgg99, (vo = 3) 39 0.91% 0.37
Warped 959 (vo = 5) 232 5.41% 1.48
Warped tg99 (vo = 5) 42 0.98% 0.02
Warped tgs59, (vo = 7) 227 5.30% 0.77
Warped 999 (vo = 7) 47 1.10% 0.39
Multi #-likegso, 228 5.32% 0.89
Multi ¢-likegos; 66 1.54% 10.81*
Stable-likegso, 232 5.41% 1.48
Stable-likeggy, 49 1.14% 0.84
Gaussiangsy, 215 5.01% 0.00
Gaussianggy, 63 1.47% 8.33"

Panel B: NLC

Violations Percentage LR
Warped tos5% (1o = 3) 219 5.11% 0.10
Warped 999 (vo = 3) 42 0.98% 0.02
Warped tgs59 (vo = 5) 210 4.90% 0.10
Warped tgg99, (vo = 5) 42 0.98% 0.02
Warped g5 (vo = 7) 202 4.711% 0.77
Warped tgg9g, (vo = 7) 42 0.98% 0.02
Multi t-likegse 203 4.73% 0.65
Multi t-likeggoy 63 1.47% 8.33"
Stable-likegs, 204 4.75% 0.54
Stable-likeggy; 65 1.52% 9.95"
Gaussiangsy, 188 4.38% 3.56
Gaussianggy, 61 1.42% 6.84

Panel C: NLDC

Violations Percentage LR
Warped tg5% (vo = 3) 231 5.39% 1.32
Warped tgg99, (vo = 3) 41 0.96% 0.08
Warped tg5% (vo = 5) 223 5.20% 0.36
Warped 999 (vo = 5) 43 1.00% 0.00
Warped tgs59, (vo = 7) 215 5.01% 0.00
Warped 999 (vo = 7) 44 1.03% 0.03
Multi t-likegso, 185 4.31% 4.44*
Multi #-likegos, 58 1.35% 485"
Stable-likegso, 204 4.76% 0.54
Stable-likeggo, 45 1.05% 0.10
Gaussiangsy, 208 4.85% 0.20
Gaussianggy, 64 1.49% 9.13*
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