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Abstract The stability for a class of linear neutral systems
with time-varying delays is studied in this paper, where delay in
neutral-type term includes a fast-varying case (i.e., the deriva-
tive of delay is more than 1), which is never considered in current
literature. The less conservative delay-dependent stability crite-
ria for this systems are proposed by applying a new Lyapunov-
Krasovskii functional and a novel polynomials with time-varying
delay (PTVD) compensation technique. The aim dealt with sys-
tems with fast-varying neutral-type delay can be achieved by
using the new functional. And the benefit brought by applying
the PTVD compensation technique is that some useful elements
can be included in criteria, which are generally ignored when es-
timating the upper bound of derivative of Lyapunov-Krasovskii
functional. A numerical example is provided to verify the effec-
tiveness of the proposed results.

Key words Linear neutral systems, stability, delay-
dependent, fast-varying neutral-type delay, PTVD compensa-
tion technique

There are two kinds of discrete time delays in systems,
retarded-type delay and neutral-type delay. Retarded-type
delay means that the delay is in the states of systems,
whereas neutral-type delay means that the delay is in the
derivatives of states of systems. In recent years, the neu-
tral systems with delay (i.e., systems with retarded-type
delay and neutral-type delay) have received much atten-
tion, due to it can be found in many fields, such as pop-
ulation ecologym7 distributed networks containing lossless
transmission lines!? | propagation and diffusion modelst®,
partial element equivalent circuits in VLSI systems!¥, and
etc. Thus, the stability of linear neutral systems with delay
has developed a hot topic both in theory and in practice[s].
At present, the stability results for linear neutral systems
with delay can be generally classified into two types: delay-
independent case which can be applied at delay with arbi-
trary size, and delay-dependent case which makes use of
the size of delay. Generally speaking, the delay-dependent
case is less conservative than the delay-independent one.
Therefore, researches on delay-dependent stability for lin-
ear neutral systems with delay had been extensively carried
out. For example, literature [6] and [7] proposed a descrip-
tor system approach to deal with linear neutral systems
with delay. In [8] and [9], the Lyapunov-Krasovskii func-
tional with term z(t) — Cz(t — 7) was employed, where
z(t) was the state of systems, C was constant matrix with
|IC]] < 1, and 7 was delay. Then, a free-weighting ma-
trix approach[lo] 1) was proposed to deal with linear delay
systems.

Recently, some new techniques had been used in sta-
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bility analysis of systems with delay. Those results were
included in [12]—[23]. In [12] and [13], the methods based
on characteristic function (or transfer function) were used
to deal with linear neutral systems with constant de-
lay. In [14] and [15], the authors considered the term
- :::A(;) 27 (t)Z&(t)ds in Lyapunov functional, which was
usually neglected in previous literature, where d(¢) denoted
time-varying delay and djs denoted the upper bound of
d(t), ie., d(t) € [0, dv]. The augmented Lyapunov-
Krasovskii functional was employed to reduce the conser-
vativeness of stability results in [14], [16]-[18]. In [19] and
[20], the robust stability for the neutral systems with de-
lay and nonlinear perturbations were studied. And then,
neutral systems with distributed delay and interval delay
were found in [21] and [22]. In [23], the absolute stability of
neutral systems was studied. To the best of our knowledge,
there is no stability criterion which can deal with systems
with fast-varying neutral-type delay, i.e., the derivative of
neutral-type delay is more than 1. How to obtain the sta-
bility results dealt with fast-varying neutral-type delay and
reduce their conservativeness, which motivate the present
study.

In this paper, the stability of linear neutral system with
time-varying retarded-type delay and time-varying neutral-
type delay (including the fast-varying neutral-type delay)
is studied. By employing a new Lyapunov-Krasovskii func-
tional and a novel polynomials with time-varying delay
(PTVD) compensation technique, the less conservative sta-
bility criteria are obtained. Compared with previous re-
sults, it is the first time to consider the fast-varying neutral-
type delay in neutral system with delay, which is achieved
by the new functional. And since the PTVD compensation
technique is used, some useful terms can be introduced by
using some polynomials with time-varying delays in sys-
tem, which are usually ignored at the process of estimat-
ing the upper bound of derivative of Lyapunov-Krasovskii
functional. Obviously, the criteria are less conservative by
applying this novel technique. A numerical example shows
that our results are effective and less conservative than the
other reports in previous literature.

In the following, D = [dij]nxn denotes an n X n real
matrix. DT and ||D|| represent the transpose and norm
of matrix, where || - || is Euclidean norm. D > 0 (D <

0) denotes that D is a positive (negative) definite matrix.
D > 0 (D < 0) denotes that D is a positive (negative)
semidefinite matrix. I denotes the identity matrix with
appropriate dimensions.

1 Systems Description and Preliminaries

Considering the following linear neutral system with
time-varying delays:

#(t) =Az(t) + Ba(t — d(t)) + Ca(t — (1)),
l'(t) :¢(t) Vt € [— max (d]u,TM),O},

where z(-) = [z1() z2(") z,()]" is the state vector
of system, A, B, and C' are constant matrices, and ||C|| < 1.
The initial condition ¢(t) is a continuous and differentiable
vector-valued function of ¢ € [—max (da,7ar), 0]. The
time-delays d(t) and 7(t) are two irrelevant differentiable
functions that satisfy

t>0

(1)

0<d(t) <dm, dt)<p, (2)

and
0<7(t) <7, m < 7(E) <2 (3)



2 ACTA AUTOMATICA SINICA

Vol. XX

where dys > 0 and 7ar > 0. For parameters 1 and 72 in
(3), only two cases are considered in this paper. There are
1) m < m2 < 1 (slowly-varying delay, i.e., 7(t) < 1) and 2)
1 < m < 12 (fast-varying delay, i.e., 7(t) > 1). Especially
for case 2), it is the first time to be discussed in the systems
with neutral-type time-varying delay.

The following lemmas will be used to prove the results
of this paper.

Lemma 1 (Jensen’s Inequality[24]). For any con-
stant matrix {2 > 0, vector function x(¢) with appropriate
dimensions, and function o(t) € R satisfies 0 < o(t) < 0,

we have
t t
[ xas| el [ xsas
t—o(t) t—o(t)

<o) [ X0

T
Q

Lemma 2. The following inequalities

A+ BX: <0, (4)
A+ BX2 <0,

are equivalent to the following condition

A+zX1+ (8—2)X2 <0, (5)
where X7, X2, A are constant matrices with appropriate
dimensions, variable z € [0, 8] € R, and 8 > 0.

Proof: See Appendix A a

Remark 1. Lemma 2 is proposed based on the idea of
convex combination!??!. Since the proof isn’t given in [25],
the detailed proof is prov1ded in this paper. Some similar
results have been employed in literature [26]-[28].

2 Main Results

In this section, the new stability criteria can be proposed
to deal with linear neutral systems with time-varying delay.
An augmented Lyapunov-Krasovskii functional and PTVD
compensation technique will be used in proposed criteria.
Firstly, the case of slow-varying neutral-type delay will be
considered, i.e., m < 1m2 < 1.

Theorem 1. The system (1) with time-varying delays

such that the following matrix inequalities hold:

®+ ATV 4+ d3 21 + T3 Z2) A
d + AT(Y1 +d3, 7 + T]%/,Zg)
&+ AT (Y1 + di 21 + Th Z2) A
O+ AT (Y1 + d3 Z1 + T Z2)A — €3 Ziea — ef Zaes < O

el Zier — es Zaez <0
2161

— €5 Zleg —e3 Z263 <0

—e; Zses <0

~ o~ o~
NelNe]
= D — D

where @ is shown at the bottom of this page,

d, =P11A+ATP11+Q1+Q2+31 —Z1 — Za+m251
Py =—(1-p)Q1—2%

P3=—-Q2— 71

Oy =—(1—m2)R1+ (1 —m)R2 — 2722 + 1252

$s5 =— Ro — Zo + 1253

g =— (1 —n2)Y1 + (1 —m1)Ye + 12 P15S7 ' Pra
+12P22S5  Pas + 12 P23 S5 ' Pay

A=A B 0 0 0 C 0],

ee=[1 -1 0 0 0 0 0],

e2=[0 -1 0 0 0 0],

e3:[1 00 -I 00 0],

es=[0 0 0 I —-I 0 0],

and + denotes the symmetric terms in a symmetric matrix.
Proof. Construct the following Lyapunov-Krasovskii
functional:

V(z(t)) = Vi(z(t)) + Va(z(t)) + Va(2(t)) + Va(z(?)), (10)
where
Vi(z(t)) :5T(t)P6(t),

Va(z(t)) :/tid(t) z" (s)Qiz(s)ds + /tid z7 (5)Qaz(s)ds

Va(z(t)) = /t tm) (:I:T(S)le(s) +a:T(s)Y1:i:(s)> ds

N /tf—:(t) <$T(S)R2x(s) JrIET(S)Y2‘t(S)) ds,

d(t) and 7(t) satisfying (2) and (3) is asymptotically stable, —dus / / $)Z1(s)dsdd
for the given scalar parameters das, p, 7ar, and n1 < 72 < 1, da Jt46
if there exist some matrices
P11 P2 Pis + ™ /_TM /+0 8)Z2x(s)dsd0,
P=P'=| P Py P | >0,
PL PEY Py where 5T(t) [mT(t) zT(t—7(t) (- TM)], P =
T T T T Py P12 Pi3
= >0, = >0,Ri =Ry >0,R: =Ry >0,
Q1 QT1 Q2 QTz 1 T1 2 T2 pT — PL Py Pu >0, Qs = QF > 0, Ry, =
Y1:Y1 >O,Y2:Y2 >0,Z1221 >0,ZQZZQ > 0, PE; PQTZ; P33
Si=8F>08 =58>0 =5f>0 Ry >0, Y2 =Y, >0, 2, =2; >0,and k =1,2.
[ ® PuB+2Z 0 A"Po+2, APz PuC+ P P ]
* i) Z BTPy, BTPy; 0 0
* * [N 0 0 0
d = * * * Dy Zs PLC + Py Pos
* * * o PLEC + P35 Ps3
* * * * (o 0
| * * * * * -Ys |
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t
Calculating the time derivatives of V;(2(t)) (i = 1,2, 3,4) _ / T () 714
along the trajectories of system (1) yields d(t) t—d(t) 2 (5)218(s)ds
t
) w(t) T P11 Py Pi3 — (dM — d(t))/ d:T(s)Z1:i:(s)ds
Vi(z(t)) =2 | =(t—7(t)) Pl Py P t=d(t)
b — T T t—d(t)
a(t = 7ar) Pis Pos P — (dar — d(t))/ & (5)Z18(s)ds
Ax(t) + Bzx(t — d(t)) + Cx(t — 7(t)) t—dpy
X 1 =7(t)z(t — (1)) t—d(t)
3t — 7a1) i) [ 9z
(11) t—dng
t
Va(a(t)) <z" (t)(Q1 + Q2)z(1) —7(t) / ( ).’l’:T(s)ZQ:i:(s)ds
t—r(t
— (1 - wa" (¢ — (1) Qualt — d(1)) G
27 (¢ — dar)Qua(t — day) (12) ~w =) [ &b
Va(ax(t \:z:TtRa: —z (t— Roz(t — t=7(t)
(1) <& (ORia() =20 = ) Raa(t — ) Y
— (1 =m)z (t —7(t))Riz(t — 7(t)) t—7s
()
+ <1 — )2 (t — (1)) Ra(t — 7(1)) ) / T T (5) Zoi(s)ds
T (t)Yie(t) — &7 (t — 7ar) Yo (t — Tar) , t=Ta
2 . . 2 .T .
- <1 — e (¢ = 7(0)Yia(t - 7(1) Sud ()Z180) + Tt (28 (1)
.T . t
(1= )BTt — 7(0)Yai (¢ — (1) (13) ~ / 2 / ﬁ(s)ds}
. 5 T . t T . t d(t) Jt—d(t)
Va(z(t)) =dy (8)Z12(t) — dm z (s)Z1x(s)ds
t—da ) t—d(t)
¢ — / (s)ds Z1 / :i:(s)ds}
+ 725" () Zod(t) — Tt / 7 (s) Zoi(s)ds t—dys
t—Tnr ¢
(14) — / Zs / .’i:(s)ds]
For the terms with 7(¢) in (11), by using some matrices T(t) " e
S1=5T>0,8 =54 >0, and S3 = ST > 0, there is the t=(t) t=7(t)
following inequality, - / E(s)ds| Z2 / (s)ds
L t—Tnr t—7nr
T T
z(t) Py dnr —d(t L
—27(t) | z(t—7(t)) Py | z(t —7(1)) - 7Md n ®) / z(s)ds| Zi
$(t _ 7_1\/1) Pg;;, ( ) t—d(t)
t
z(t) Tss, o o z(t) X / &(s)ds| — _d®)
<z | 2t —7(t)) 0 S 0 x(t —7(t)) t—d(t) dyv — d(t)
z(t — 7o) 0 0 Ss z(t — ) t—d(t) T td(t)
+mz” (t — 7(1)) (PSSfle + P22Sy ' Pao 8 |:~/th B(s)ds| 2 /tfdM SVZ(S)dS}
_ . T
+ P23 Py a(t — (1)), (15) () Vﬁ so)s| 2
T(¢ .
To utilize the information that is ignored in previous ®) .
results, we apply two following polynomials, t . 7(t)
X / z(s)ds| — —————
t t Jt—7(t) ™ — 7(1)
1 :d(t)/ a'cT(s)Zla'c(s)dH(t)/ &' (5)Z2(s)ds, - T .
t—das t—7 (16) x {/ z(s)ds| Zo / z(s)ds
t T t T t—Tn t—Tpr
pz=7(t) /tf & (5)228(s)ds—d(t) /HM & (5)21&(s)ds, <" (1) Za(t) + T3 () Zoi (1) — ¢ (1) ZoC(t)
(17) dy —d(t) o7\ T
where the polynomials p; and p2 are named as PTVD com- - dar ¢ (Mer Zie((t)
pensation terms. It is clear that p1 + p2 = 0. Then, d(t)
using PTVD compensation terms p1 and p2, Jensen’s - d—(T(t)engeQC(t)
inequality®, and Leibniz-Newton formula, Vi(z(t)) can M
be rewritten as follows v —7(t) CT(t)ex ZoesC(t)
. . TM
Va(z(t)) =Va(x(t)) + p1 + p2 B T(t)(T(t)eEZQe4((t) (18)
=& (1) Z1&(t) + Tap " () Zo(t) ™
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where ¢T(t) = [T () ="t — d(t)) = (t — du)
7(t)) :I:T(t — ) 2Tt —7(t)) :i:T(t — )] and

zT(t -

Z1+ 72y —74 0 —Zs 0 0 0

-7 2727 =7 0 0 0 0

0 A 0 0 0 0

Zy = —Zs 0 0 27, —Z3 0 0
0 0 0 —Zs Zz 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

Thus, according to (11)—(13), (15), and (18), V (2(t)) can
be rewritten as follows

V(x(t) <CT(t) |+ AT (Y1 +dis 21 + TR Z2) A
_da —d(t) d(t)

T T
e1 Zie1 — ——>ey Z1es
da da

,Meg,TZQQ - ﬂe}sz ¢t (19)
™ ™

Obviously, if matrix inequality ® + AT (Y1 + d3,21 +

2 1 dy—d(t) T d(t) T Tpm—T(E) T
TN[ZQ)A— MdiM()el Zlel —_ d(fM)eg Zl€2 — MTf()eg Z2€3 —

:(Ttl)e}sz < 0, it means that V(z(¢)) < 0. Based on
Lemma 2, it is equivalent to the following matrix inequali-
ties

O+ ATV 4+ d3 21 + T Z2)A — €] Ziey

— r(t t
= TO e TW T e, <0, (20)
T™ ™

and
O+ AT (Y1 +d3 2y + Th Z2)A — €3 Zies

—7TJW — T(t) 63TZ263 — L(t) 6}Z264 < 0, (21)
™ ™

when d(t) = 0 and d(t) = dum, respectively. Then, applying
Lemma 2 again, (20) and (21) are equivalent to (6)—(9),
ie, ® + AT(YV1 + d3Z1 + T Z2)A — ”Z;Afme?zlel -
‘;(T?erngleg — TMT;MT“)engeg — :(—1:26}2264 < 0 is equiv-
alent to (6)—(9). Thus, if the (6)—(9) are satisfied, then
V(z(t)) <0, i.e., system (1) is asymptotically stable. O

Remark 2. In Theorem 1, there are two points which

are different from the previous results for linear neutral
systems with time-varying delay.

1. An augmented Lyapunov-Krasovskii functional Vi is
used to deal with stability problem of linear neutral
systems with time-varying delays. Meanwhile, the
functionals used in previous literature are listed as fol-

lows,
P 0 0
' WPxt)=6"()| 0 0 0 |4&(t), (22)
0 0 0
(@' (t) 2" (t — ) CT) P(2(t) — Cx(t — 7ar))
P 0 -PC
=5"(t) 0 0 0 8(t). (23)
-CT™P 0 CTpC

Obviously, (22) and (23) are just the special cases of
functional Vi. That is to say, compared with results
employed (22) and (23), the criterion used functional
V1 has larger solution set.

2. Theorem 1 does not only depend on delay d(t), but
also depends on neural-type delay 7(t). Since the
delay-dependent criteria are less conservative than
delay-independent ones, it also means that Theorem 1
is less conservative than the criteria independent of
neural-type delay. The numerical example in Section 3
can also verify this point.

Remark 3. When Jensen’s inequality is
used to deal with —du [/, &"(s)Z1&(s)ds and
—TMf:_TM:i:T(s)Zgzi:(s)ds in (14), it can be dealt
with as follows,

&7 (s) Zoe(s)ds

t t
—dum / &' (s)Z1&(s)ds — i
t—dpg
- ¢ T

t—Tnr
<—/ z(s)ds| Z1
t—d(t)

/tid(t) d:(s)ds:|

t
- / z(s)ds
t—7(t)

t—1(t)
- / z(s)ds

t—Tnr

Za

According to (18), it means that the terms

t—d(t)
—d(t) /tid &7 (s)Z12(s)ds,
t &7 (s)Z12(s)ds,

~ (dw — ) |

t—d(t)

t—7(t)

—7(t) / & (s) Zo(s)ds,

t—Tnrr
t

— (v — 7(2)) /t_ o zT (8)Z2x(s)ds

can be ignored at the process of estimating the upper bound
of V(z(t)) in the previous literature. Obviously, it leads to
the increase of conservativeness in stability results. In this
paper, we apply the novel PTVD compensation technique
shown as (18) to compensate these ignored terms. Thus, a
new stability criterion applied this method can be obtained.
Furthermore, since there are two irrelevant time-varying
delays d(t) and 7(t), PTVD compensation technique can be
used only for function d(t) or 7(¢). Thus, on the premise of
reducing the load of calculation, the satisfactory stability
results can be derived.

In Theorem 1, the stability result does not only depend
on retarded-type delay but also depend on neutral-type de-
lay. Then, the only dependent on retarded-type delay sta-
bility criterion will be proposed. Especially, the case of
fast-varying neutral-type delay will be first considered in
following theorem.

Theorem 2. The system (1) with time-varying delays
d(t) and 7(t) satisfying (2) and (3) is asymptotically stable,
for the given scalar parameters das, p, and 71 < 72 < 1 or
1 < m1 < n2, if there exist some matrices

Py P2 Pis3

P:PT: P1T2 Poo  Pos >0,
PL  PL Pss
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Table 1 Maximum allowable upper bound dj; for different p and 75, = 0.1
Method pn=0.7 pn=0.8 n=0.9 Unknown g
m =mn2 =0(r(t) = 7m) [8] dyr = 0.3890 dyr = 0.2547 dy = 0.1253 -
[19] dy = 1.0071 dy = 0.9201 dyr = 0.8347 dyr = 0.7603
[22] dy = 1.0425 dy = 0.9515 dn = 0.8596 dyr = 0.7652
[20] dayr = 1.0628 dar = 0.9642 dyr = 0.8642 dpr = 0.7652
Theorem 2 dyr = 1.1281 dyr = 1.0941 dyr = 1.0882 dyr = 1.0882
Theorem 1 d[\/[ = 1.1642 dM = 1.1294 d]v[ = 1.1210 d]\{ = 1.1208
nm =0,n2=0.5 [22] dyr = 0.9938 dypr = 0.9083 dy = 0.8224 dyr = 0.7345
Theorem 2 dy = 1.0448 dy = 1.0160 dy = 1.0093 dyr = 1.0093
Theorem 1 dy = 1.1071 dy = 1.0755 dy = 1.0688 dyr = 1.0688
mnm = 1.17 n2 = 2.0 Theorem 2 d1\4 = 1.2170 d]u = 1.1824 dM =1.1774 d]u =1.1774

Q1 =Qf >0,Q2=Q3 >0,Ri = R >0,Rs = Rj3 >0,
Vi=Y'>0Y:=Yy >0,2, =ZF >0,
S =87 >0,8 =57 >0,8=53 >0

such that the following matrix inequalities hold:

d+ AT(Y1 +d3Z1)A - el Zien <0
O+ ATV 4+ d3Z1)A — e3 Ziea < 0

where ® is shown at the bottom of this page,

O, =P A+ ATP11 + Q14+ Q2+ R —Z1 + 125
Oy =— (1 —=m2)R1+ (1 —m)R2 + 1252

and the other parameters are the same as those defined in
Theorem 1.

Proof. Construct the following Lyapunov-Krasovskii
functional:

V(z(t) = Vi(z(t)) + Va(@(t) + Va(@(1)) + Va(z(t)), (27)

where Vi (z(t)), Va(z(t)), and V3(z(t)) are the same as the
definition in Theorem 1, and

0 t
Va(z(t)) = dar /ﬂi /Ma'cT(s)le'(s)dsde.

The process of proof is similar with Theorem 1. d

Remark 4. The systems with fast-varying neutral-type
delay (i.e., 7(t) > 1) can be first considered in Theorem 2,
which is achieved by using condition (3) and functional V.
So far, there is no literature referred to this case.

Remark 5. For Theorems 1 and 2, only by setting Q1 =
0, the criteria independent of derivative of delay function
d(t) can be derived.

3 Numerical Example

In this section, an example will be given to verify the
proposed criteria.

Consider linear neutral system (1) with the following pa-
rameters, see [9],

0.9 0.2 1.1 -0.2
A:[ 0.1 —0.9]’ B:{—O.l —1.1}’
-02 0
¢= { 02 —0.1 } ’

delay functions d(t) and 7(t) satisfy the condition (2) and
(3).
Applying LMI Toolbox of MATLAB, we can solve the
maximum allowable upper bounds das by setting 7as, u,
m, and 72. Let 7as = 0.1, the stability results between [8],
[19], [20], [22], and this paper will be obtained in Table 1
for different p, 71, and 72, respectively. It is clear that the
stability results by using our method are less conservative.
When 71 < 2 < 1, the upper bound djs obtained by using
Theorem 1 is larger than that by using Theorem 2. Mean-
while, Theorem 2 is more effective and suitable to deal
with linear systems with fast-varying neutral-type delay.
And since only two matrix inequalities need to be solved,
Theorem 2 is less load of calculation.

4 Conclusion

A class of linear neutral systems with time-varying
retarded-type delay and time-varying neutral-type delay
is investigated in this paper. Since a new Lyapunov-
Krasovskii functional and a novel PTVD compensation
technique are introduced, the less conservative stability cri-
terion is proposed. The gain used new functional is that the
stability of linear neutral systems with fast-varying neutral-
type delay (i.e., 7(t) > 1) can be obtained, which is the first

[ & PuB+Z1 0 ATP,
* o2 Z, BTPp
* * (o 0
P = * * * Dy
* * * *
* * * *
| * * * *

AT Py P1C+ P2 Pi3
BT P33 0 0
0 0 0
0 PLC + Py P23
—Rs + 1253 PLCH+ Py Pss
* ‘I)e. 0
* * =Y |
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time to be considered in stability criteria. And some useful
terms can be considered by using the PTVD compensa-
tion technique, which are usually ignored at the process
of estimating the upper bound of V(z(t)). The numerical
example has proved that the proposed criteria are effective.

Appendix A
The Proof of Lemma 2

1). (5)=(4)
Since variable z satisfies the following condition at inter-
val [0, f]
A+zX1+ (6—2)X2 <0.

Thus, when variable z = 8 and z = 0, two following
inequalities hold

A+ BX: <0,

2). (4)=(5)
Let matrices A1 and Aj satisfy the following conditions

A1:A+ﬂX1<O, A2:A+ﬂX2<O.

We can get the following result
2A1 + (ﬂ — Z)AQ <0,

ie.,
B(A+ 2X1 4+ (8 — 2)X2) < 0.

Since 8 > 0, the following inequality holds
A+zX1+(8—2)X2<0.
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