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This paper considers matrix inequality procedures to address the robust fault detection and isolation (FDI) problem for linear
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as a measure. A key step in our procedure is the design of an optimal fault reference model. We show that the optimal design
requires the solution of a quadratic matrix inequality (QMI) optimization problem. Since the solution of the optimal problem is
intractable, we propose a linearization technique to derive a numerically tractable suboptimal design procedure that requires the
solution of a linear matrix inequality (LMI) optimization. A jet engine example is employed to demonstrate the effectiveness of
the proposed approach.
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1. INTRODUCTION

In the past decade, great attention has been devoted to the
design of model-based fault detection systems and their ro-
bustness [1, 2]. With the rapid development of robust con-
trol theory and #. optimization control techniques, more
and more methods have been presented to solve the robust
FDI problem. The #.-filter is designed such that the Ho-
norm of the estimation error is minimized (see [3-5] and
the references therein). Some of the approaches used for this
problem include frequency domain approaches [6], left and
right eigenvector assignment [7], structure parity equation
[8], and an unknown input observer with disturbances de-
coupled in the state estimation error [9]. Recently devel-
oped LMI approaches offer numerically attractive techniques
[10-12].

A reference residual model is an ideal solution for robust
FDI under the assumption that there are no disturbances or
model uncertainty. The idea is to design a filter for the un-
certain system that approximates the solution given by the
reference model [13]. In [14], a new performance index is
proposed using such a reference residual model. Frisk and

Nielsen [15] give an algorithm to design a reference model
and a robust FDI filter that fits into the framework of stan-
dard robust ., -filtering relying on established and efficient
methods. However, their framework consists in solving two
optimization problems successively, which results in a sub-
optimal solution.

In this paper, we propose a performance index that cap-
tures the requirements of fault isolation and disturbance re-
jection as well as the design of the optimal reference model.
The fault isolation performance is measured by the size of
the deviation of the fault to residual dynamics from the ref-
erence dynamics model, while the disturbance rejection per-
formance is measured by the size of the input to residual
and disturbance to residual dynamics. In all cases, the H
norm is used as a measure. The design of the optimal ref-
erence model is incorporated in the robust FDI framework.
We consider systems subject to norm-bounded or polytopic
uncertainties. For systems described by polytopic and un-
structured norm-bounded uncertainties, we derive an opti-
mal FDI filter obtained as the solution of a QMI optimiza-
tion. For systems described by structured uncertainties, we
derive a suboptimal QMI-based solution. Since the solution
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of a QMI optimization is, in general, intractable, we propose
a linearization technique to derive a suboptimal design pro-
cedure that requires the solution of a numerically tractable
LMI optimization. This note extends our work in [16] by
proposing algorithms for the design of suboptimal reference
dynamics.

The structure of the work is as follows. After defining
the notation, we review filter-based FDI techniques for resid-
ual signal generation and give the problem formulation in
Section 2. Section 3 presents a matrix inequality formulation
for the FDI problem, and gives the solution and the design
of the optimal reference model for both norm-bounded and
polytopic uncertainties in a form of QMTI’s. Section 4 gives a
suboptimal solution in both cases through the use of an al-
gorithm that necessitates solving LMI’s. Finally, a numerical
example is presented in Section 5, and Section 6 summarizes
our results.

The notation we use is fairly standard. The set of real n x
m matrices is denoted by R™*™. For A € R™™, we use the
notation A” to denote transpose. For A = AT € K", A > 0
(A < 0) denotes that A is positive (negative) definite, that is,
all the eigenvalues of A are greater (less) than zero. The n X n
identity matrix is denoted as I, and the n X m null matrix is
denoted as 0,,,, with the subscripts occasionally dropped if
they can be inferred from context.

Let £, be the set of square integrable functions. The «£,-

norm of u € £, is defined as ||ul, = \/fgou(t)Tu(t)dt. A

transfer matrix G(s) = D + C(sI — A)"'B will be denoted as
G(s) = (A,B,C,D) or

A
6+ | &5 m

and dependence on the variable s will be suppressed. For a
stable transfer matrix G, we define

Gl = sup {IIGullo/llully : 0# u € L2},

)
IGI- = inf {IGullo/lully : 0# u € £>}.

In section 3, we use the following result.

Lemma 1 (see [17]). Let ¢(s) = R + BT(—sI AT 'C +
CT(sI — A)"'B + BT(—sI — AT) 'Q(sI — A)"'B with (A, B)
sign controllable, RT = R, and QT = Q. Then ¢(s) has a spec-
tral factor G(s) € RLYYP (ie., #(s) = GT(=s)G(s)) if and
only if there exists symmetric P that satisfies the following lin-
ear matrix inequality:

PA+ATP+Q PB+C
| oo

(PB+C)T R

2. PROBLEM FORMULATION

Consider a linear time-invariant dynamic system subject to
disturbances, modeling errors and process, sensor and actu-

ator faults modeled as

M x(t)
/—%
x(t) 3 A B Bj By u(t) 4
[y(t)] [c D Dy Df] aim |’ @)
f(@)

wherex(t) € R", u(t) € R™,and y(t) € R" are the process
state and input and output vectors, respectively, and where
d(t) € R" and f(t) € R™ are the disturbance and fault
vectors, respectively. Here, By € R™ and Dy € R™"
are the component and instrument fault distribution matri-
ces, respectively, while By € R and Dy € R"*™ are the
corresponding disturbance distribution matrices [18].

We consider two types of uncertainties: norm-bounded
and polytopic uncertainties. In the case of norm-bounded
uncertainties,

MO

p

A° B B By
M e 0 1o
C° D° Dy DY

Fa
+[ }AH[EA Es Es Ef|:A€Af = M,
Fc

(5)

where M° represents the nominal model, Ay = AI-HA)™!,
where

A= {A = diag (81141, . » 81 Aivts- ., M) t IIAII1,
8 € R, A; € RI¥U} C Rnoxna,
(6)

and where Fy, Fc, Ea, Ep, E4, Ef, and H are known and con-
stant matrices with appropriate dimensions. This linear frac-
tional representation of uncertainty, which is assumed to be
well-posed over A (i.e., det (I — HA) #0 for all A € A), has
great generality and is widely used in control theories.

In the case of polytopic uncertainties,

Mi
f—"%
14 Al B' B Bj, p
M E ; L e =1, & =01 =: Mg,
;51 ¢ D Dy D, i:lf, §i 3

(7)

where M?, i = 1,...,p, are known constant matrices with
appropriate dimensions.

A residual signal in an FDI system should represent
the inconsistency between the system variables and the
mathematical model. The objective is to design an FDI filter
of the form

A x(t)

[x(t)] _ I:Ak By Bky:| u(t) ®)
Cr Dry D ’

r(t) k k ky }/(t)
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F1GURE 1: Filter-based robust FDI scheme.

where x(t) € R is the filter state and r(t) € R’/ is the re-
sidual signal. Figure 1 illustrates this filter in the robust resid-
ual generation scheme.

By defining an augmented state z(t) = [x(t" 2" 17 the
residual dynamics are given by

z(t)
(1) A By Bi B.||f0
=~ n ~ =~ 9)
r(t) C Dy Dqg D, | |4d()
u(t)
or
[T T T
[A|B B B
“ &[5, b B,
A 0 By By B
= | BiyC Ay |BiyDs BiyDis Biy+ BiyD |,
| D, C Ck‘Dkny DyyDg Dyy + D,y D
(10)

where T;A;, T, and T denote the dynamics from faults,
disturbances, and inputs to the residual, respectively. Note
that dependence on the uncertain data is indicated by a su-
perscript M.

Ideally, the residual signal is required to be sensitive only
to faults. This corresponds to T;Adl =0, TM =0, and T;/‘; #0.
For fault isolation, it is further required that the fault signa-
ture can be deduced from the residual. This corresponds to
T;A; € 4, where 4§ is a set of transfer matrices with a spe-
cial structure that depends on the nature of the faults, for ex-
ample, if the faults can occur simultaneously, 4 is the set of
stable diagonal transfer matrices with nonzero diagonal en-

tries. Unfortunately, characterizing a general structured set 4
is intractable, and we will assume that we can define a subset

s
4§ = {Tref = (Arefa Brefa Cref> Dref) : Aref € /SA < fanfxnmf)
Bret € 85 S R Crer € 8¢ S Rl

Dyt € 8p R”fx"f} c 8
(11)

such that subsequent optimizations over the structured state-
space data sets 84, 45, 8¢, and 4p are tractable. For example,
if 8 denotes the set of all stable ny x 1 diagonal transfer ma-
trices with nonzero diagonal entries, we may define 8,4 as the
set of all ns X ny diagonal matrices with negative entries, and
4B, 8¢, and 8p as the sets of all ny X ny diagonal matrices. An
example of this simplification procedure is given in Section 5
below. We also replace the requirement of nonzero diagonal
entries for 4 by a condition of the form || Tyl - = > 0 for
all Trer € 8.

Due to the presence of disturbances and modelling un-
certainties, exact FDI is not possible. For robust FDI, we pro-
pose the following, more realistic, problem formulation.

Problem 1. Assume that the system dynamics in (4) are
quadratically stable. For any y > 0, find a stable fault ref-
erence dynamics T'ef 2 (Aref, Bref, Crefs Dref) € 48 such that
I Tetll - =1 (to ensure the requirement of nonzero diagonal
entries for 4), and find a stable filter of the form given in
(8), if it exists, such that the residual dynamics in (10) are
quadratically stable and

sup H [T;/; — Tt TH T}"J] Hm <9 (12)
MeM

where M = M for norm-bounded uncertainties and M =
M for polytopic uncertainties.

Recall that quadratic stability for the dynamics in (4) is
equivalent to the existence of P = PT > 0 such that AP +
PA < 0 for all A (see [19] for more details).

A modified version of Problem 1 uses a weighted cost
function, say, of the form

, (13)

)

[[(T4f = Te) Wy TofWa TW.]

where Wy, Wy, and W, are constant or frequency-dependent
weighting functions that can vary the emphasis between fault
detection (small || T,“g and [|T|l.,) and fault isolation

(small || T# — Tretll oo). In the sequel, we assume that any such

o
weighting functions are absorbed in the system data.

Remark 1. The objective is to find the smallest y for which
(12) is satisfied. Indeed, by minimizing y, we will ensure
ITX]||, (which measures the disturbance rejection level),
I TX|, (which measures the effect of uncertainty), and
I T;‘; — Trefll (which measures the deviation of the fault to
residual dynamics from the reference dynamics, and hence is
a measure of fault isolation capability) to be small.



Journal of Control Science and Engineering

A poorly chosen reference model can result in a residual
generator with poor robustness. Here, we incorporate its de-
sign into our scheme so as to improve the robustness of the
EDI filter.

In some approaches, a common assumption is that Dy =
0 and/or CBy has full rank [20, 21]; in others, the assump-
tion Dy has full rank and is widely used [22, 23]. Here, we do
not impose any of these assumptions. Note, however, that if
Dy does not have full column rank, for example, if Dy = 0,
then this will have an adverse effect on the minimum val-
ues of y since y > || T;/}{ — Teet TN TN I, = IIT;A;(OO) -
Tref(oo)H = ”Dkny - Dref” = ”Dref” > 1. This would there-
fore limit the overall performance of the filter, which is mea-
sured by the value of y.

3. MATRIXINEQUALITY FORMULATION

In this section, we derive a matrix inequality formulation of
Problem 1. The main idea is to express (12) in terms of QMIs
using the bounded real lemma and change of variables tech-
niques, and then to derive necessary and sufficient conditions
for solvability.

The dynamics in (12) can be written as

A‘M B‘M
M M M| s c c
[Trf — Tref Trd Tru] = |: CM | pM }

Aref Q %ef 9 9
.= 0 A By B; B,
—Cref 5 ‘ 5}‘ — Drer 511 514

(14)

It follows from the bounded real lemma that there exists a
stable filter of the form given in (8) such that (12) is satisfied
if and only if there exists P. = P! such that P, > 0 and

(A2) P+ P.AM PBM (CH)'
(B2)"p, —yI (D) <0 (19
CM DM —yI

for all M (see [24, Theorem 3]). We deal separately with
norm-bounded and polytopic uncertainties.

3.1. Solution with norm-bounded uncertainties

For norm-bounded uncertainties, we separate the terms in-
volving modeling uncertainties from the other terms as

(AY, B, CX, DY) = (A + A2, BY + B}, C2 + C2, DI + DY),
(16)

where
A?| B2
2| De
Aref 0 0 Bref 0 0
0 A° 0 B; B B°
= 0 By, C° Ag BkyDJo: BkyDZ Biu+ByyD°
—Cret DgyC° Ck‘DkyD;—Dref DiyD§ Dyy+Di,D°
(17)
ACA BcA _Frl
= E. E
[ﬁLcCA DCA] _FVZ}AH[ A Ep]
r 0
Fa Ex O|E; Es E
= | By, Fe Ay[0 Ea O|Ef Eg Ep].
| DiyFe
(18)

Using this separation, the inequality (15) can be rewritten as

T
(A9)"P. + P.A? PBY (CO)'
T
(Bg) Pc _YI
Co D° -yl

(19)

A
Tc
A

-

(A%)"P.+P.AS P.BE (CB)'
+ (BY'P, 0 (D& |<0
ct DA 0

c

A calculation shows that T = FAgE + ETAyFT, where

~

F=[r)" 0 B5].  E=[Ea B2 0]. (O

The next result uses the fact that A € A to remove explicit
dependence on A.

Lemma 2 (see [25]). Let A be as described in (6) and define
the subspaces

T = {diag (S1,..., S AiIgiers .. > Addgref)
§i = ST € <0, ), € R},

T = {diag (G1,..., G1, 0g1s15.-.>0q1s f) :
G = —GI e RI74),

(21)

Let R = R, F, E, and H be matrices with appropriate dimen-
sions. We have det(I — HA) #0 and R + FA(I - HA) 'E +
ET(I = ATHT) 'ATFT < 0 forevery A € A if there exist S € X
and G € T such that S > 0 and

[ R+ ETSE F+ETSH+ETG
FT

<0. (22
+HTSE + GE HTSH+HTG+GHS] (22)
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If A is unstructured (i.e., if A = {A € R™>*" ¢ ||All<1}), D C — CrefEr +C)
then (22) becomes L3 := (C? Hl , (29)
yC CrefEZ)
[ R+AETE F+AETH :| 0 (23)
-<
FT+AHTE AMHTH - 1) L4 :=TI'P.F, = (30)
FA + B FC
for some scalar A = 0. In this case, condition (23) is both neces- r
sary and sufficient. A
L5 :=TTE] = { T} (31)
When the uncertainty set is unstructured, then Lemma 2 E,
implies that - ~ PPN ~
£1, = [DyD} - Dyt D,Dy DD +D,], (32)
(19) < T° + FARE + ETATET <0
‘ L1 = |Ef Ea Egl, (33)

T° + \ETE F+\ETH . (24)
~ N <
FT 4 \HTE M(HTH - I

for some A > 0. Using a Schur complement argument shows
that (19) is equivalent to

(A9)"P.++ P.BS (C°)" P.F,, AEL
* —yI (D))" 0 AEL
T, := * x -yl F, 0 [<0
* * * —AM AHT
* * * *x =l

(25)

where * denotes terms readily inferred from symmetry.
Next, we introduce a change of variables to linearize the
above matrix inequality [26]. Assume that 1 = 1. + n, that
is, the filter order is equal to the order of the system plus the
order of the reference model. Let

Y N L [x M
Pe=lnr o] P = |mr 2]
. I I

T IMTz ol

where X,7Y, X R Y e R are symmetric matrices, and
Z = X' Define T = diag (I1y,1). Then T, < 0 if and only if
TTT.T < 0. From P.P;! = I, we have the following calcula-
tions, where boldface letters are used to indicate optimization
variables:

(26)

L1 := TT{ P.ATL,

ZA + ZE AET ZA + ZE A ET
| YA4YE AwET +A+B,C YA+YE ArEl +8,C |

(27)
L1y :=TITP.B°
ZB + ZE By ZB, ZB
- L{Bf +YE B+B,D} YB,+B,Dj YB+1§yD0+1§,J

(28)

where we have defined

S 0 0L, 0 0 0 0
|4 Ex Bf By B Fal:= Y oo
0 A°| 0 B} By B° Fy
(34)
C 0 C°
E2 = I“rcl' 0 > (35)
Ex 0 Ea
A B, B, NAM'Z NBy, NBj, 6
JE . 36
C D, D, CGMT'Z Dy, Dia

If M and N are invertible, the variables A, C, Bk, Bku> Dy,

Dy, can be replaced by the new variables A, B,, B,, C, D,, D,
without loss of generality. We can now rewrite (19) as

[ L1+ Ly, L12 L1535 L4 ALs]
* —pI L2350 ALy
* *x -yl DyFc 0 [<0, (37)
* x % —Al AHT

| * * ok * =l

which is nonlinear in the variables. Note that the nonlineari-
ties involve the terms Ayer and By only. The constraint P, > 0
can be expressed as an LMI as follows:

ZZ
P.>0<II'PII, >0 = {Z Y] > 0. (38)

The constraint || Tyefll - > 1 can be expressed as a quadratic
matrix inequality using the next lemma.

Lemma 3. Let Trer be as defined above. Then || Tyetll - = 1 if and
only if there exists Pref = P.| € Rt sych that

Tro

T T T
P refAref +Aref Pref + Cref Cref PrefBref + Cref Dref
= T T T
Bref Pref + Dref Cref Dref Dref - Inf

(39)
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Proof. Let ¢(s) =
OIﬂY if || Trefll - =
as follows:

Trer ()T rer (s) — Ly, Then ¢(s) = 0 if and
1. It is easy to show that ¢(s) can be written

(/)(5) = DrefTDref_Inf +BrefT(_SInf_ArefT)_ICrefTDref

T T -
+ (Cref Dref) (Slnf _Aref) 1E'ref

-1 -
+ BrefT( - SInf - ArefT) CrefTCref(slnf - Aref) lBref-
(40)

The result then follows from Lemma 1. O

The next lemma summarizes our result so far by giv-
ing necessary and sufficient conditions for the solution of
Problem 1, in the case that the uncertainty set is unstruc-
tured, in the form of a QMI feasibility problem.

Lemma 4. Assume that A is unstructured. Then there exist a
stable filter of the form given in (8) and a stable fault refer-
ence dynamics model Tyef 2 (Aref, Bret, Cret, Dret) € 8, where 8
is defined in (11), such that || Tyell - = 1, residual dynamics in
(10) are quadratically stable, and (12) is satisfied for M = M
if and only if there exist Ares € 84, Brer € 85, Cref € S0,
D.s € 4p, 1’5;, ﬁy, ﬁu, é, ]A)y, ]A)u,A, and symmetric matrices
P.er, Y, and Z such that (37), (38), and (39) are satisfied. If
such variables exist, the filter dynamics are obtained by solving
(36) where M and N are chosen such that NMT =1 —-YZ™!.

Approximate solutions to these QMIs can be obtained
by using algorithms with guaranteed global convergence
[27, 28], as well as local numerical search algorithms that
converge (without a guarantee) much faster [29, 30]. A re-
lated discussion of the solution algorithms for QMIs can also
be found in [31]. In Section 4 below, we develop an alterna-
tive procedure for the approximate solution of these QMIs.

Remark 2. In the case that Ty is preassigned to a known
value, (37) becomes linear and (39) becomes irrelevant,
therefore, the optimal solution is given in a form of an LMI
optimization. This case has been considered in [16].

When A is structured, we proceed as follows. By using
(22) from Lemma 2, we get

(19) < T°+ FARE+E"AxTFT <0

(41)
—3ISeX&GeTl st.S>0&Tsg <0,
where
T Tg ﬁ+ETG |:ET:|S|:§ H]
= . N + )
T BT GTE HTG+GTH -S| |HT
(42)

Using a Schur complement argument and the expression of
E and F in (20), we get

TSG <0= TSG

[(49)"P.+% P.B° (CO)' P +ELG ELS]|
* —yI (D))" ELG ELS
= * * —yl Fiy 0
* * * H'G+G'H-S H'S
| * * * * -S ]
<0.
(43)

As we did for unstructured uncertainties, we use the same
matrix T = diag(II;,I) to allow to change variables, it fol-
lows that Tsg < 0 if and only if Tsg := TTscTT < 0. We
multiply Tsg by K = diag(I,S) and K7 from left and right,
respectively, to get Tsg < 0 if and only if

(L + Ly L2 L1353 Lia+LisG L15S]
T 0 £33
* * =yl D, Fc 0 |<o.
* * x H'G+G'H-S HTS

| * *  * * -S |

(44)

Therefore, when A is structured, we have the following suffi-
cient condition for solvability.

Lemma 5. Suppose that A has the structure defined in
(6). Then there exist a stable filter of the form given in

(8) and a stable fault reference dynamics model Ty =
(Aref, Brer, Cre, Dref) € 8, where 8 is defined in (11), such
that || Tefll - = 1, the residual dynamics in (10) are quadrat-
ically stable, and (12) is satisfied for ;M = M if there exist
Aret € 84, Bret € 85, Crer € S, Drer € 4, A) ﬁy; ﬁw é) ﬁy)
ﬁu, S € X, G € T, and symmetric matrices Pres, Y, and Z such
that (38), (39), and (44) are satisfied.

3.2. Solution with polytopic uncertainties

In this section, we derive necessary and sufficient conditions
for solvability of the robust FDI problem for a system subject
to polytopic uncertainties, in the form of LMIs. Now,

A‘M B‘M P Al| B! P
[C;M D:"]E{lzf’[ D’} ZE‘IM}

(45)

where (AL, Bi, Ci, D}) are as defined in (17), but with super-
script (o) replaced by (i). We assume that the polytopic sys-
tem is quadratically stable. Recall that (12) is satisfied if and
only if (15) is satisfied for all M. Now,
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Tj’f‘ M(Q,R) = S+ QR" +RQ",
, [A) P+ PAl PBL (C)' N(QR)
B T _ _ T _ T
(15) = > & (Bé)TPC —yI (Dé)T <0, S+EE, —(Q-RE, —E(Q-R)" R Q
i=1 . ; = RT -1 0|,
Ci D, —yI Q" 0 —I
L OQR)
VE; s.t. Zfi= 1, &>=0, @ )_ .
i=1 S—FFf +(Q+R)F] +F,(Q+R)" R Q
‘ - T
=T <0, i=1...,p. = R I0
pol T 0 I
(46) : Q
(48)
Noting that the change of variable defined in (36) is in- Then
dependent of M’, we can therefore use it in this scheme as N(Q,R) <0 = M(Q,R) <0, (49)
well. Letting T' = diag (II;, I), it follows that
M(QosRy) < 0= N(Qo,R,) <0, (50)
10 <0 e Ty =TT T" O(Q,R) » 0 = M(Q,R) > 0, (51)
; i T i M(Qo,R,) > 0= O (Qo,R,) > 0. (52)
L+ (L) L1 Lis (47) ( ) ( )
_ N o1 il <0 Proof. Let (Q,R) = S+ QQT + RRT + E,EI — (Q — R)E! -
Yo ’ Eo(Q — R)". Then by using a Schur complement argument,
* * =yl we get

where the (.:C;»k)Ts are as defined in (27)—(33) and (34)-(35),
but with the nominal model data M° replaced by M'. There-
fore, for polytopic uncertainties, we can derive necessary and
sufficient conditions for solvability of Problem 1 in the form
of a QMI feasibility problem as follows.

Lemma 6. Let M = eM¢. Then there exist a stable filter of
the form given in (8) and a stable fault reference dynamics
model Teet = (Avefs Bref, Crep, Dret) € 8, where 8 is defined in
(11), such that || Tyell - = 1, the residual dynamics in (10) are
quadratically stable, and (12) is satisfied for M = M, if and
only there exist Arer € 84, Brer € 8B, Cref € 8¢, Drer € 4p,
1A\, IASy, ﬁu, 6, ﬁy, lA)u, S € X, G €T, and symmetric matrices
P.r, Y, and Z such that (38), (39), and T;Ol < 0 are satisfied
fori=1,...,p.

4. ROBUST FDI FILTER DESIGN USING LMIS

In this section, we give a suboptimal solution to Problem 1.
An optimal solution would necessitate the solution of a
quadratic matrix inequality and is in general intractable.
Here, we propose a linearization procedure to derive an up-
per bound on the optimal solution that requires solving an
LMI optimization problem.

The following general result demonstrates that if we have
one feasible solution to a QMI optimization, then we can
construct an LMI optimization problem whose solution gives
an upper bound on the QMI problem.

Lemma7. Let Q,, R, € R™" and S = ST € R™™M be given
and let E, = Q, — R, and F, = Q, + R,. For Q,R € R™*",
define

N(QR) <0 <= J(Q,R) <0. (53)
Let £(Q,R) = (Q— R - E,)(Q - R— E,)". Now,
S+&(QR) =8+(Q-R(Q-R)" - (Q-RE!
— E,(Q-R)" + E,E!,
and it follows that
S+ QRT +RQT = S+ QQT + RRT + E,E — (Q — R)E}

~E(Q-R)" - &QR).

(54)

(55)
That is,
M(Q,R) = F(Q,R) — §(Q,R). (56)
Using (53) and noting that £(Q,R) > 0 and £(Q,,R,) = 0,
we have
N(Q,R) < 0= g(Q,R) <0 = M(Q,R) <0,
M(Qo,Ry) < 0= F(Qo,R,) < 0= N (Qo,R,) < 0.
(57)

A similar proof can be used to derive (51) and (52). O

In order to simplify the subsequent analysis, we adopt the
convention that variables appended with a subscript “x” de-
note feasible values of the variables for the QMIs (37) and
(39).

In (37), the only nonlinear terms are ZElArefElT,
YIE A EY, ZE B, and YE,B,. We denote the matrix in
(37) by Tyfw, and set S, to be the matrix Ty, with the
nonlinear terms removed.

Let Z, = ZI' € R, Y, = YI' € R, A, €
Rmerxtet and Breg, € R™" be given. We use Lemma 7 to
derive an LMI formulation. We can write T f,, as

Trfw = Srfw + QCRZ + RCQZ: (58)
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where ref Cref g;fx (Prefx + Aref ) ref Cref + BrTef(Pref + Aref,)"’
_ZEl 0 - _ElArefT 0 - ref (Pref + Aref)})TV” {Dref Dref + Dref Dref Bref Bre.fx_
. . Dref Dyef, — I + B ¢Brer, + * }. The next lemma summarizes
0 YE EiAref” ErArer the results of this section by giving a linearized formulation
0 0 Bri ' B | of the optimization problem defined in Lemma 4 using (60)
0 0 0 0 and (64).
Qc = > R. = ' (59) i

0 0 0 0 Lemma 9. Assume that A is unstructured. Let Z, = ZI €
0 0 0 0 RMXme Y, = Y] € RUXN, P = Pr ref, € R, Arer, €
0 0 0 0 84, Bret, € 8B, Crer, € 8¢, and Dyer, € 8p be given. Then
0 0 0 0 there exist a stable filter of the form given in (8) and a stable

Let Q,, denote the value of Q. when Z and Y are replaced
by Z, and Y, respectively, let R, denote the value of R. when
A.r and Byr are replaced by Ayer, and B, , respectively, and
define E; = Q., — R,. Using (49) from Lemma 7, we get

T, < 0= T, <0, (60)
where
lin
Trfw
Srfw +ExE91; - (Qc - RC)E;Z - Ex(Qc - RC)T Rc Qc
- RT -1 0
Qf 0 I
(61)

To linearize the matrix inequality in (39), we need
Lemma 7 and the following lemma, whose proof is similar
to that of Lemma 7 and is therefore dropped.

R and § = ST €

Lemma 8. Let U, € RMm_ For U €

RM<1 define

MU) =S+ UUT = M(U)T, 62)
N(U)=S+UU!+U,UT - U,U! = N(O)T.
Then
N(U) >0= M(U) >0, 63)
M(Uy) = 0= N(U,) > 0.
Let Pref, = Pref € RMmetxtet | Crop, € R *Mef and Dy, €

R"*1 be given. Using (51) from Lemmas 7 and 8, it is easy
to get

T >0 = T, = 0, (64)
where
V x % %
i LA A
in — , 65
o Pref 0 I = ( )
Aref Bref 0 I
where V = {(Pref + ArefT)(Pref + Aref ) + x Cref Cref,"'
Cref Cref +*x = (Pref +A f)(Pref +Aref )} V' = {Drefcref,"'

fault reference dynamics model Teef = (Aref, Bref, Cref, Dyef) €
8, where 8 is defined in (11), such that || Tyl = 1, residual
dynamics in (10) are quadratically stable, and (12) is satisfied
for M = M if there exist Arer € 84, Brer € 85, Cref € S0,
D, € 8p, 1A\, IASJ,, ﬁu, é, ﬁy, ﬁu, A, and symmetric matrices
P.., Y, and Z such that

T, <0 (66)
Thin > 0, (67)
ZZ

7 v|"° (68)

Remark 3. This scheme can also be applied to Lemmas 5 and
6 to obtain a suboptimal solution involving linear matrix in-
equalities.

Next, we need to choose the initial parameters (Zy, Yy,
Pref,s Aref,> Bref,> Cref,> and Dyer,) to reduce y. The idea is to
derive an algorithm where at each iteration, we solve the op-
timization problem given in Lemma 9, using the solution of
this problem at the previous iteration, for initial parameters.

The algorithm will use initial values ZIM, yjnit, pitit, Alnit,

Bint, Ciat, and DI%', which must guarantee that the LMI con-
straints (66) and (67) will be feasible.

From the above discussion, an algorithm for choosing the
initial parameters can be listed as follows.

Algorithm 1. (1) Set initial values A", B, CIof', and D!

such that T;?Et S (Amlt mlt init mlt) satisfies ” 1n1t||7 >1

ref,> Pref, > “ref,> Href, ref
and Tl € 8.

(2) Fmd the solutions Z, Y, and Py of the optimiza-
tion derived from Lemmas 3 and 4, which is linear since the
matrix inequalities (37), (38), and (39) become linear when
Tref 1= Tlrllt is fixed. (The matrices Z, Y, and P,f always ex-
ist since the cost function in (12) is bounded because A is
bounded).

(3) Set Zinit := 7, Yinit .= Y, and P;E}: = Pper.

(4) Start loop.

(5) Since the initial values are feasible for (37), (38), and
(39), the LMIs (66) to (68) have feasible solutions from (50)
and (63) in Lemmas 7 and 8. Compute solutions (Z, Y, etc.)
of (66) to (68) to minimize y. N

(6) Rename ZIMt = 7, Yinit =Y, P;Qg = Arer,
B;‘;g = B, ;2}; = Cpep, and ;2% = Dy, and go to Step 5.

(7) End loop.

Pref) Ainit

ref, —
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Algorithm 1 is convergent, possibly to a local minimum,  where
in the sense that the quantity y is nonincreasing after each ©0.9835 —0.0110 —0.0039
iteration. This can be easily shown using (50) and (52) from ’ ’ ’
Lemma 7, and (63) from Lemma 8. A” = | -0.0004 —0.9858 —0.0026 |,
0 0.0002 —0.9891
Remark 4. Lemmas 7, 8, and Algorithm 1 can also be ap- -
plied to other problems involving QMIs and bilinear matrix 0.0080 0.2397 —0.0383
inequalities (BMIs). The procedure potentially gives an im- B° = [0.0068 0.1565 0.0248 |,
provement and seems to work well in practice. 0.0003 —0.0003 0.0003
_ (71)
Remark 5. In the case that we choose a diagonal structure for 0.2383  0.4871 0.1390
Tref, we may use cc=| o —.0008 0.0004 |,
| 0.00002 —0.00004 0
A = <Ly B = Ongcny ) [0.4171 —4.4920 0.4875
G = 0y ey DI =1, D° = [0.0008 —0.0050 0.0003
0 0.0005 —0.0021

as initial values. This will ensure that T, is stable and
[ Trefll - = 1. We can solve the LMI optimization problem
given in Lemma 4. This will give Z™, Yinit, P and so forth.
These initial values are not unique and can be chosen using

other criteria.

Remark 6. A more systematic technique for generating valid
initial values is as fo}lows: first, generate any Biy', Cioif, DIt
and a stable A with the structure chosen, then, compute
a= [T _.If a > 0, redefine the matrices as Aot = A%/ a,

Binit _ Binit/OC, init __ Cinit/OC, and Dinit _ Dinit/a, Wthh ful-

ref — Pref ref = “ref ref = “ref

fill that the conditions T are stable and || T _ = 1.

Remark 7. The requirement for T to be diagonal is to en-
sure fault isolability in the case that all faults may occur si-
multaneously. If we ignore disturbances and uncertainty, and
assuming perfect fault isolation, then r = Tie¢f so that fault
fi only affects residual ;. If none of the faults can occur si-
multaneously, then we need only to impose the constraint
that T'er is upper (or lower) triangular. While it is not diffi-
cult to modify our analysis under these conditions, we only
consider the case when Ti.f is diagonal so that all faults may
occur simultaneously since our contribution is focussed on
reducing the effect of disturbances and uncertainties under
the most stringent fault scenarios.

5. NUMERICAL EXAMPLE

In order to illustrate the efficiency of Algorithm 1 and the im-
portance of the choice of Ty, we consider a jet engine state-
space model [32] supplied by NASA Glenn Research Center
given as

x(t) = (AO +FAAHEA)X(f) + (Ba + FAAHEB)M(t)
+Bad(t) + By f (1),

y(t) = (C° + FcAuEL)x(t) + (D° + FcApEg) u(t)
+ Dad(t) + Dy f (1),

(70)

The system is subject to three disturbances and three poten-
tial faults. Here, the setup is given by

01 0 0
Bi=|0 01 0 |,
[0 0 001
[0.0080 0.2397 —0.0383]
By = |0.0068 0.1565 0.0248 |,
0.0003 —0.0003 0.0003 | (72)
D; =0.1X1I,
[-0.0205 0.6217 0.8115]
Dy =| 02789 —1.7506 0.6363
| 10583 0.6973 13101 ]

Since no uncertainty parameters were given in this exam-
ple, we assume an unstructured norm-bounded uncertainty,
with matrices Fu, Fc, Ea, Ep, and H randomly generated as

[~0.319 —0.080 0.142
H=|-0288 0.138 0.258],
| 0.114  0.163 0.133
[~0.060 —0.008 —0.135
Es=|-0015 0154 0.047 |,
| -0.044 —0.061 —0.090
[0.134 0.630 0.451
Ep = [0.207 0371 0.044 |, (73)

0.607 0.575 0.027

[-0.055 0.066 —0.012]
Fc = |—0.085 —0.085 —0.007 |,

| -0.025 —0.120 0.049 |

[ 0.148 —0.129 —0.084]
Fy=| 0.114 —0.007 0.050

| -0.068 —0.033 0.149 |
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FIGURE 2: Time response of the residual before the optimization.

A square and diagonal structure for T is necessary to
get fault isolation in the case that the faults occur at the same
time.

Remark 8. If Aret, Bref, and Cier are chosen diagonal, then

Tref(s) = Cref(SI - Aref) _lBref + Dref

< (74)

= Cref Bref(SI - Aref) + Dref-
The terms in B can be incorporated in Ci.f. It follows that
we can set Brer = I. Therefore, the nonlinearity in (37) comes
only from bilinear terms ZE; Af EIT and YE A ¢ ElT .

To initialize Algorithm 1, T is generated following
Remark 6 as

[-1.60 © 0
Ant—| 0 -144 o0 |,
| o 0 -0.57
By = I,
N 071 0 0 (75)
cht=10 129 0 |,
| 0 0 0.67]
[1.40 0 0 |
Dt=1| 0 169 0
| 0 0 1.81]

Then, by following the first two steps of Algorithm 1, we get
the optimal y as

y = 0.6273 (76)

and the values given below for Z, Y, and Pi,, which will be
used to initialize the main loop of the algorithm as follows.

Zref

[0.5010 —0.4385 0.0309 0.6192 —0.4313 0.4861
—0.4385 0.8184 0.0844 —-0.3629 —0.6083 —0.8105
0.0309 0.0844 0.0651 0.0986 —0.3323 —0.1397
N 0.6192 —0.3629 0.0986 1.4722 —-1.2716 0.9082 |’
—0.4313 —-0.6083 —0.3323 —1.2716 5.7926 —1.5337
| 0.4861 —0.8105 —0.1397 0.9082 —1.5337 2.5593 |
Yiet
[5.0059 19.1311 2.7518 0.1860 3.0607 0.7016 ]
19.1311 165.3233 12.5435 —13.2886 32.4525 —15.3595
2.7518 12.5435 7.7249 —4.8209 0.6873 —3.4439
N 0.1860 —13.2886 —4.8209 7.4800 —5.3595 4.9329 |
3.0607 324525 0.6873 —5.3595 22.7920 —4.1575
| 0.7016 —15.3595 —3.4439 4.9329 —4.1575 8.6769 |
—0.0492 1.4322 —0.1444
Pt = | 14322 —63.1246 8.1628
—0.1444 8.1628 —1.2084
(77)

Taking into account Remark 8, we implemented Algo-
rithm 1 in Matlab to minimize y. Table 1 shows the evolution
of the optimization following Algorithm 1.

Algorithm 1 can clearly improve the result in a few iter-
ations; y is reduced by 33% compared to the one obtained
with a fixed Tr.r. This shows that the choice of Ti is essential
in our FDI scheme. We get

[ —18.1665 0 0
Avet = 0 92781 0 |,

i 0 0 -6.0914
Bref=I3:

0.0007 0 0 (78)
Cet=| 0 —-03959 0 |,

o 0 0.0572

[1.2438 0 0
Des=| 0 43768 0

0 0 1.8216

Remark 9. In our numerical experimentation, other choices
for Ti¢" have been used; however, all converged to the same

solution but with different numbers of iterations.

In order to show that our filter is robust against distur-
bances and model uncertainties, we introduce a randomly
generated A given by

0.4058 —0.0534 -0.3600
—0.4097 -0.5466 0.4822 |,
—0.0067 0.0877 —0.2743

A= (79)
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TABLE 1

Iterations 0 1 2 10 20 50 100

y 0.6273 0.6248 0.5791 0.5476 0.5253 0.4739 0.4641 0.4641

Residual responses
. .

6
/
51 . ot
0 I :;| ’j/
LU W ST P Y U A S
| ,W\l’\ \,‘\ Il ‘”'T Wy "ﬁth,\ ;MT\ "l,’l,‘-#\ ,jw\
4 |l{ MLt gAY v \’_H, LT
ATl 1‘? Y {y v M/‘,u,,
o | SR
< 3l | W
£ ! e
=] I ”
B ! ;
= 27 I e 8
i -y
1 L,
1k
1 15
VoA
h AL (N ]
0 AR i
]
-1 L L L L L L
0 5 10 15 20 25 30 35

Time (second)

— Opt, — 1
---n
13

F1Gure 3: Time response of the residual after the optimization.

as well as three disturbances. Simulated through MATLAB
and SIMULINK, these disturbances are three-band-limited
white noises with mean 0 and standard deviation 2. Faults f;
and f, are both simulated by a unit positive jump connected
from the 14th second. Fault f3, simulated by a soft bias (slope
= 0.2), is connected from the 20th second. Figure 2 gives the
residual responses before the algorithm, where each residual
is dedicated to a particular fault, while Figure 3 gives the op-
timized residual response using our algorithm.

The lines opt;, opt,, and opt, represent the optimal tra-
jectories that each residual must follow

opt, (s) fi(s)
opty(s) | = Trer | f2(5) | . (80)
opt;(s) f3(s)

In both figures, each fault can be distinguished from the
others and the disturbances; however, in Figure 3, the faults
can be more easily distinguished and each residual follows
its optimal trajectory (green line) with more accuracy. Fur-
thermore, the disturbances are more attenuated compared
to Figure 2, and the jumps that indicate faults are clearer in
Figure 3 since their amplitudes are bigger and therefore allow
a better fault detection using thresholds [33, 34]. The isola-
tion performance is clearly effective as each fault produces a
deviation of its residual only, without modifying the trajec-
tory of the others. This example illustrates that the designed
filter satisfies the performance requirement of FDI which is
sufficiently robust against disturbances and modeling errors.

Figure 3 also justifies the efficiency of Algorithm 1 to im-
prove the design of the reference model and therefore the
overall performance of our filter.

6. CONCLUSION

This paper has addressed the problem of fault detection
and isolation for linear time-invariant systems subject to
faults, disturbances, and model uncertainties. We proposed
a performance index that captures the FDI requirements.
Through QMI formulations, we gave the design of an op-
timal filter for polytopic or unstructured norm-bounded
uncertainties, and a suboptimal filter for structured norm-
bounded uncertainties. Suboptimality in the latter case is
inherited from the bounded real lemma, which gives only
sufficient LMI conditions for structured uncertainties (see
Lemma 2). By allowing the reference model T to be vari-
able in our formulation, we get its optimal design, which can
be used in other schemes dedicated to fault isolation. The
optimal design of this reference model is initially given in a
form of a QMI optimization, then a suboptimal solution is
obtained by using a linearization procedure which derives an
upper bound on the optimal solution of the QMI formula-
tion that requires the solution of an LMI optimization. Note,
however, that we have no indication concerning the deviation
of our design from the optimal filter. We have also illustrated
the effectiveness of our algorithm using a jet-engine example.
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Advances in Artificial Intelligence

Special Issue on

Artificial Intelligence in Neuroscience and
Systems Biology: Lessons Learnt, Open Problems,

and the Road Ahead

Call for Papers

Since its conception in the mid 1950s, artificial intelligence
with its great ambition to understand intelligence, its origin
and creation, in natural and artificial environments alike,
has been a truly multidisciplinary field that reaches out and
is inspired by a great diversity of other fields in perpetual
motion. Rapid advances in research and technology in
various fields have created environments into which artificial
intelligence could embed itself naturally and comfortably.
Neuroscience with its desire to understand nervous systems
of biological organisms and system biology with its longing
to comprehend, holistically, the multitude of complex inter-
actions in biological systems are two such fields. They target
ideals artificial intelligence has dreamt about for a long time
including the computer simulation of an entire biological
brain or the creation of new life forms from manipulations
on cellular and genetic information in the laboratory.

The scope for artificial intelligence, neuroscience, and sys-
tems biology is extremely wide. The motivation of this special
issue is to create a bird-eye view on areas and challenges
where these fields overlap in their defining ambitions and
where these fields may benefit from a synergetic mutual
exchange of ideas. The rationale behind this special issue
is that a multidisciplinary approach in modern artificial
intelligence, neuroscience, and systems biology is essential
and that progress in these fields requires a multitude of views
and contributions from a wide spectrum of contributors.
This special issue, therefore, aims to create a centre of gravity
pulling together researchers and industry practitioners from
a variety of areas and backgrounds to share results of
current research and development and to discuss existing
and emerging theoretical and applied problems in artificial
intelligence, neuroscience, and systems biology transporting
them beyond the event horizon of their individual domains.
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Special Issue on

Selected Papers from Workshop on Synergies in
Communications and Localization (SyCoLo 2009)

Call for Papers

In conjunction with the IEEE International Conference on
Communications (ICC) 2009 in Dresden, Germany, the
International Workshop on Synergies in Communications
and Localization (SyCoLo 2009) will be held.

The main objective of this workshop is to show how wire-
less communications and navigation/localization techniques
can benefit from each other. With respect to these synergies
the workshop aims at the following fundamental questions:

e How can navigation systems benefit from existing
communications systems?

e How can communication systems benefit from posi-
tioning information of mobile terminals?

This workshop, whose proposal was jointly generated
by the EU Research Projects WHERE and NEWCOM++,
aims at inspiring the development of new position-aware
procedures to enhance the efficiency of communication
networks, and of new positioning algorithms based both
on (outdoor or indoor) wireless communications and on
satellite navigation systems.

The SyCoLo 2009 is, therefore, well in agreement with the
new IJNO journal aims at promoting and diffusing the aims
of joint communications and navigation among universities,
research institutions, and industries.

This proposed IJNO Special Issue focuses all the research
themes related to the timing aspects of joint communications
and navigation, and starts from the SyCoLo 2009 where the
Guest Editors will attend the different sessions and directly
invite the authors of the most promising papers to submit an
extended version of their papers to the journal.

The proposed Guest Editors are also part of the Scientific
Committees of the SyCoLo 2009, therefore, directly involved
in the evaluation of submitted papers.

Topics of interest will include, but are not limited to:

e Hybrid positioning using both wireless communica-
tions and satellite navigation systems

e Resource management with positioning information

e Location-aware PHY/MAC algorithms/procedures

e Indoor positioning combined with short-range com-
munications

e Signal processing techniques for (seamless) indoor/
outdoor localization
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journal’s Author Guidelines, which are located at http://www
.hindawi.com/journals/ijno/guidelines.html. Prospective au-
thors should submit an electronic copy of their complete
manuscript through the journal Manuscript Tracking Sys-
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