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Optimal hedging ratio model considering skewness

ZHANG Long-bin, WANG Chun-feng, FANG Zhen-ming

(Financial Engineering Research Center, Tianjin University, Tianjin 300072, China)

Abstract The impact of the skewness in the hedger’s objective function is measured using a third-order

Taylor Series approximation of expected utility, and a hedging model considering skewnes was established.

Based on the model, analytic optimal hedging ratio solution was derived, and the analytical solution can

degenerate to mean-variance hedging ratio when the skewnesses are equal to zeros, so it is an important

extension of the mean-variance optimal hedging ratio. The empirical results from Hang Sheng index futures

and spot suggest that the hedging model considering skewness provided better performance than traditional

mean-variance hedging model.
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” ��� , Û���{�|�{ ò��������i¿�����
. � Lai, Prakash, Sun ß Yan, ��������������  æiçiå � ói¼i¾�¡iÓ�¢ ß ½i¾�£i² ß ¾�¡iÓ�¢i´�¤�¥ ,æIç�~¦� � óI¼I¾�¡IÓ�¢�§ Ý ��¨ ¤�¥ , Ý ½I¾�£I² Íª©�«�� óI´�§ Ý .�/�¬� ½I¾�£I²I´I°�"��IÖ [1−4].

þ�� ,
� ù¯® ò�°

,
áië ü × � ÎiÏi¼iËtÐkÑi´iæiç  �± �iå � ói´�§ Ý . ² �iÎ�³ , � ói´�¤�¥�´�µ�¶�&��· Þ ����� , ÌtÍ Gilbert, Jones

æiçiå�¸�¹iÂi±�¢�ºi´ � ói¼i½i¾i¿i¼iË�»�¼i´�¤�¥ ,
æiç�~��

:
Âi±�¢�º

´ � ó 
�½ °�¾�¢i´�¿�À�Á�Â�Ã�Ä�Åi½�� � ¼iËi´ ¬� ,
~iÂiòiÎiÏi¼iËtÐkÑiá ��Æ�Ç ïiði¼iËtÐkÑ [5] . È»

, Gilbert, Jones
´iæiç�1�1 ©�« åiÂi±�¢�º � ói¼i½i¾i¿i¼iË�3�»i´�¤�¥ , ��É�Ê���©�« °i±�¢�º � ói´¤�¥

. Ë ��Ì�ÍIò�ÎI´ � ó�Ã�Ä�Å�ÏI°�Ð Ç £I² ��Ñ �Iá�Ò�ÓI´��IÑ ¬� , Ô�Õ�Ö / ÎIõIïIðIò ùbúIûIü ,/�×�Ø Ñ � ó���Îiòi³�Ùi´i¼iËiéiê |�Ú�Û �iá�Ò�Ói´ ��Ñ [6] . È »�Üiéiê�Ýi» / Îiõiïiðiòi¼iË ù ú , �ói´�¤�¥�1�ÞiÂ Ý ³�Ù�ß�à Í .

Ý�á�â æiçi´ ��ã�á , ä ãiìiÖ�å�æi´��iÖ� �ç�è�é ,
$�êi°�"��iÖ ûiü ´�ë�ì

Taylor í µióiâiå � ó¼i½i¾i¿ ù ú ´�¤�¥
, ÝiÜ���ã�á�î�ï å ©�«�� ói´iÎiÏi¼iËiéiê , Ô�ð Ä�ñ Ö åiÎiÏi¼iËtÐkÑi´iø�ç�ò�ó .Î�ô

,
$�ê ��}  �çi¼iéiêi´���õiÉiÊiå�ö } .

2 ÷ùøùúùû
2.1 ü�ý�þ�ÿ���������

Rs ß Rf

 ���~��iÂi± ß °i±i´tíkîiÑ . � ¼iËtÐkÑiò h
´i¼iË�£i²i´ ×�Ø Ñ

Rp = Rs − hRf .'�yi½i¾i¿i´��iÖ ûiü ò
U (Rp),

òiå�	�ñ � ói¼i½i¾i¿ ù úiûiü ´�¤�¥ ,
¼

U (Rp)
ÉiÊ�ë�ì

Taylor

í µ�ñ�� :

U (Rp) =

3
∑

n=0

U (n) (E (Rp))

n!
(Rp − E (Rp))

n
+ o [Rp − E (Rp)]

3
(1)

ÌtÍ U (n)
ò��iÖ ûiü ´

n
ì�Ä ü

. 
�á ó .�/ ñ��i°�"��iÖ ûiü ò :

E [U (Rp)] =

3
∑

n=0

U (n) (E (Rp))

n!
E [(Rp − E (Rp))

n
] + o [Rp − E (Rp)]

3
(2)

Û ò ,
¼iË�£i²i´�ß�à Í���iß ¼iË�£i² ×�Ø Ñ�§ Ý���� × �











µp = E (Rp)

σ2
p = E [Rp − E (Rp)]

2

s3
p = E [Rp − E (Rp)]

3

(3)

ÛiÜ ,
¼iË�£i²i´��iÖi´i°�" .�/ $�ê�ß�à Í����| ³���~�� , �

E [U (Rp)] = U (µp) +
U (2) (µp)

2!
σ2

p +
U (3) (µp)

3!
s3

p (4)

ÌtÍ , s3
p

~��i¼iË�£i² ×�Ø É ú�� öi´ � ó . � õ��iÖ ûiü Ç U (Rp)
1���� � ®������ , � U (Rp)

´�ë�ì
Ä ü ò��

, � �iÖ ûiü U (Rp)
ò�$�%iÕiÖi´ Æ�Ç -

ïið��iÖ ûiü
. È » , � õ U (Rp)

´�ë�ì�Ä ü �iò��
, �½I¾I¿I¼ � ó���� , � ½I¾�£I² ×�Ø  �!�������*�+I´�ß�à � ,

ò ©�«�� óI¼I½I¾I¿��IÖI´�¤�¥Iï�ó , � �
©�«���� ÿ�Þi´��iÖ ûiü .

�
1 ���� ���!�"

U (R) U (1) (R) U (2) (R) U (3) (R)

CRRA R1−γ
/

(1 − γ) R−γ
−γR−(γ+1) γ(γ + 1)R−(γ+2)

CARA − exp (−γR) γ exp (−γR) −γ2 exp (−γR) γ3 exp (−γR)

DARA ln(R) 1/R −1
/

R2 2
/

R3

)�~
1 Í .�/�# Ö , á�â �iÖ ûiü ´�ë�ì�Ä ü ¿�ÀIò�* . � ~�� :

½i¾i¿ ��$ *i´ � ó , � ���Îi´ �ó
. Ì�%iÛiÝ�� ,

*i´ � ó Ç ��	�
 ×�Ø áI´��iÑI¶OÐ ×�Ø õi´��iÑI¶Iá , � P (R > E (R) + C) > P (R <
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E(R)− C)[7].

2.2 :�;�<�=�>�?�@�A�B�C�D�E�FG�H�I
(4) J�K , J�L�M�N�O�P�Q�R�S�T�U�V�WYX7Z�[YX7\�]�O�^�_�`�a�b�N�c�d�e�f�g�h . i�j , k�l

\�]�m�n�o�p�q�U�r�s�O�Put�v�w�x�J�L�y�z�{�q�|�U�r�s�}�~�� :

max U
(

µp, σ
2
p, s3

p

)











µp,t = W T
t Rt

σ2
p,t = W T

t HtWt

s3
p,t = W T

t StWt ⊗ Wt

(5)

�u�
, ⊗ { Kronecker � . R = [Rs, Rf ]T {�������V���U�S�Tu��� , W = [1,−h]T y�z�������V���U���O���
, µ = E(R) {�S�Tu����U�V�W , � H = E

[

(R − µ)(R − µ)T
] � S = E

[

(R − µ)(R − µ)T ⊗ (R − µ)T
]

,

��� y�z R ��Z�[���������\�]���� . ����U������ I���� J�L�y�z�{ H =

(

hss hsf

hfs hff

)

� S =

(

ssss sssf ssfs ssff

sfss sfsf sffs sfff

)

. ������� ����� U�O�����O�����e�f�}���J�L���������U���}�� I H =

(

hss hsf

hsf hff

)

� S =

(

ssss sssf ssff ssff

sssf ssff ssff sfff

)

.

2.3 A�B�C�D��� �¡�¢�>�£�¤
2.3.1 ¥�¦�Z�[�r�s�O�Put�v

{�§�¨�©�ª�«�¬��®�¯�°�±�U�¥�¦�Z�[�O�Put�v��®�e�f²t�³ , ´�µ�k�l�b�N�c�d�U�¶�·�¸�¹�g�h :

E [U (Rp)] = U (µp) +
U (2) (µp)

2!
σ2

p (6)

r�s�O�Put�v h∗ º�»�¼�½ q�`�¾�o�p�¿ :

dU
(

µp, σ
2
p

)

dh
= U1 (0,−1) µ + 2U2 (0,−1) HW

= −U1µf + 2U2

(

−hsf + hff h̃∗

)

= 0 (7)

À�Á `�¾�o�p�Â�Ã�Ä�`�x :

h̃∗ =
U1µf

2U2hff

+
hsf

hff

(8)

�²�
U1 = ∂U

(

µp, σ
2
p

)/

∂µp, U2 = ∂U
(

µp, σ
2
p

)/

∂σ2
p . Å H�I (7) J�L�Æ�Ç�¶�·�b�N�c�d�U�¶�¾�È�d�{

2U2hff É�Ê ©�Ë . Ì�Í , b�N�c�d�U²Î�Ï�{�`�Ð²Ñ���q�U�Ò�Ó�Ï , Ô�Ã h̃∗ Õ�Ö r�×�¦ . Ø � , Ù µf g
h�{�Ë�¿ , h∗ =

hsf

hff
{�Ú�Û�Ü�N�U�r Ê Z�[�O�Put�v .

2.3.2 k�l�\�]�U�r�s�O�Put�v�U�w�x
{�§�w�x�k�l�\�]�U�r�s�O�Put�v , q�|�e�`�Ý�k�l��® (5). {�w�x��®�U�Þ�×�¦�ß , ´�µ�k�l ½ q�`

¾�o�p :

dU
(

µp, σ
2
p , s3

p

)

dh
= U1 (0,−1) µp + 2U2,t (0,−1) HtWt + 3U3 (0,−1) SW ⊗ W

= −U1µf + 2U2 (−hsf + hffh∗) + 3U3

(

−sssf + 2ssffh∗

− sfffh∗2
)

= −3U3sfffh∗2 + (6U3ssff + 2U2hff ) h∗

− (U1µf + 2U2hsf + 3U3sssf ) = 0 (9)
�u�

U3 = ∂U
(

µp, s
3
p

)/

∂s3
p. Å

H�I
(9) J�L�Æ�Ç , Ù sfff à�á ©�Ë�¿ , `�¾�o�p�{ h∗ U�` � ¶�·�Z�â , Ì

Í »�¼ Ø�ã�o�p�¿�Z�â (9) Ú�Û�ä�å�a�æ�� :

h∗

1 =
(6U3ssff + 2U2hff ) +

√

(6U3ssff + 2U2hff )2 − 12U3sfff (U1µf + 2U2hsf + 3U3sssf )

2 ∗ 3U3sfff

h∗

2 =
(6U3ssff + 2U2hff ) −

√

(6U3ssff + 2U2hff )
2
− 12U3sfff (U1µf + 2U2hsf + 3U3sssf )

2 ∗ 3U3sfff

(10)
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e�`�Ý�J�L�w��õô÷ö�c�d U
(

µp, σ
2
p, s3

p

) Ã À�Á æ�� Õ U�¶�¾�È�d :

d2U

dh2

∣

∣

h=h∗

1
= −

√

(6U3ssff + 2U2hff )
2
− 12U3sfff (U1µf + 2U2hsf + 3U3sssf ) < 0

d2U

dh2

∣

∣

h=h∗

2
=

√

(6U3ssff + 2U2hff )
2
− 12U3sfff (U1µf + 2U2hsf + 3U3sssf ) > 0 (11)

G Í (11) J�K h∗

1 {��® (5) U�Þ�×�¦ , � h∗

2 {�Þ Ê ¦ . ¦���ø�_�U�ù , ����`�¾�o�p�ú�û�����U h∗

1

ù�b�N�c�d�U�ü�ý�þuÿ�U�����r�s�x , � à ù�����r�s�x . ��ù ,
G ©�æ���ú�û � , b�N�c�d�Ã�O�Put�v�U��

ä�R�� Ö ¦��
	�ÿ���ù�ü�c�d , ��L�J�L��{ h∗

1 ¨�{�����w�x���r�s�O�Put�v . ��Ô , q�|�ª�Æ�� , ��a�r
s�O�Put�v�U�x���x�����ä�J�L���}�{�¥�¦�Z�[�O�Put�v�U�Ø�� . q�|�O h∗

1 U��
I e�f���� , ��� :

h∗

1 =
2 (U1µf + 2U2hsf + 3U3sssf )

(6U3ssff + 2U2hff ) −
√

(6U3ssff + 2U2hff )2 − 12U3sfff (U1µf + 2U2hsf + 3U3sssf )
(12)

Å H�I (12) J�L�Æ�Ç , Ù sfff , sssf , ssff {�Ë�¿ , h∗

1 J�L���}�{
H�I

(8).
G Í�J�� , k�l�\�]�U�r�s

O�Put�v H�I (12) ù�¥�¦�Z�[�b�N�c�d�q�U�r�s�O�Put�v�ú�û H�I (8) U�������`���} . � À � Á , h∗

1 {� ·õô÷ö�c�d�q�U�r�s�O�Put�v .

3 ������ 
3.1 !�"�>�#�$

« ¬&%&' L&(&) É&*�+ d (HSI33) V � � � � {&,&- O&. , / « { 2007 0 6 1 1 2 � 2008 0 3 1 31 2
U É&*&+ d V � � � � U32÷S&4�5 , / «&6 � { 203, d �&798 Bloomberg. S T v&: N rt = 100 ln (pt/pt−1),�u�

pt { + d�V���;�����U32÷S�4�5 . y 2 <�Ç�§ É�*�+ d�V���������S�T�U�±�ú�Ø�=�> Á :?
2 @BABCBDBEBFGBH IBJBK LBM

Jarque-BeraNBO
0.0695 2.4182 0.1463 33.9990**P O
0.0674 2.4765 0.2313 28.9419**

Q
: * R ** SBTBUBVBW 5% R 1% XBYBZB[B\ .

Å�y 2 U�> Á ��±�ú�J�L�Æ�� : É�*�+ d�V��������
]�^�v�_�`�U Jarque-Bera a�b���L 1%U�c�d�ef
, ��g
h É�*�+ d�V���������U
]i^�_j`j� àjk Åjljm �jn�o ã . ��Ô , É�*�+ d�V���������U
]�^�v��
y���Ç�³�{
h�e�U “ ä�\ ” Ø�= , Ì�Í�Ã�O � S�T ��n e�f�p�q�¿ , ä�r���k�l � \�]�U�m�n .

3.2 A�B�C�D�>�s���E�F
{�§�t���r�s�O�Put�v�U������ I , ����´�µ�O�b�N�c�d�U�� I e�f�����u�ã . ��v�k�l�Û�w�O�x�y�z{ c�d U (Rp) = − exp (−γRp),

�²�
γ {j|j}j~�Ujw�Ojxjyjz {j� d . {�§�kj��\�]�U�m�n , q�|�k�l

E [U (Rp)] U � ·�g�h :

U
(

µp, σ
2
p , s3

p

)

≈ − exp (−γµp)

(

1 +
γ2

2!
σ2

p −
γ3

3!
s3

p

)

(14)

Ú�� H�I (14) J�L�e�`�Ý�ú�û�Ç U
(

µp, σ
2
p , s3

p

) U�\�È�d :

U1 =
∂E [U (rp)]

∂µp

= γ exp (−γµp)

(

1 +
γ2

2
σ2

p −
γ3

3!
s3

p

)

U2 =
∂E [U (rp)]

∂σ2
p

= −
γ2

2
exp (−γµp)

U3 =
∂E [U (rp)]

∂s3
p

=
γ3

3!
exp (−γµp) (15)

G ©�æ�� � µf U Ö ¦�Ú�Û à e f , q�|�U�ú�û ��� µf = 0.
� R�����Å�y 2 U�±�ú � ����J�L�Æ�Ç :

y 2 U�±�ú � ��y
h É�*�+ d�V��
]�^�U�V�W�¦ µf à e f , ��g
h É�*�+ d�V���U�S�T�_�`���« À J�L�Æ
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� ù�`�a�����â . ª µf = 0 � H�I (14) X (15) ��� H�I (12), ��r�s�O�Put�v�ú�û H�I (12) J�L�}���{ :

h∗ =
(γsssf − 2hsf )

(γssff − hff ) −
√

(γssff − hff )2 − γsfff (γsssf − 2hsf )
(16)

3.3 �������������
{�§�Ü�N H�I (16) ú�û�r�s�O�Put�v , ´�µ�����O É�*�+ d�V���������S�T�U���Z�[�����\�]�����e

f���ú . ��h Sun & Yan � S. Gilbert & Jones U Õ � , q�|�O É�*�+ d�V���������S�T�_�`���a�1� �U��
Z�[�����\�]�����e�f�ú�û , ¡�¢ ½ y 3 ��z .

?
3 £B¤B¥B@B¦B§B¨B©B§BªB«B¬BB¨B«B®B¯B°B±

07–06 07–07 07–08 07–09 07–10 07–11 07–12 08–01 08–02 08–03

Hss 0.8901 1.1915 5.2122 2.0261 4.4322 8.2285 3.3588 17.093 5.7204 9.103

Hff 0.8837 1.3112 6.3309 2.3975 5.846 8.7375 4.6436 14.826 5.4451 9.1725

Hsf 0.8508 1.2276 5.672 2.1526 4.9797 8.3102 3.8815 15.736 5.4602 8.7539

Ssss 1.1413 –0.4263 8.3034 5.4794 4.0797 –8.3923 –3.3691 6.0987 –5.6695 –0.2442

Sfff 0.8944 –0.3661 13.75 6.5774 7.4663 –9.019 –4.5633 25.226 –8.8373 15.876

Sssf 1.0116 –0.4143 9.8002 5.7771 5.0632 –8.3643 –3.7836 13.522 –6.8488 5.1832

Ssff 0.9348 –0.3910 11.599 6.1449 6.1815 –8.6153 –4.2014 19.848 –7.9201 10.505

ú�û�Ç���a�1� �U���Z�[�����\�]�����L�² , ��� H�I (16), J�L�ú�û�������a�1� �U�r�s�O�Put�v�U
× Ê . ��h S. Gilbert & S. K. Jones O�x�y�z {�� d�U Õ � , «�¬�O�x�y�z {�� d γ U Ö ¦�{ 0 X 0.01 X 0.1 X 1
U�r�s�O�Put�v�e�f�§���ú , ú�û�¡�¢ ½ y 4 ��z .

?
4 ³B´BµB¶B·B¸BDB¹BºB»

γ 07–06 07–07 07–08 07–09 07–10 07–11 07–12 08–01 08–02 08–03

0 0.9628 0.9362 0.8959 0.8978 0.8518 0.9511 0.8358 1.0614 1.0028 0.9543

0.01 0.9626 0.9362 0.8959 0.8978 0.8519 0.9512 0.8358 1.0615 1.0026 0.9546

0.1 0.9605 0.9363 0.8955 0.8969 0.8522 0.9519 0.8353 1.0620 1.0014 0.9565

1 0.9374 0.9373 0.8921 0.8872 0.8560 0.9588 0.8307 1.0658 0.9864 0.9690

y 4
�

, γ = 0 ¿�ú�û�����U�r�s�O�Put�v�{�r Ê Z�[�O�P²t�v . ��¼�½�x�y�z {�� d γ U�¾�× , ú�û
����U�r�s�O�Put�v���r Ê Z�[�O�Put�v�U�[�¿�À�Á�¾�× , ��y
h�\�]�O�r�s�O�Put�v�U�m�n�À�Á�¾�× . �
ù , \�]�O�r�s�O�Put�v�U�����m�njÂ àjÃ �jÄ�Å�ã , Æ ½ 07–07 � 08–02 U�/�« � , É�*�+ d�V��������
U�S�T�_�`���{�Ç�\ , ��ù 07–07 ú�û�����U�r�s�O�Put�v�¼�½�x�y�z {�� d�U�¾�×���¾�× , � 08–02 ú�û
����U�r�s�O�Put�v�Â�¼�½�x�y�z {�� d�U�¾�×���È Ê .

{�§�a�b�k�l�\�]�U�r�s�O�P��®�U�O�P�b�¢ , q�|�`�Ç�§�/�«�ý�þuÿ�O�P�Q�R�U�S�T�¥�¦YX Z�[YX \
]���b�N�¥�¦ , Lut�³ à�É x�y�z { â�]�q�U�O�P�b�¢ . t�³�¡�¢ ½ y 5 ��z .

?
5 µB¶BÊB¸BµB·BËBÌ

γ
GBH ÍBK LBM ÎBÏ

0 0.0191 0.2125 –0.0314 –1.0905

0.01 0.0191 0.2125 –0.0314 –1.0905

0.1 0.0192 0.2126 –0.0311 –1.0903

1 0.0203 0.2137 –0.0282 –1.0892

Å�y 5
� J�L�Æ�Ç�¼�½�|�}�~�x�y�z { â�]�U�¾�Ð , O�P�Q�R�U�d�¥�S�T���\�]
h�e�¾�× , d�¥�b�N��

h�e�¾�Ð . ��S�T�U�Ñ�Ò���U�¾�Ð à ù�Ø � hie .
G Í�J�� , k�l�\�]�m�n�² , O�P�U�b�¢�����§�Ó�e , |�}
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~�U�d�¥�b�N�������§�¾�Ð . ��y
h , «�¬�<�Ç�U�k�l�\�]�U�r�s�O�Put�v��®�U�bj¢���s�©�°�±�U�¥�¦�Z
[�O�Put�v��® .

4 Ô�Õ
«�¬�Ú���V�W�b�N�U � ¾ Taylor Ö�Ð�]���§�\�]�O�|�}�~õô÷ö�c�d�U�m�n , Ã�Í���× À�Ø�Ù §�k�l�\

]�U�r�s�O�P��® . Ã��®�U���× À d�����È�§�r�s�O�P²t�v�U�x�� H�I . Ù�\�]�{�Ë�¿ , ��È�U�r�s�O�P
t�v�x�� H�I J�L���}�{�°�±�U�¥�¦�Z�[�O�Put�v , Ì�Í�«�¬�U��®�J�L�Æ � ù�°�±�U�¥�¦�Z�[�O�P��®�U
��� . L É�*�+ d�V���������d���{�Æ�O��®�e�f�§�b�Ú��ut�³ , ¡�¢�y
h�k�l�\�]�U�r�s�O�P��®�U�b�¢
��s�©�°�±�U�¥�¦�Z�[�O�P��® .
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