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Steady-state probability algorithm and performance analysis of the finite

buffer discrete-time GI/Geom/1/N queueing system with working vacations
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(1. School of Mathematics & Software Science, Sichuan Normal University, Chengdu 610066, China; 2. School of Science,

Sichuan University of Science & Engineering, Zigong 643000, China)

Abstract Applying the method for discrete supplementary variable and embedded Markov chain technique,

we investigate a finite buffer discrete-time GI/Geom/1/N queueing system with working vacations. First,

by employing the discrete supplementary variable technique, we give an important equation, and then we

obtain the iterative relationship between the steady-state queue length distribution at prearrival and arbitrary

epochs. Second, using the embedded Markov chain technique and solving the invariant probability measure

equation, we get the numerical solutions for queue length distribution at prearrival. Furthermore, using the

queue length distribution at prearrival and iterative formula, the steady-state queue length distribution at

arbitrary epochs are obtained. At last, we present a numerical example under a special case and study the

influence of the system parameters on several performance characteristics.
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1 ���
������������ �!

, "�#�$�%V�V	�&�'�(�)�*�+�,V�V�.-0/�13254�6�7 ��8�9�:�;�<�= ��>3?5@�A�B�CD�E�F�G�H ��I�J
, K�L�M�N�CPORQ�S�T � �V	�UWV , XV�V	�Y�Z�'�[�,�(�\ . ]�^�"�#�$�%�_�` ��a�b 	c�d�e�f�g

Doshi[1]
��h c

, Takagi[2], i5j�k [3] l�m�n�o [4] p ��q�r .��s�9�s�t�� @�u�"�#�$�%�_�`3v , w�x 8�y�z #�{�|�}�~ � #��3v5���W���W�����W|�} ,
F � �V���

"������������V��& . ��� , Servi l Finn[5]
��I�J���� /�132�v ��� (���� (WDM) ����� � X������ �<�= _�` M/M/1 $�%V�V�3v5� H C 8�9�� "�#���� , �V��&�"�#���� .   9 "�#����V
�¡ g ��¢�£ l�¤ £

"W#W�W� � �W¥W¦W§ � ^W|W}W~W"W#W�W¨ , |W}«�«�WKW©W�W�W�W�«�W& FWªWeW«W¬ �WW® 'W�W�W¯W°W|W} .±�²
,
�

Servi l Finn
� ��&�³�´�µ , Wu l Takagi[6] ¶ ��· H Markov ¸�¹�º I�J CV��&�"�# M/G/1 $

% � � , Baba[7] » �½¼½¾ �½¿ \½¹½º½(�)�C ��&�"�# GI/M/1 $½% � � . À½Á½Â , Banik, Gupta l Pathak[8]

Ã�Ä   9�� "�#�,�Å�Æ D B :�Ç�È�É�Ê ¨ GI/M/1/N $�%V�V� ��I�J v , Ë�A�C�ÌV�V� ��8 ��Í�6�7�Î�Ï .Ð�Ñ A�Ò�Ó � ª µ c ]�^V��&�"�#���� ��I�J�z�Ô�Ç���Õ�Ö ��¨�$�%�_�`�µ ,
F ��^�× 8�Ø�� ( £�Ù�� $�%

_�`���Ú�Û���¨�$�%�_�` ��I�J�Ü�Ý «�Þ , ß�à � � g�á�â v5ã : Li l Tian[9] ä ��¼�¾ ��¿ \�¹�º I�J Cå ÇWÈWÉWÊ ¨WL«�W&W"W# d vçæ � GI/Geom/1 ÚWÛW�W¨W$W%«�«� . ' » �W�W� � ÚWÛW�W¨W$W%W_W`«
«�è�é M�ê�ë�ì�í , î á�â [8]
��ï�ð

, ñ á h í ¶ ��Ú�Û�ò�ó�ôWõW¹�º l · H Markov ¸�(�)�����öV	�C 8÷WøW: �W&W"W#W,WÅ �W:WÇWÈWÉWÊ ¨ GI/Geom/1/N ÚWÛW�W¨W$W%W_W` , KWùWúWCWûWüWý«�«�WþWÓW�WÿW%� (�� � >���*�+�¹�º . 
 e�� I�J Ú�Û���¨�$�%V�V� ��8�� á�â [10−11] ��� « ,
� ¥ ¢�< é�	 ý�
�x����� ã ª��� ����� T�����ÿ ����� (�� ( ������B���À�����Ú�����¨ ),

F ¶ ��ñ á ��¯�° � ¹�º�Á�� d�e Ë
A�  � T�����ÿ ��� (�� ��< Ñ \ , � d�e � ± ³�´�µ�� 8�� / � á v5��¯�° ��������� Ë�A �� � û�ü é
M�ý�þ�Ó���ÿ ����� (�� ,   8 Î�Ï���^��� �!�" �� ��s�9 6�7 :�#�$�% F £�Ù�� Ó�& .

2 ')()*)+),)-/.1012
����3�4�5�6�7�8���9�:���; (LAS-DA)GI/Geom/1/N < � �� , =�>�?�8���@�A�B�C�D (m−, m) 5

6FEHG , IF>F?FJFKFLF3FMF@FAFBFCFD (m, m+) 5F6FEHG ( NFO 1 PFQ ), RFSF>F?FTFJFKF5F6FUFVFWFXFSY�Z 5�6 . [�\�>�?�T�8�]�6�^�5F6 A J�_�X�`�3�4�a�b , c�a�b�d�W P{A = n} = an, n = 1, 2, · · ·, e
E [A] = 1/a, f�g�h�a�b�T�i�j�k�l�m�W A(z) =

∞
∑

n=0
anzn, (a0 = 0, |z| ≤ 1). n�;�o�p�T�>�?�q�r FCFS

s�t�u�v J�K , w�x�D�y�z�{|>�?�T�J�K�5�6 Sb J�_�}�m�W µ T�~���a�b , = P{Sb = n} = µ(1 − µ)n−1,

0 < µ < 1, n = 1, 2, · · ·. ��o�p���� , =�� s y�z�������J�K�����=�n�;���������W V T�������w�z , V J
_�}�m�W γ T�~���a�b , = P{V = n} = γ(1− γ)n−1, 0 < γ < 1, n = 1, 2, · · ·. ������T���w�������� , J�K
��D�������w�z�f���L����F�F��� , I���������T�J�K���j η(η < µ) W�>�?�J�K . ������w�z�6�>�?�T�J
K�5�6 Sv J�_�}�m�W η T�~���a�b , = P{Sv = n} = η(1 − η)n−1, 0 < η < 1, n = 1, 2, · · ·. �� �¡������
w�����5 , J�K���B�¢�o�p�£�� ,

t�¤ ��=�������w�¥�¦|o�pFf�§FJ�KF�Fj�_ η ¨�©�U µ, ª�« ¤ T�� s y
z , ¬�5���D u�v ����j�J�K�T�>�?��®�ª�« u�v J�K ; ¯ t , J�K���§�n�°�±�X�¡�²�����a�b�T�������w .

© ³µ´µ¶µ·µ¸µ¹ º»³µ´µ¼µ½µ¸µ¹ ¾µ¿µÀµ¸µ¹Á
1 ÂµÃµÄµÅµÆµÇµÈµÉµÊµËµÌµÍµÎµÏµÐµÑ
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o�p�D�5�ò m−(m = 1, 2, · · ·) T�ó�ô�õ���ö|N�÷�ø�S�������ù�ú���û�ü
N(m−) : m− 5�ò�o�p�{|T�>�?�m ; U(m−) : m− 5�ò�>�?�T�ý�þ�8�]�5�6 ;

Y (m−) =

{

0, m− 5�ò�J�K���ÿ���������w�{
1, m− 5�ò�J�K���ÿ���� s y�z�{ .

���
{N(m−), U(m−), Y (m−)} ������X�S�©���T�3�4�5�6 Markov ��	 , o�p�D�5�ò m− T���
�ó�ô

i�j�x���N�÷ :

Pn,0(m
−, u) = P

{

N(m−) = n, U(m−) = u, Y (m−) = 0
}

, 0 ≤ n ≤ N, u ≥ 0

Pn,1(m
−, u) = P

{

N(m−) = n, U(m−) = u, Y (m−) = 1
}

, 1 ≤ n ≤ N, u ≥ 0

D�����T�a����	�{�������������8�N�÷�X������ :

Pn,0(u) = lim
m→∞

Pn,0(m
−, u), u ≥ 0; Pn,1(u) = lim

m→∞

Pn,1(m
−, u), u ≥ 0

Pn,0 = lim
m→∞

P {N(m−) = n, Y (m−) = 0} = ��ô�����÷�J�K����F���FwH{����F5�òFT��F��aFb , 0 ≤ n ≤

N ;

Pn,1 = lim
m→∞

P {N(m−) = n, Y (m−) = 1} = ��ô�����÷�J�K���� s yFzH{����F5�òFT��F��aFb , 1 ≤ n ≤

N ;

Gn,0(z) =
∞
∑

u=0

Pn,0(u)zu, |z| ≤ 1, 0 ≤ n ≤ N

Gn,1(z) =

∞
∑

u=0

Pn,1(u)zu, |z| ≤ 1, 1 ≤ n ≤ N

η′ = 1− η; µ′ = 1 − µ; γ′ = 1 − γ

3 �! !"!#!$!%'&)(1,'*)+),'-).)/
0�1 o�p�D�5�6�2 m− 3 (m + 1)− ÿ�T�ó�ô�4�5���6 , 7 m → ∞, 8���9 Y T�i�j�a��: ��; ��<�=

ó�ô�i�j�>�6�T�X�?�@�a�A�	
P0,0(u − 1) =P0,0(u) + P1,1(u)µ + P1,0(u)η (1)

P1,0(u − 1) =P1,0(u)η′γ′ + P2,0(u)ηγ′ + P1,0(0)auηγ′ + P0,0(0)auγ′ (2)

Pk,0(u − 1) =Pk,0(u)η′γ′ + Pk+1,0(u)ηγ′ + Pk,0(0)auηγ′ + Pk−1,0(0)auη′γ′, 2 ≤ k ≤ N − 2 (3)

PN−1,0(u − 1) =PN−1,0(u)η′γ′ + PN,0(u)ηγ′ + PN−1,0(0)auηγ′ + PN−2,0(0)auη′γ′ + PN,0(0)auηγ′ (4)

PN,0(u − 1) =PN,0(u)η′γ′ + PN−1,0(0)auη′γ′ + PN,0(0)auη′γ′ (5)

P1,1(u − 1) =P1,1(u)µ′ + P0,0(0)auγ + P2,1(u)µ + P1,1(0)µau + P1,0(u)η′γ + P1,0(0)ηγau

+ P2,0(u)ηγ (6)

Pk,1(u − 1) =Pk,1(u)µ′ + Pk−1,0(0)auγη′ + Pk,0(u)γη′ + Pk+1,1(u)µ + Pk,1(0)µau + Pk−1,1(0)µ′au

+ Pk,0(0)ηγau + Pk+1,0(u)ηγ, 2 ≤ k ≤ N − 2 (7)

PN−1,1(u − 1) =PN−1,1(u)µ′ + PN−2,0(0)auη′γ + PN−1,0(u)η′γ + PN,1(u)µ + PN,1(0)µau

+ PN−1,1(0)µau + PN−2,1(0)µ′au + PN−1,0(0)ηγau + PN,0(0)ηγau + PN,0(u)ηγ (8)

PN,1(u − 1) =PN,1(u)µ′ + PN−1,0(0)auγη′ + PN,0(0)auγη′ + PN,0(u)γη′ + PN−1,1(0)auµ′

+ PN,1(0)auµ′ (9)
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(1)−(9) J�K�L�M�N���5�� Z ��O���P :

(z − 1)G0,0(z) = µG1,1(z) + ηγ′G1,0(z) + ηγG1,0(z) − P0,0(0) − µP1,1(0) − ηγ′P1,0(0) − ηγP1,0(0) (10)

(z − η′γ′)G1,0(z) = ηγ′G2,0(z) + ηγ′P1,0(0)A(z) + γ′P0,0(0)A(z) − η′γ′P1,0(0) − ηγ′P2,0(0) (11)

(z − η′γ′)Gk,0(z) = ηγ′Gk+1,0(z) + ηγ′A(z)Pk,0(0) + η′γ′A(z)Pk−1,0(0) − η′γ′Pk,0(0)−

ηγ′Pk+1,0(0), 2 ≤ k ≤ N − 2 (12)

(z − η′γ′)GN−1,0(z) =ηγ′GN,0(z) + ηγ′A(z)PN−1,0(0) + ηγ′A(z)PN,0(0) + η′γ′A(z)PN−2,0(0)−

η′γ′PN−1,0(0) − ηγ′PN,0(0) (13)

(z − η′γ′)GN,0(z) =η′γ′A(z)PN−1,0(0) + η′γ′A(z)PN,0(0) − η′γ′PN,0(0) (14)

(z − µ′)G1,1(z) =µG2,1(z) + η′γG1,0(z) + ηγG2,0(z) + γA(z)P0,0(0) + µA(z)P1,1(0)+

ηγA(z)P1,0(0) − µ′P1,1(0) − µP2,1(0) − η′γP1,0(0) − ηγP2,0(0) (15)

(z − µ′)Gk,1(z) =η′γGk,0(z) + µGk+1,1(z) + ηγGk+1,0(z) + η′γA(z)Pk−1,0(0) + µA(z)Pk,1(0)+

µ′A(z)Pk−1,1(0) + ηγA(z)Pk,0(0) − µ′Pk,1(0) − µPk+1,1(0)−

η′γPk,0(0) − ηγPk+1,0(0), 2 ≤ k ≤ N − 2 (16)

(z − µ′)GN−1,1(z) =η′γGN−1,0(z) + µGN,1(z) + ηγGN,0(z) + η′γA(z)PN−2,0(0) + µA(z)PN,1(0)+

µ′A(z)PN−2,1(0) + µA(z)PN−1,1(0) + ηγA(z)PN−1,0(0) + ηγA(z)PN,0(0)−

µ′PN−1,1(0) − µPN,1(0) − η′γPN−1,0(0) − ηγPN,0(0) (17)

(z − µ′)GN,1(z) =η′γGN,0(z) + η′γA(z)PN−1,0(0) + η′γA(z)PN,0(0) + µ′A(z)PN−1,1(0)+

µ′A(z)PN,1(0) − µ′PN,1(0) − η′γPN,0(0) (18)

§ (10)–(18) J�[�ú�Q
(

N
∑

i=0

Gi,0(z) +

N
∑

i=1

Gi,1(z)

)

=
A(z) − 1

z − 1

(

N
∑

i=0

Pi,0(0) +

N
∑

i=1

Pi,1(0)

)

(19)

� z → 1 5 , ö (19) J�����õ�Q�8�N�÷�X�S��R�T�S�J
(

N
∑

i=0

Pi,0 +
N
∑

i=1

Pi,1

)

=
1

a

(

N
∑

i=0

Pi,0(0) +
N
∑

i=1

Pi,1(0)

)

(20)

n�X�T���U�V�X�W�X�Y�P
(

N
∑

i=0

Pi,0(0) +

N
∑

i=1

Pi,1(0)

)

= a (21)

(21) J�D���Z�[�\���ô�����÷�����5�ò 3 >�?�8�]�]�^�����a�b�M�_�6�`Fo�5�<�a�`�b���� .

4 �! !c!#!d!e'f)g)&'h
i�j 7 P−

n,0(0 ≤ n ≤ N) k�Q���ô�÷� �>�?�8�]�]�^�J�K���ÿ������F��w�óFô�eFo�p�{lP n S�>�?�T
i�j , m�7 P−

n,1(1 ≤ n ≤ N) k�Q���ô�÷� �>�?�8�]�]�^�J�K��Fÿ��F� s yFz�eFo�pH{�P n S�>�?�T�i�j .

ö Bayes n�J�f���U�o�p�{|P�Q�8�T��R�S�J (21) P
P−

i,0 =
Pi,1(0)

N
∑

i=0

Pi,0(0) +
N
∑

i=1

Pi,1(0)

=
1

a
Pi,0(0) (22)

P−

i,1 =
Pi,1(0)

N
∑

i=0

Pi,0(0) +
N
∑

i=1

Pi,1(0)

=
1

a
Pi,1(0) (23)
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§�o�ü�ò�q P−

i,0
3 Pi,0(0) ��r P−

i,1
3 Pi,1(0) `�o�T�M�S�S�J�s�;�o�p (10)–(18) J , f�t z = 1, �

5�u���8 Gi,0(1) = Pi,0, Gi,1(1) = Pi,1,
t P�N�÷�X�o�v�S�J����

PN,0 =
η′γ′a

1 − η′γ′
P−

N−1,0 (24)

PN−1,0 =
1

1 − η′γ′

[

ηγ′PN,0 + a (ηγ′ − η′γ′) P−

N−1,0 + aη′γ′P−

N−2,0

]

(25)

Pk,0 =
1

1 − η′γ′

[

ηγ′Pk+1,0 + aη′γ′P−

k−1,0 + a (ηγ′ − η′γ′) P−

k,0 − aηγ′P−

k+1,0

]

, 2 ≤ k ≤ N − 2 (26)

P1,0 =
1

1 − η′γ′

[

ηγ′P2,0 + aγ′P−

0,0 + a (ηγ′ − η′γ′) P−

1,0 − aηγ′P−

2,0

]

(27)

PN,1 =
1

µ

[

η′γPN,0 + aη′γP−

N−1,0 + aµ′P−

N−1,1

]

(28)

PN−1,1 =
1

µ

[

η′γPN−1,0 + µPN,1 + ηγPN,0 + aη′γP−

N−2,0 + a (ηγ − η′γ) P−

N−1,0 +

aµ′P−

N−2,1 + a (µ − µ′) P−

N−1,1

]

(29)

Pk,1 =
1

µ

[

η′γPk,0 + µPk+1,1 + ηγPk+1,0 + aη′γP−

k−1,0 + a (ηγ − η′γ) P−

k,0 − aηγP−

k+1,0 +

aµ′P−

k−1,1 + a (µ − µ′) P−

k,1 − aµP−

k+1,1

]

, 2 ≤ k ≤ N − 2 (30)

P1,1 =
1

µ

[

µP2,1 + η′γP1,0 + ηγP2,0 + aγP−

0,0 + a (ηγ − η′γ) P−

1,0 − aηγP−

2,0 +

a (µ − µ′) P−

1,1 − aµP−

2,1

]

(31)

w � , P0,0 õ�������V�X�W�X�Y�ö|N�÷�S�J�x�y�I�z�Q

P0,0 = 1 −

N
∑

n=0

Pn,0 −

N
∑

n=1

Pn,1 (32)

_���o (24)–(32) J�õ � , @�R�{�Q�>�?�8�]�]�^�T�����a�b P−

n,0(0 ≤ n ≤ N) 3 P−

n,1(1 ≤ n ≤ N) |�õ��
����}�s�Q�8�o�p�T���ô�i�j Pn,0(0 ≤ n ≤ N) 3 Pn,1(1 ≤ n ≤ N).

÷�Z�����~�������; Markov ��������{�����ô�÷�>�?F8�]�]�^�T����FaFb . 7 Ln k�Q�� n S�>�?
8F]�]�^FoFpH{ TF>F?Fm , Jn kFQ�� n SF>F?F8F]�]�^FJFKF�FPFÿFTFóFô ,

t
{(Ln, Jn) , n ≥ 1} �FXFS

Markov � , P�ó�ô���6
Ω = {(0, 0)} ∪ {(i, j), 1 ≤ i ≤ N, j = 0, 1}

c�4�5�i�j�����õ�����N�÷�a�����J

R =



























B0,0 A0,1 0 0 0 · · · 0

B1,0 A1 A0 0 0 · · · 0

B2,0 A2 A1 A0 0 · · · 0

B3,0 A3 A2 A1 A0 · · · 0
...

BN−1,0 AN−1 AN−2 AN−3 AN−4 · · · A0

BN−1,0 AN−1 AN−2 AN−3 AN−4 · · · A0



























c�{
B0,0 = 1 − β0

0 − θ0
0, A0,1 =

(

β0
0 , θ0

0

)

Ak =

(

βk θk

0 αk

)

, 0 ≤ k ≤ N − 1, Bk,0 =









1 −
k
∑

i=0

(βi + θi)

1 −
k
∑

i=0

αi









, 1 ≤ k ≤ N − 1
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=�a�������{�����T�����k�]���J�N�÷ :

α0 = A(µ′), αk =

∞
∑

j=k

ajC
k
j µk (µ′)

j−k
, k ≥ 1

β0
0 = A(γ′η′)/η′, β0 = A(γ′η′), βk =

∞
∑

j=k

aj (γ′)
j
Ck

j ηk (η′)
j−k

, k ≥ 1

θ0
0 = θ0/η′, θ0 =

∞
∑

j=1

aj

j−1
∑

i=0

γ (γ′)
i
(η′)

i+1
(µ′)

j−1−i

θk = ak

k−1
∑

i=0

γ (γ′)
i
ηi+1µk−i−1 +

∞
∑

j=k+1

aj

(

j−2
∑

i=0

(γ′)
i
γ

k
∑

l=0

Cl
i+1η

l (η′)
i+1−l

Ck−l
j−i−1µ

k−l (µ′)
j−i−1−k+l

+

(γ′)
j−1

γCk
j ηk (η′)

j−k

)

, k ≥ 1

�
1 � n < m 5 , Cm

n = 0.

>�?�8�]�]�^�T���ô�i�j�a�b P−

n,0(0 ≤ n ≤ N) 3 P−

n,1(1 ≤ n ≤ N) õ�������{�������i�j�����A�	
P− = P−R z�Q , ��� P− =

{

P−

0,0, P
−

1,0, P
−

1,1, P
−

2,0, P
−

2,1, · · · , P
−

N,0, P
−

N,1

}

.

5 �! !�!�!�!�
5.1 ������������������ �¡�¢�£��

ö���o�p�:�ù�P�¤ , X�¥ N S Z t§¦�¨�>�?���
�©�� , ®�8�T�>�?�~�@�A«ª¬�3�ªFJ�KFo�pF��mH¦�� .

g�>�?�T�®�¯�i�j�W Ploss, ö�]�Z�a� ���

Ploss = P−

N,0 + P−

N,1 (33)
° ¬ Y�Z 5�6�±�²�n�;�o�p�T�>�?�m�W

ā = a(1 − Ploss) (34)

ā ³�´�W�o�p�T�P�µ�8�]�j .

5.2 ����¶�·�¸�¹�º�»�¼�½�¾�¿�À
7 Wq(z) kFQF�F�F�Fw GI/Geom/1/N <��FoFpH{l¨FoFp u�Á TF>F?FD���vH{lS�ÂF5F6FTFiFjFkFl

m .

ö���8�]�B�C�D�Ã�N (m−, m) ��Ä�T�5�6�E�G , I�D�5�6�E (m+, m) G|��D�n�°�T�J�K�Å�������w�õ
A���� ,

° ¬�������i�j�n�J , 8���f���Æ�Ç�T�i�j�a��õ�Q
Wq(z) =

1

1 − Ploss

{

P−

0,0 + P−

1,0γ
′η +

N−1
∑

n=1

P−

n,1

[

µ′

(

µz

1 − µ′z

)n

+ µ

(

µz

1 − µ′z

)n−1
]

+

N−1
∑

n=1

P−

n,0γ

[

η′

(

µz

1 − µ′z

)n

+ η

(

µz

1 − µ′z

)n−1
]

+

N−1
∑

n=1

P−

n,0γ
′η′

[

(γ′)n−1ηnzn

(1 − γ′η′z)n
+

γη′z

1 − γ′η′z

(

µz

1 − µ′z

)n

+

n−2
∑

i=0

(γ′)n−(i+2)γ(ηz)n−(i+1)

(1 − γ′η′z)n−i

(

µz

1 − µ′z

)i+1
]

+

N−1
∑

n=2

P−

n,0γ
′η

[

(γ′)n−2ηn−1zn−1

(1 − γ′η′z)n−1
+

γη′z

1 − γ′η′z

(

µz

1 − µ′z

)n−1

+

n−3
∑

i=0

(γ′)n−(i+3)γ(ηz)n−(i+2)

(1 − γ′η′z)n−(i+1)

(

µz

1 − µ′z

)i+1
]}

(35)
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ö�o�J � Q�>�?�D�o�p�{�S�Â�5�6�T�m�È�z�É�W
E [Wq ] =

1

1 − Ploss

{

N−1
∑

n=1

P−

n,1

(

n − µ

µ

)

+

N−1
∑

n=1

P−

n,0γ

(

n − η

µ

)

+

N−1
∑

n=1

P−

n,0γ
′η′

[

n (γ′)
n−1

ηn

(1 − γ′η′)
n+1 +

γη′

(1 − γ′η′)
2 +

nγη′

µ (1 − γ′η′)
+

n−2
∑

i=0

(γ′)
n−i−2

ηn−i−1γ (n − i − 1 + γ′η′)

(1 − γ′η′)
n−i+1 +

(γ′)
n−i−2

ηn−i−1γ

(1 − γ′η′)
n−i

(i + 1)

µ

]

+

N−1
∑

n=2

P−

n,0γ
′η

[

(n − 1) (γ′)
n−2

ηn−1

(1 − γ′η′)
n +

γη′

(1 − γ′η′)2
+

(n − 1)γη′

µ (1 − γ′η′)
+

n−3
∑

i=0

(γ′)
n−i−3

ηn−i−2γ (n − i − 2 + γ′η′)

(1 − γ′η′)n−i
+

(γ′)
n−i−3

ηn−i−2γ

(1 − γ′η′)n−i−1

(i + 1)

µ

]}

(36)

5.3 ����·�ÊË�Ì o�D (24)–(32) J�{����§¦�8�Í�Î�����ô�����÷Fo�p����F5�òFT��F�Fa�b , � Ls k�Q���ô�÷�o�p
T�±�²���� ,

t P
Ls =

N
∑

n=1

nPn,1 +
N
∑

n=0

nPn,0 (37)

6 Ï!Ð!Ñ!Ò
N�Ó�w�Ô�>�?�T�8�]�6�^�5�6�«�Õ�W 5 S Y�Z 5�Ö , =�>�?�8�]�6�^�5�6�J�_�x���a�b P {A = 5} = 1,

n�X�T�m�w�Ô�o�p�:�ù N = 12. ��� Matlab ×�	�a������õ���x�y�Î�����}�m�����÷�oFp��F��T���ô�i
j�a�b���r�Ø�Ù�T�o�p�Ú�A�Û�Ü�T�m�Ý���Ó . Þ�ß�c�{|X�
�a���P�s�k�Ú�T���Ó���O�k���J�Í�Î .à ��]�o�p�}�m γ 3 η a�á�ß�x�W 0.0660 3 0.1056 5�O 2 (a) Í�Î���>�? v�â i�j Ploss ��� s y�z
{|J�K�}�m µ T���W§ã�ä . õ���å�Î�� µ D 0.1975 � 0.2500 6���W�5�>�? v�â i�j�P�æ�ç�è�� . � à o�p
}�m µ 3 η a�á�ß�x�W 0.1980 3 0.1056 5�O 2 (b) Í�Î���>�? v�â i�j Ploss ����w�}�m γ T���W§ã�ä .é ��O 2 (a) 3 O 2 (b) ��ê�B�¢�}�m µ

I >�? v�â i�j�T�ë�ì���}�m γ R�í�î�Q�ï .

� à o�p�}�m γ 3 η a�á�ß�x�W 0.0660 3 0.1056 5�O 3 (a) Í�Î���o�p���� Ls ��� s y�z�{|J�K�}
m µ T���W§ã�ä . õ���å�Î�� µ D 0.1975 � 0.3500 6���W�5�o�p�����ð�ñ���W�ò�� , I���o�p�����ó����
x�c�Ý�ô�W 2. � à o�p�}�m µ 3 η a�á�ß�x�W 0.1980 3 0.1056 5�O 3 (b) Í�Î���o�p���� Ls ����w�}
m γ T���W§ã�ä .

é ��O 3 (a) 3 O 3 (b) ��ê�B�¢�}�m µ
I o�p�����T�ë�ì���}�m γ R�í�î�Q�ï .

(a) (b)Á
2 õ÷ö µ, γ ø D/Geom/1/12 ù÷ú÷û÷ü÷ý÷þµÉµÊ÷ÿ����������µË����
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(a) (b)Á
3 õ÷ö µ, γ ø D/Geom/1/12 ù÷ú÷û÷ü÷ý÷þµÉµÊ÷þ��µË����

(a) (b)Á
4 õ÷ö µ, γ ø D/Geom/1/12 ù÷ú÷û÷ü÷ý÷þµÉµÊ÷ÿ���	�
µÐ��µË����

� à o�p�}�m γ 3 η a�á�ß�x�W 0.0660 3 0.1056 5�O 4(a) Í�Î���>�?�S�Â�5�6���� s y�z�{|J�K�}
m µ T���W§ã�ä . õ���å�Î�� µ D 0.1975 � 0.3500 6���W�5�>�?�S�Â�5�6�P���æ�	���T�� , I���>�?�D
��v�{|T�S�Â�5�6�ó�����x�c�Ý�ô�W 5. � à o�p�}�m µ 3 η a�á�ß�x�W 0.1980 3 0.1056 5�O 4(b) Í�Î
��>�?�S�Â�5�6�����w�}�m γ T���W§ã�ä .

é ��O 4(a) 3 O 4(b) ��ê�B�¢�}�m µ
I >�?�S�Â�5�6�T�ë�ì

��}�m γ R�í�î�Q�ï .I
D/Geom/1/12 ������w�<���o�p�D�ß�x�o�p�}�m�� (µ=0.1980, η=0.1056, γ=0.0660), �������P

¨��T�x�y�A��õ���a�á�{�Q���ô�����÷�����5�ò�����a�b 3 >�?�8�]�]�^����Fa�b ( ��k 1).

7 ���
������w����o�p�P�a����T���	����� , ��c�W������{|T�©��� !�Ú"�a��r#$�¨����X% P�µ�T�m�È&' . ��� I()*+ P�¤,-�� + GI/Geom/1/N ����o�p�n�°���x�ù�a� , Q.���o�p/

0 o�v�Ú"�Û�Ü , f���� 0 % 91�P�µ/�y��{�Î�����ô�����÷23.4�]�^/�����a�b 3 � � * ò/�� �
a�b . ��M % ��� * ò�����a�b�i�j/�z�Q I o�p�Ú"#$/576�Ú 38 Ì Ú�<�a79:;<�R7/=> .
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a
1 D/Geom/1/12 b�c�d�e�f�g�h�i�j�k�l�m�n�o�p�c�q�r�s�tvu�w�xvy�c�qvr�s

n P−

n,0
P−

n,1
Pn,0 Pn,1

0 0.0252 – 0.0130 –

1 0.0158 0.0369 0.0190 0.0234

2 0.0088 0.0586 0.0113 0.0508

3 0.0050 0.0717 0.0063 0.0669

4 0.0028 0.0800 0.0036 0.0769

5 0.0016 0.0856 0.0020 0.0835

6 0.0009 0.0899 0.0011 0.0883

7 0.0005 0.0933 0.0006 0.0920

8 0.0003 0.0963 0.0004 0.0951

9 0.0002 0.0991 0.0002 0.0980

10 0.0001 0.0996 0.0001 0.1003

11 0.0001 0.0855 0.0001 0.0978

12 0.0000 0.0425 0.0001 0.0692

sum 0.0611 0.9389 0.0577 0.9432

z{|}
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