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Multi-scale analysis on the relationship between stock index futures hedge

ratio and hedging horizon

WANG Chun-feng, Zhang Long-bin, FANG Zhen-ming

(School of Management, Tianjin University, Tianjin 300072, China)

Abstract In order to research on the relationship between stock index futures hedge ratio and hedging

horizon, the multi-scale hedge ratio formula was inferred based on wavelet analysis. The formula revealed

that the optimal hedge ratio varies over various hedge horizons due to the multi-scale characteristics

of volatility and correlation between index futures and spots. Empirical analysis was studied using the

international index futures data. The empirical results suggested that the correlation and volatility ratio

between index futures and spots vary over various time scales. The differences between the volatility of

index spots and futures in the high frequent scales are larger than the differences in the low frequent

scale, but the correlations are smaller than the correlations in the low frequent scales. Further study has

suggested that the hedge ratio and hedge effectiveness vary as the variance of correlation and volatility

ratio between futures and spots over various time scales.
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CEDEF
. GEH [JI � ÏJàJáEDEK éEL ËJÌ ÂJä Ï âJã Ë ÂmÃJëJì ËJÌpåNæJÏNMEO . PEQ [ ëERESETJíEUEVEWX ÏEY ê BV-GARCH ZE[ ÏJËJÌLåNæJàJáE\E]_^

Choudhry[1], Lien, Li[2] ` [baEcEdEe ÔEfEgJÂJä Ý ÂJÃJ×h Ã ÏEiEjEk ×ElJé k [nm HEoEpJëJì ËJÌLåNæ [ HEqErEsJâJã ÈJÉ ÂJä ËEiEjEk ×ElJé kEtEuJËJÌLåNæJÏMEO
. GEH [ �Evxw ÈJÉJÊEyEyEz ÙJâJãJÂJä ÏJËJÌE{E| [�}E~ ÂJä Ï âmãE�E�E�N�E�E�E� ÏE�E� .

ëER [ ËJÌ ÂJäEQE� MEOJËJÌLåNæ × ËJÌN�Jæ ï�UE�N�E�N�ES ÊJÏ éNL [�� w Chen, Lee, Shrestha[3].,

Lien, Tse[4]
àJá Ô ËJÌLåNæEuE�Jæ 
 ËJÌ ÂJäN�E� Ï ém� [ àmáE� h ëmì ËmÌLåsæEuN�JËJÌN�JæN�E�mËJÌ

ÂJä Ï �E�E�E�EHE�E� . GEH [b�E�JàJáEaEcE� fE�E�E�E�E�E�E�N JÔE¡N¢E£E¤mÂJä [J¥ ÚE¦ t ¿E§N¨E© ËÌpåsæNuN�mæ 
 ËmÌ Âmämém� ÏNFNª �N«N¬ . HN­ i �N mØ C¯®±°mÏNFNª �N�N N« k�[�Ç �N  �N�mçmè Ò
ÓJÔEgE²E³ Ï �E´EµE¶ . ­ i �E E· Ç gE¸JØ C �N¹N« kmÏNºE» �E N¼N½Lï±UE¾N¿NÀ X êEÁ FNÂ � . Ram-

sey
[

Percival × Gencay[5−7]
» � � §EÃ æEiEjEÄ ZEÅEÆEÇE�EÈ ºE» �E  Â � [ÊÉEË Ô DE°JÏE�EÌ . Ù ¹xÍ [ÎEÏÑÐ�ÒEÓEÔÑÐ�ÕEÖE� Å [8−9] ×EØEÙ » ­ i �E EÀ X êEÆEÇ iEjEkNÄ Z u lméEÀ X Â � ÏmàJá�[�tEÚ � I

� eEÛ ¼E½EÜEÝE½ Ú � ÏJçJè . ëER [ Ù ¹EÞ ­ i �E  ×EØEÙEß X ê àJá ÂJÃ ÏEFEª � ËJÌ .
� w [ Lien

[
Shrestha[10] Ò ½ Ô Y êE­ i �E  eEà âJãJÂmä Ý ëJì ËJÌpåNæmÏ ¼N½ . áE¼E½EâEã Ë ÂJÃJ× h ÃEäEå ºE»m ´E­ i � Ú [ GEæEçEè ËE� ÙJâJã ª � �JÏEéEêEºE»Em ´xë�ìEíEoEpJâJã ËJÌ ÂJä Ý Ï ëJì ËmÌLåNæ .

�
àJáEîxï?[ Ë êE�JÂ ËJÌ [ðY êE­ i ¼E½ ÏJËJÌE�JæE| ìJê Y êJëE­EñEòE½ ÏJËJÌ . GEH [ Lien, Shrestha

Ï
àJá qEóJëJì ËJÌLåNæE�JËJÌ ÂJäEôEõ ÏEöE÷ ×Eø ¥ · ¿E§ Ï �E  .

ÞJßEùJÇ ÂJÃJ× h Ã ÏEiEjEkÑÐ lJé kÏNFNª �NôNõ c �N� ËmÌpåsæ × ËmÌN�mæNFNª �NôNõ Ï ø ¥�[ H iNjNk ×Nlmé kmÏNFNª �NôNõ öN÷ � ¨N©½ ËJÌLåNæEuE�Jæ 
 ËJÌ ÂJä Ï éJ� .ÞJß Ù �E�JàJáJÏEYEúE� [ �JÂJÃJ× h Ã ÏEiEjEkÑÐ lJé kJÏEFEª �EôEõE�E�JÔJëJì ËJÌLåNæ × ËJÌE�æEFEª �EôEõ ÏEûEü ½ �Em ´ àJá . âEã [ ¼ �JÔJÖ X ­ i �JÁ dEeEFEª �JëJì ËJÌLåNæJÏEeEà ¼E½ . GEæ [
�E JÔ Í ÀJÂJÃJ× h Ã ÏEiEjEk ×ElJé kJÏEFEª �EôEõ öE÷ [nýJàJá Ô Æ ¸EôEõ c QE� MEOJËJÌLåNæÑÐn�Jæ�JËJÌ ÂJäEôEõ Ï . ëEæ [ » Y êE­ iJÏEFEª � ËJÌ ¼E½J× OLS

ËJÌ ¼E½ m ´JÔ å�þ .

2 ÿ������
2.1 ��������	�
ËmÌNc À Ç Ô�� K h Ã�
������ ÏNiNj�[ HmÙ ÈmÉ�� Ä¯w±�N�Nl���
�� Ï ÂmÃmÄmÅ . rNsNgN¤ � Ä��
Cs f�� Í À h Ã F 
�
��J× Cf f�� Í ÀJÂJÃ���
�
�� ��� . St

[
Ft ��� î © Í�� h ÃJ× Í ÀmÂmÃJÙ�� t

Â�� Ï�� G Ë Á . ÙEgE¤ ËJÌ ÂJä Í ËJÌ�� Ä Ï äEå ∆VH � tEî © Ç��
∆VH = Cs∆St − Cf ∆Ft (1)� w ∆St = St − St−1, ∆Ft = Ft − Ft−1. �! [ ëE­E¼�" ËJÌLåNæ � t çEèJëE­Eõ ∆VH

Ï ²�#E¼�" Ë ¢ �
H =

Cf

Cs
=
Cov(∆St,∆Ft |I)

V ar(∆Ft |I)
(2)

� w I
c � t�$EËJÏ�%�&�' .

2.2 ��( ­�)�*�+,�- ß�.
[11]
[0/�1�2 «Ep�3 Õ ²�# Ï�4 Á ψ (t) 5 Ç gE¤E­ i�6�4 Á [ φ (t)

c
ψ (t)
Ï�7�8�4 Á [ × 5ÇEª � 4 Á .

Ë êEgE¤�9Ep Ï�: Á J(J
î © {E| � ÚJÏ�; Á )

[ � t çEè Ë ψ (t) × φ (t) ��� m ´ ª ��<�= Ð>�? ô�@BA Ë�C L2 (R) D�EGFIH�J�K 4�L�M
ψj,k (t) = 2−j/2ψ

(

t− 2jk

2j

)

, φJ,k (t) = 2−J/2φ

(

t− 2Jk

2J

)

, j = 1, 2, · · · , J (3)

N F λj = 2−j O�P�Q�R <�=BA k O�P >�? .S�T�U�V�W E�X�Y x (t) A[Z�\�] L�^�_�`�a�U�V Z�\�b�@ (Discreet Wavelet Transform) c C . d N eW E�X�Y�f�g�h x0, x1, · · · , xN−1 A N F N i�j�k 2J l�m L�n . o�p N × 1 q l Z�\�] L�^�_�`�a�r�s b
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w = W · x, x = [x0, x1, · · · , xN−1]
T

(4)

N F W � N ×N l�� @����BA N FI] LG�I��^�_������G�I��� ] L��G�I� J � l���� r�s
w =

[

wT
1 , w

T
2 , · · · , w

T
J , b

T
J

]T
(5)N F wj � (

N/2j
)

× 1 q�Y �I� A bJ � (

N/2J
)

× 1 q�Y �I� . ��� ����� O ��� l Z�\�] L .

o�pBA W E�X�Y x (t)
^�_������ Z�\�] L�����C���� l W E Q�R � A�o�e a������������� ���¡ :

x (t) = BJ (t) +DJ (t) +DJ−1 (t) + · · · +D1 (t) (6)N F DJ (t) =
∑

k

wj,kψj,k (t) A BJ,k =
∑

k

bJ,kφJ,k (t).

¢¤£¤¥¤¦ � F§A N `¤¨¤� � 2J l¤m L¤n Aª© _ Z¤\¤] L¤`�¨ � `�a H�«¤¬�­ l U�V Z�\¤b�@¤®�¯ MODWT

(Maximal Overlap Discreet Wavelet Transform) °�±�c C .

2.3 ²�³�´�µ�¶�·
Z�\�b�@ l�¸ H�e�¹�º�»�¼�� ^�_�½�W E�X�Y x (t) l ®�¾ ����C�� e ��� l�Q�R . ¿�À T Fourier b

@GF Parseval Á � A�Z�\�] L���Â�Ã�r�s Á � [6]
M

‖w‖ = ‖x‖ ≡

N−1
∑

t=0

x2
t =

J
∑

j=1

‖wj‖ + ‖bJ‖ (7)

N F ‖•‖ O�P�Ä ®�Å�Æ L .`�a Á �ÈÇ 7 É ^�_�� Z�\�] L�Ê���Ë p�Ì�®�¾ M
σ2

x =
1

N

N−1
∑

t=0

(xt − x̄)
2

=
1

N
‖w‖ − x̄2 =

1

N

J
∑

j=1

‖wj‖ +
1

N
‖bJ‖ − x̄2 (8)

Í�Î�½
x (t) ­�Ï�Ð�Ñ�h�Ò�Ó . Ô�p�Ì�®�¾ ^�_ O�P k ����W E Q�R λj

� l Z�\�®�¾ σ2 (λj) = 1
N ‖wj‖Õ Å . Z�\�®�¾ l ����^�_�Ö P x (t)

����W E Q�R ��� l ®�¾ S�×�Ø ®�¾ l�Ù�Ú .

2.4 Û�Ü�²�³�Ý�Þ�ß�à�á�â�ã�ä�å�æ�ç
K T Á �ÈÇ 6 ÉèA�é L�ê�ë�ì�í ∆St Å�é L�î�ë�ì�í ∆Ft

^�_���� k ��� l�Q�R ��� l�ï Å
∆St = BS

J (t) +DS
J (t) +DS

J−1 (t) + · · · +DS
1 (t) (9)

∆Ft = BF
J (t) +DF

J (t) +DF
J−1 (t) + · · · +DF

1 (t) (10)

¿�À T Á �ÈÇ 7 ÉèA S�T�W E�X�Y x (t) A y (t) A�Z�\�] L���Â�Ã Á � (12)[7]

〈x, y〉 = 〈wx, wy〉 =

J
∑

j=1

〈wxj , wyj〉 + 〈bxJ , byJ〉 (11)

N F 〈x, y〉 O�P�ð �I� lGñIò .ó�ô Á �ÈÇ 12 ÉèA ^�_ c C���� Q�R ��õ é ê�ë Å õ é î�ë l Z�\�ö�®�¾�Å�Z�\�÷�ø�] L�r�sùM
rSF (λj) = Cov

(

DS
j , D

F
j

)

=
1

N

〈

wS
j , w

F
j

〉

(12)

ρSF (λj) =
Cov

(

DS
j , D

F
j

)

σ
(

DS
j

)

σ
(

DF
j

) =

〈

wS
j , w

F
j

〉

∥

∥wS
j

∥

∥

1

2

∥

∥wF
j

∥

∥

1

2

(13)

ó�ô Á �ÈÇ 2 Éèú Ç 12 Éèú Ç 13 É ^�_�û�ü�Ë A ��� Q�R s l�ý Z�®�¾ S�þGÿ���Â�Ã�M
Hj =

Cf

Cs
=
Cov

(

DS
j , D

F
j

)

σ2
(

DF
j

) =
1
N

〈

wS
j , w

F
j

〉

1
N

∥

∥wF
j

∥

∥

=

〈

wS
j , w

F
j

〉

∥

∥wS
j

∥

∥

1

2

∥

∥wF
j

∥

∥

1

2

·

∥

∥wS
j

∥

∥

1

2

∥

∥wF
j

∥

∥

1

2

= ρSF (λj) ·
σS (λj)

σF (λj)
(14)

Á � (14) O�� A ����î���s l S�þ�ÿ�������T�î�ë�	�ê�ë ¢�
 W E Q�R � l \���
�Å�÷�ø�
 . Ì����Ë l�ý�� S�þGÿ�� °�±�Á � 	 Lien,Shrestha[10] l ®�¯�÷ ÿ�� ð ®�� l ¬�­ . ���BA Á � Ç 14 É������ �������� l Z�\�] L ­�Ï�°�±BA���� � °�± a�� . � Lien, Shrestha l ®�¯�Ô���º�� �� �� l Z�\�] L�S�î�ë
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Å ê�ë���� ­�Ï�¹�9BA;: � ­�Ï S ¦ Q�R s l=<�> . ¸�? A0Á � Ö P ����� Q�R�l�ý�� S�þGÿ�� Å 
 Q�R sS ¦ l Z�\�÷�ø�] L�@ Z�\�A�B�¾ ÿ�� l�C L ø�] . o O�� \���
 @ ÷�ø�
 ¢ ��� Q�R s l b�� ü�D������W E Q�R � ý�� S�þGÿ�� b�� l f�E���F�G l .s � ½ ­�H�H S�õ é î�ë Å ê�ë l \���
�Å�÷�ø�
�­�Ï � Q�R ��¡ AJI�K N�L�W E Q�R b�� l�M�N @S�S�þGÿ�� l�O�P .

4 QSRSTSU
Ì���V�W�X ����Y ¥ ��Z���� O 
 l�[�\ õ é î�ë Å ê�ë ý�]�^�_�l�`�a L ô . ©�X�b l õ é î�ë�cdfefgfh �fifjfYfk¤�flfm�n l õfo é L¤î�ë A rfp�q�rfs�t é L (DJI30)

î¤ë Avuxw 225 é L Ç NIKKEI225 Éî¤ë Azyf{f|f} Wf~ é L Ç FTSE100 É î¤ë Az� g�h ���fY��f� Åf�����f� ý Z OfP���l ���f��� é L Ç HSI33 Éî�ë�_�@ ����� c ï�� é L Ç TWII É î�ë . o�p�X�b�p�Ì l�� l ��k ����� £ ����� e Z���Y ¥ � O 
BA��
¼�� ����Y���� Å�������� õ�o é L�î�ë l V�W ��� k ��Y���½�û�Ë l õ é î�ë £�������� I���h .

s �½ V�W�©�X � l p�Ì L ô���� Y O r 1 © P .�
1 �$�$�$ $¡$¢$£$¤

'$($!$)$¥$¦ §$¨$!$0 ©$2$($ª §$¨$ª$«
DJI30 !$)�¬ DJIF ­ 1998-10-26−2007-8-14 DJI30 ¬ DJII ­ 2204

NIKKEI225 !$)�¬ NICF ­ 1999-12-1−2007-8-15 NIKKEI225 ¬ NICI ­ 1887

HSI33 !$)�¬ HSIF ­ 1997-07-3−2007-8-15 HSI33 ¬ HSII ­ 2497

TWII !$)�¬ TWIF ­ 1999-08-3−2007-8-15 TWII ¬ TWII ­ 1960

FTSE100 !$)�¬ FTLF ­ 1999-01-4−2007-8-22 FTSE100 ¬ FTLI ­ 2151®�¯ ª$°$±-² Bloomberg, ¬³­µ´$¶$!$)$·$($ª$27¸$¹

3 ºS»S¼S½S¾S¿À½ÂÁÂÃÀÄÂÅÂÆÀ¾ÂÃÂÄÀÇÂÈÂÉÀTÂÁÂÊÀËÂÌÂÍÀÎ
s � ½ °�± ����W E Q�R s p�Ì õ é î�ë Å ê�ë l ®�¾Bú ÷�ø�] L AÐÏ ÿ�Ñ���¡�î�ë Å ê�ë l \���
�Å

÷�ø�
 ¢ ����W E Q�R � l ø�]�A _�Ò�s ��­�H�H ��¡ o�«�ø�] S�����W E Q�R � l S�þ�ÿ�� Å�Ó � l�OP . Ì�� S�õ é î�ë Å ê�ë�ì�í X�Y�Ô � 8
� l Z�\ ��� A�Õ���c C 9 e ����W E Q�R s l X�Y ��� . Ö 8

e ��������S ¦�× 1 ØBú 2 ØBú 4 ØBú 8 ØBú 16 ØBú 32 ØBú 64 ØBú 128 Ø�o 8 e W E Q�R AÚÙ 9 e ����S ¦×
256 Ø @�_�� l W E Q�R . Ì���� � MODWT ±�¯�­�Ï U�V Z�\�b�ÛBAx: � ó�ô Á � Ç 8 Éèú Ç 13 É °�± ���� Q�R � l Z�\�®�¾�Å�Z�\�÷�ø�] L .

Z�Ø °�± a���� Matlab Ü � £ ê A�°�± ����Ý O 2 ú O 3.�
2 Þ$ß$à$á$â$ã$á$ä$å$æ$ç$è$é$ê$ë

¸$¹ ì$í$î 1 2 4 8 16 32 64 128 256

DJII 11.5306 6.1267 2.7389 1.2574 0.6429 0.4638 0.1630 0.0721 0.0389 0.0270

DJIF 12.0009 6.4981 2.8067 1.2345 0.6900 0.4743 0.1561 0.0730 0.0406 0.0276

NICI 18.6571 9.2294 4.8766 2.3301 1.1847 0.5780 0.2161 0.1438 0.0167 0.0817

NICF 18.9582 9.6073 4.8536 2.2327 1.1762 0.6043 0.2545 0.1310 0.0173 0.0812

FTLI 12.8336 6.3224 3.7641 1.6296 0.6454 0.2222 0.1567 0.0325 0.0075 0.0532

FTLF 13.7768 7.002 3.8343 1.8217 0.6516 0.2185 0.1560 0.0330 0.0075 0.0523

HSII 29.001 14.477 7.8473 3.4023 1.4553 0.8922 0.5132 0.2207 0.0677 0.1257

HSIF 37.024 19.412 9.9623 4.0806 1.6607 0.8989 0.5931 0.2259 0.0677 0.1222

TWII 25.3954 12.616 6.1746 3.5333 1.1669 0.8134 0.3783 0.2017 0.3375 0.1669

TWIF 32.6469 17.623 7.5413 4.0920 1.3105 0.9454 0.4291 0.2005 0.3316 0.1670®�¯ðï ´$í$î$ñ-ò�ó$ô 100000
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3 Þ$õ$ß$�$â$ã$á$ö$÷$ø$æ$ç$è$é$ê$ù
©$2$($ª 1 2 4 8 16 32 64 128 256

DJII 0.94466 0.9621 0.9636 0.99085 0.99598 0.99374 0.99947 0.99927 0.99889

NICI 0.91233 0.9583 0.97311 0.97734 0.99428 0.99362 0.99378 0.99852 0.99971

FTLI 0.92429 0.9608 0.97708 0.98838 0.98581 0.99372 0.98160 0.99005 0.99932

HSII 0.93447 0.97296 0.971 0.98746 0.99083 0.9894 0.99806 0.99833 0.99821

TWII 0.91904 0.92216 0.95444 0.96854 0.98444 0.98946 0.9964 0.99913 0.99731

Õ O 2 F ÿ�Ñ�����õ é î�ë Å ê�ë l ×�Ø \���
 ^�_�i�êûúü������� é L úü����� c ï�� é L�@�N�õ éî�ë l \���
�º ��ý�þ T�p�q�r é L úÿu�w 225 é L úv|�} W�~ 100 é L�@�N�î�ë l \���
 . o ^ ¼�� �IT��Y���� Å������������ T�����m�n , Å�� Y ú-u Ì�� i�j�Y�k l ��l�m�n ÷ ÿ�m�n º�÷ S�����l���� l .ÿ�Ñ�����õ é î�ë Å ê�ë l \���
�¾	� ^�_�i�ê ú p�Ì õ é î�ë l ×�Ø \���
	
�º þ T�õ é ê�ë l \
��
 . o�e ��� Å Yadav ú Pope Å Churdhury � S���
�� º õ é î�ë Å ê�ë�m�n \�� � £ ��ÿ�Ñ l ��� �
H D l [13,14].
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4 qCrCsCtCuCvCwCx$�CyCsCtCzCvCuC{|C}

1 2 4 8 16 32 64 128 256~C���V�
DJII 0.9173 0.9506 0.9725 0.9565 0.9849 1.0152 0.9929 0.9861 0.9929

NICI 0.8942 0.96056 0.9942 0.9812 0.97239 0.91547 1.0416 0.98068 0.99984

FTLI 0.8783 0.9520 0.9242 0.9837 0.99409 0.99319 0.97509 0.98712 1.0026

HSII 0.80698 0.86338 0.88659 0.92435 0.98712 0.92037 0.98651 0.99843 1.0026

TWII 0.77758 0.83442 0.88692 0.91391 0.91312 0.91877 0.99948 1.0013 0.99004~C�C�C�
DJII 0.89238 0.92564 0.92852 0.98179 0.99198 0.98751 0.99893 0.99848 0.99775

NICI 0.83234 0.91834 0.94694 0.9552 0.9886 0.98727 0.9876 0.99703 0.99941

FTLI 0.85432 0.92314 0.95468 0.97689 0.97182 0.98746 0.96353 0.9802 0.99862

HSII 0.87323 0.94666 0.94284 0.97508 0.98175 0.97891 0.99613 0.99667 0.99643

TWII 0.84463 0.85038 0.91095 0.93806 0.96912 0.97892 0.99282 0.99822 0.99458

�[�
data1 �C� ~C���V� data2

~C�C�C�
data3 �C�C�C�C�C�C�C�C� �V� data4 �C�C�C�C�C�C�C�C� }�

1 HSI � TWII �C�CsCtCuCv���zCvCwC�C�C�C�����C ¢¡CuCv¢�C�C£¢¤C¥C¦¢uC{
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5 uwvwxwywzw{C�Cxw|w}wxwyCzw{C£wzC{~w� �w�
1 2 4 8 16 32 64 128 256~C���V�

HSII W 0.8056 0.8614 0.8793 0.9231 0.9856 0.9091 0.9892 0.9964 1.0091

TWII W 0.7697 0.8334 0.8893 0.9198 0.8967 0.8835 1.0137 0.9849 0.9749

HSII O 0.8418 0.8954 0.9197 0.9544 0.9729 0.9745 0.9822 0.9868 0.9903

TWII O 0.8142 0.8821 0.9211 0.9372 0.9585 0.9722 0.9795 0.9830 0.9868~C�C�C�
HSII W 0.8155 0.9491 0.9572 0.9783 0.9828 0.9908 0.9943 0.9965 0.9970

TWII W 0.8190 0.8560 0.8944 0.9640 0.9794 0.9840 0.9867 0.9985 0.9991

HSII O 0.8202 0.9356 0.9480 0.9689 0.9793 0.9939 0.9966 0.9964 0.9914

TWII O 0.8189 0.8686 0.9049 0.9581 0.9683 0.9755 0.9821 0.9859 0.9864%	â�<	Ã�=�<	¾�>�?	Ã�A�B�?	Ä�8�����C�D�E�F	Ë	õ��	ä��������	Ä	µ	Ñ	¿	ÀÍÌRÈ	Ã	¿�À	Ç	È���A �
U�V�C�D

.
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