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Panel unit root test based on generalized nonlinear

instrument variables estimation

YANG Ji-sheng, WANG Shao-ping

(School of Economics, Huazhong University of Science & Technology, Wuhan 430074, China)

Abstract This paper proposes a unit root test for panel data with cross sectional dependence. The

proposed test generalizes the nonlinear IV unit root test proposed by Chang, and hence can correct the

size distortion of Chang’s test when cross sectional dependence is moderate to high. The main idea is to

eliminate the cross sectional dependence through covariance matrix weighting and then apply Chang’s test

to the weighted data. Under some sufficient conditions, the proposed test statistic has a limiting standard

normal distribution under the null hypothesis and converges to negative infinity under the alternative

hypothesis. The finite sample performance of the proposed test is evaluated through a small scale simulation

study. The simulation results show that the proposed test compares favorably to the tests proposed by

Chang and Pesaran in the presence of cross sectional dependence.

Keywords panel unit root test; nonlinear instrument variables; FGLS; cross sectional dependence
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(Panel data) ¿LÀLÁLÂLÃLÄLÅL�LÆLÇLÈ , ÉLÊLËLÌLÍLÎLÏLÐL�LÍLÃLÑÓÒGÔGÕ , ÖL×LÇLÈLØ
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Ð »L¼L½L¾ Ñ-,-.LÛ , /1032-46587LÍLÃLÀLÁLâ-9-:L	LäLåLÑLæLç-;-<-=-> .

032 ,
»L¼LèLéLê ÏLÐLÑLäLå-?-@-A-B º-CED-FEG-H-I =-JEK-ALÛ�Ñ-LEM , N-O ¹Lº-P-Q ÛL�-RLÂLÃ-:

ÑLÏLÐ [1] S ¹Lº ?LÞLÇLÇLÈLÑLÏLÐ [2] S ¹Lº-T-U-V J-W-XLÑLÏLÐ [3] Y . Z6[ , Chang[1] Ö-\LÑ SN

»L¼LèLé
ê ÏLÐ , ]-ZL�LÍLÃLÑ-^-_LÇ-`Lß-a-b-c-d�Ç-`Ee-fEg-h-iEjLë . k-/ , Im Î Pesarsan[4] l-m-n Chang Ño-p �LÐ V-q-r , SN ÏLÐ-s l F-G-H-I =-J-t-K-A-u-v-K-A V-w /-x-yLÑ .z-{ ÑLäLåLØ-|LÐLÆLË Im Î Pesarsan[4] Ñ q-r , } l Chang Ñ ½L¾-~ Þ-�L�6[ ,

F-G-H-I =-J-/-v-K
ALÑ .

z-{-�-�
Chang ÑL�-� ,

~ Þ-� F-G-H-I-�-�-� =-JLÑ-�E9-�E�-� . Ø-|-�-� ,
F-G-H-I Ñ-K-AL� ½

/-x-c-x-�LÑ . l 1000 �L�LÐ6[ , � F-G-H-IL½ ÃLÇ-�Lß 15 S 25
V

, K-AL� ½ Ñ-�-�-�L¿-�LÇ-�Lß 0.477 Î
0.274. ÜLÝ , Chang Ñ o-p �LÐLØ-|-/ l F-G-H-I =-JEvEK-A V fEgLÑ , �-�-�-� F-G-H-IL½ ÃLÑLÉLÊ ,

H
I =-JLÑ-K-ALÛ-�-�-�-�-v . ¿-K-AL� ½ ,-�Lß 0.18 �-�LÑ »L¼L½L¾ , Im Î Pesarsan jLë Chang Ñ SN

ÏLÐ ,
q-r

SN �LÍLÃ-t-�- -a-b-c-dLÇ-` . ÜLÝ-¡ , ¿ º-F-G K-ALÑ »L¼L½L¾ , SN ÏLÐ-t-/->-¢-.-£LÑLÏ
Ð-9-: .

ßLË-¤LÆ F-G K-A VL»L¼LèLéLê Ï�ÐLÑ-.E£LÛ , �-¥LÏLÐL�LÍLÃLÑ-^-_LÇ-`Lß-a-bLÇE` , ¦-§LØ-¨-©-ª
A6«8¬ (SUR) ­-®LÑLÙLÅ-h-¯-�-°-±-²-: (FGLS) Î P-Q ÛL�-RLÂLÃ (NIV) ÌLÍ-9-: , Ö-\LË-h-¯ P-Q Û
�-RLÂLÃ-: (GNIV)

»L¼LèLéLê ÏLÐ . ¦-§-³->-´LÇ-µ-\-¶-·LÑ-¸-¹-º-ZLÜ-»-@LÑ-¼-¹-½-¾À¿Á³-±-´LÇ-µ-\
h-¯ P-Q ÛL�-RLÂLÃ-:LÏLÐLÑ ¹ ¦-Â-Ã S �LÍLÃLÑ-Ä-Å-º-Z-^-_LÇ-` ; ³-Æ-´LÇ ¹Lº Monte-Carlo

o-p �LÐm-n-Ç ÏLÐL�LÍLÃLÑ-x-_-È-¦LÛ-É , �L
 r xLÑLÏLÐL�LÍLÃLÄLÅ6Ê8Ë ; �-Ì-/-K-jLÑLäLåLØL	 .

2 ÍÏÎÏÐÏÑÏÒÏÓ
m-Ô O-ÕLÑ »L¼L½L¾-~ Þ-�L� :

yit = αiyi,t−1 + uit, i = 1, · · · , N ; t = 1, · · · , T (1)

Z6[ αi ßÓÒ8«8¬L� ½ , Ö-� � uit �- -O-ÕLÑ AR(p) �L� :

W i(L)uit = εit, W i(z) = 1 −
p
∑

k=1

ρi,kzk (2)

Z6[ L ß-×-Ì-Ø-Ù ,
� d-Ú-Û-Ü ½ p ¿-� F-GLè-Ý /-K-ÞLÑ , {ρi,k, k = 1, 2, · · · , p; i = 1, 2, · · · , N} /-K-j

Ñ-Ú-ÛL� ½ . ßLÏ-à-¼-¸Lß-á l »L¼LèLéLê , }L¿-â-ã i = 1, · · · , N , x H0 : αi = 1; ¿-jLÑ-ä-å-¼-¸Lß : ¿
´LÇ i, x H1 : αi < 1 .

ÝEÕ�ÑE¼E¹E½E¾�
 Chang ÑE¼E¹EKE© , �E� l V JE� ¼�è�é�ê Ï�Ð�ÑE§Eæç[è��ÀEé�ëEg . ¹E¯ εN
t =

(ε1t, · · · , εNt)
′:ê-ë

1 ¿-â-ã |z| ≤ 1, x W i(z) 6= 0, i = 1, · · · , N .ê-ë
2 (i) εN

t , t = 1, 2, · · · , T , ß-ì-í-ÞLÇ-`6îGÃ-� ¼ , �-�-A º-ï-ð-ñ-ò Õ (Lebesgue measure) �L¿ó-ô
; (ii) εN

t R-x-õ-�-� , �-9-�-�-�Lß Σ = (σij); (iii) á l l > 4 ¥ εN
t ö-÷ E{|εN

t |l} < ∞; x-ø-ù-ú ½
ϕ, ¿-û-ü τ > 0, lim

λ→∞
|λ|τ ϕ(λ) = 0 Þ-í .

¼-¹ 1 ¤LÆ (2) [GÑ AR(p) �L�-/LÙ-ýLÑ , ¼-¹ 2 ¸-¹LË-Ö-� � ÑLÇ-`-ø-ù . ¹-¯ :

yi =









yi,p+1

...

yi,T









, yi,−1 =









yi,p

...

yi,T−1









, Xi =









x′
i,p+1

...

x′
i,T









, εi =









εi,p+1

...

εi,T









Z6[ x′
it = (∆yi,t−1, · · · , ∆yi,t−p). ¶-· (1) Ñ-�-�-þ-�Lß :

yi = yi,−1αi + Xiβi + εi (3)

Z6[ βi ß-×-Ì6îGÃLÑ-Ú-ÛL� ½ .ÿ Ü���� , l èLéLê Ñ-à-¼-¸-Õ ,
¹Lº ¶-· (3) Ñ OLS ÌLÍ , ÌLÍLÃ α̂i Ñ t Ê�� (t ÏLÐL�LÍLÃ ) ÑLÇ

`-/ P ¿��LÑ , }-t��-�-  t Ç-` . ]�� , Chang Ö-\LÝ yi,t−1 ÑL�-RLÂLÃ F (yi,t−1) ÄLÅL�-RLÂLÃ-:LÌLÍ ,

Ý���	 OLS ÌLÍ . �-RLÂLÃ ~ Þ-ú ½ F ö-÷ ¼-¹ 3.
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ê-ë
3 F (x) /����LÙ� LÑ-�-� ö-÷ ∫∞

−∞ xF (x)dx 6= 0.¹Lº ¼-¹-½-¾ 1−3, Chang f-gLË-O-ÕLÑ-A�!LØ�" . � T → ∞,

√
T

T
∑

t=1

[F (yi,t−1][F (yj,t−1)] −→ 0 (4)

# Ø�"-�-� , ª�" F-GLè-Ý =-J-/�$-K-A , %-RLÂLÃ-:LÌLÍLÃ α̂i Î α̂j /�&Là-t-K-ALÑ , Ä-eLÏLÐ�'LÍ
Ã SN = 1√

N

N
∑

i=1

tαi
Ñ-^-_LÇ-`Lß-a-b-c-dLÇ-` , Z6[ tαi

ß�%-RLÂLÃLÌLÍLÃ α̂i Ñ t Ê�� . Chang l Æ)(
(4) ÑLØ�" V , ÜLë�%-RLÂLÃLß F (yi,t−1) = yi,t−1e

−ci|yi,t−1|, Z6[ ci ß-é ½ , ��* ,
# %-RLÂLÃLÙLÝ ö-÷ ¼-¹

3. k-/ , l Z o-p�+ ÐLÑ-¸-¹6[ , Chang , ci ¸-¹Lß :

ci = KT−1/2s−1 (5)

Z6[ s2 = T−1
T
∑

t=1

(∆yit)
2. *-e , Im Î Pesaran

q-r
, �-¥Lë (5) Ñ-¸-¹-­-® V , ® (4) ÑLØ�"�,-t��LÞ-í , }

l F-G K-A V , α̂i Î α̂j Ñ t Ê���,-t��-/�&Là-t-K-ALÑ . à-] l�- , � V yi,t−1 .�/�0�1�2 e
−K|yi,t−1|

si

√
T 3�45 . , yi,t−1 6 F (yi,t−1) ,�7 4�8�9 . &�:�;�<�= , >�?�@ yi,t−1 A yj,t−1

8�B�C , ? F (yi,t−1) A F (yj,t−1)D�E %�7�F�G , >�H�I . α̂i A α̂j . t J�K�,�L�M 3 &�:�L 8�B . . N C , @�O�P 8�B�C , L 9 O�P�Q�R�S .
t J�K�,�L�T�U�V 8�W , Chang X - NIV Y�Z . SN [�\�] Z�G�L�M�7 4�^�_�`�a .�b�c�d�e .f�g

Chang . NIV Y�Z�L�T�h�i�j�k�l�O�P�Q�R�m�S . 8�B , n�o�T�p�q�r OLS Y�Z . L�s , t�H�QR t J�K .�b�c�d�e E ^�_�`�a due , v�w , x�?�X -�y t J�K , z�{�7 4�^�_�`�a d�e�.�|u}�~u���u[�\] Z�G . ����>������ . , ��L�� 3 k�l�L 9 O�P�Q�R�m�S . 8�B������ .

3 �����������������������
X -���� d�� , ����������  .�¡�¢�£�[�\�¤�¥ . ¦�§ , X - SUR .�¨�© , ª�«�¬�O�P�Q�R�m�S .�­�®¯�°�±�²�³�´ |�}�µ�¶ v�· Wu¸�¹uº , ?�k�l�O�P�Q�R�m�S . 8uB�� . v�w ,

´ W�¸�» .�|�}�µ�¶ v�· NIV

[�\ .¼�½�¾
��¶�­�® ¯�°�±�²�³ v�· µ�¶ W�¸´�¿�À

(3), @ |�}�~�����A 9�Á���Â�Ã�Ä   , ­ α1 = α2 = · · · = αN = 1 A β1 = β2 = · · · = βN
C , ���x�? ´ Â�Å µ�¶ v�·���  . `�Æ F�Ç .? Σ È�É�O�P�Q�R�Ê ±�Ë .�­�® ¯�°�±�²�³ , Γ È�É�Ì�s ΓΓ

′ = Σ . ´�Í L�x�Î ²�³ . Ï Λ = (Γ−1 ⊗
IT−p−1), Ð)Ñ IT−p−1

E
(T − p − 1) × (T − p − 1) .�~�� ²�³ , Ò�Ó ⊗ È�É ²�³ . Kronecker Ô . Õ�Ö :

Y ∗ = Λ(vec(y1, · · · , yN)) = vec(y∗
1 , · · · , y∗

N)

Y ∗
−1 = Λ(vec(y1,−1, · · · , yN,−1)) = vec(y∗

1,−1, · · · , y∗
N,−1) (6)

∆Y ∗
−k = Λ(vec(∆y1,−k , · · · , yN,−k)) = vec(∆y∗

1,−k, · · · ; ∆y∗
N,−k), k = 1, · · · , p

ε∗ = Λ(vec(ε1, · · · , εN)) = vec(ε∗1, · · · , ε∗N )

X∗
i = (∆y∗

i,−1, · · · , ∆y∗
i,−p),× ¿�À

(3) x�?�È � E :

y∗
i = y∗

i,−1αi + X∗
i βi + ε∗i (7)Ø�Ù

, Ú�Ç » . Ê ±�Ë�Û l � O�P�Q�R�m�S . 8�B�� , Ð ¯�°�±�²�³�E ~�� ²�³ , ­ (ε∗t ) ∼ iid(0, IN ).��Ü Γ 3)Ý�Þ . ,
× x�?�U�V ´ (7) v�· NIV [�\ . 1 E Γ ß Þ , ��������¦�§ ´ (3) v�· NIV Y�Z ,

��¶ Y�Z�H�I .�à ± , Z 0 Σ A Γ . Y�Z�á .´
(3) v�· NIV Y�Z , H�I�â µ�.�ã�ä Y�Z�G :

r̃i =





α̃i

β̃i



 =





F (yi,−1)
′yi,−1 F (yi,−1)

′Xi

X ′
iyi,−1 X ′

iXi





−1
(

F (yi,−1)
′

X ′
i

)

yi (8)
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Ð)ð�ñ à ±�E :

ε̃it = yit − yi,t−1α̃i − xitβ̃i (9)

Ï ε̃N
t = (ε̃1t, ε̃2t, · · · , ε̃Nt)

′,
× à ± .�­�® ¯�°�±�²�³�E Σ̂ = 1

T

T
∑

t=1
ε̃N

t ε̃N ′

t , ò�� d�ó Σ̂ = Γ̂Γ̂′, H�I�Y�Z
á Γ̂. ? Γ̂ ô�õ Γ, H�I (6) Ñ . Y�Z�á ŷ∗

i , ŷ∗
i,−1 A X̂∗

i .¼�ö�¾ ´ W�¸�» .�µ�¶ v�· NIV ð�ñÏ F (ŷ∗
i,t−1) = ŷ∗

i,t−1e
ci|ŷ∗

i,t−1| ÷ Zi = (F (ŷ∗
i,t−1), X̂

∗
i ) ÷ Vi = (ŷ∗

i,t−1, X̂
∗
i ). (7) . NIV Y�Z�G ÷ùø�ú 3 (3)

. GNIV Y�Z�G E :

r̂i =

[

α̂i

β̂i

]

= (Z ′
iVi)

−1Z ′
iŷ

∗
i (10)

Var(r̂i) = (Z ′
iVi)

−1(Z ′
iZi)(ViZ

′
i)

−1 (11)

? V̂αi
È�É α̂i . °�± Y�Z�G ,

×
V̂αi

= B̂−2
i Ĉi (12)

Ð)Ñ :

B̂i = F (ŷ∗
i,−1)

′ŷ∗
i,−1 − F (ŷ∗

i,−1)
′X̂∗

i (X̂∗′

i X̂∗
i )−1X̂∗′

i ŷ∗
i,−1

Ĉi = F (ŷ∗
i,−1)

′F (ŷ∗
i,−1) − F (ŷ∗

i,−1)
′X̂∗

i (X̂∗′

i X̂∗
i )−1X̂∗′

i F (ŷ∗
i,−1)8�û j , α̂i . t J�K E :

t̂αi
=

α̂i − 1
√

V̂αi

(13)

ü�ý
1 þ�� � Ð b�c�d�e�ÿ�� .���

1 ��Ü Ã Õ 1 – 3 ��{ , @ ~���� Â�Ã�Ä   , � T → ∞,
´ -���� . i = 1, · · · , N , α̂i . t J�K .b�c�d�e E :

t̂αi
→d N(0, 1) (14)´

i 6= j, L 9 O�P t J�K . 8�B�� µ E :

cor(t̂αi
, t̂αj

) →p 0 (15)

Ð)Ñ cor È�É 8�B�� µ .1	 - ¯�°�±�²�³
Σ̂ = Γ̂ Γ̂

′ 3 ã�ä Y�Z�G ,
ü�ý

1 x�? 	 Chang .�
�� U�V�H�� , n E � È ����
 , ������ Ñ�� 3 ��¶ Chang .���� þ�� ��� � .���� � ¤ .ü�ý
1 È � ,

f�g @ |�}�µ�¶ yit .�� ��� ¤ Ñ , ¬�O�P�Q�R 3�8�B . , n 3 GNIV Y�Z�G α̂i . t J�K@�¬�O�P�Q�R�S�o 3�� :�L 8uB . . 1 N , ¬�O�P�Q�R . t J�K�x�?�U�V W�� , ��� Â�Ã�Ä E |�}�~��u��.
GNIV [�\�] Z�G , ­ :

Ŝ∗
N =

1√
N

N
∑

i=1

t̂αi
. (16)

X - Õ º 1 .�
�� , x�?�U�V�H�� GNIV [�\�] Z�G . � : ��Á .�� 
1 ��Ü Ã Õ 1–3 ��{ , @ |�}�~�����A 9�Á�� . Â�Ã�Ä   , � T → ∞, GNIV [�\�] Z�G .�b�cd�e E :

Ŝ∗
N →d N(0, 1). (17)ü�ý

1 A���� 1 .�
�� x�?�h�!�"�j�#%$�I%& 4�' Õ �%(%) .u|�}uµu¶ Ñ , ����>������ . ú 3 ´ O² A C S (%) vu· Û )u¹uº , w » ´uÛ l%*uá A C S (%)u» .u|u}uµu¶ vu· GNIV [u\ . So A Shin[7] A
Elliott ÷ Rothenberg A Stock[6] . Û ) ° £ *�x�?�«�+�v�· Û l�*�á A Û l C S (�) . ¹�º .

1. , N = 2 - , .0/01 ε1 2 ε2 30405 å06070809 0.8, :0;0<07 α1 = α2 = 1 = , >0? 1000 @0A0B 30C0D ì0E0F0G , H0I0JK 3 t̂1 2 t̂2 30405 å060L09 0.04.
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4 acbcd��
����ò�� ã�e�f�g�h�\ +�i%j GNIV [�\�d�k @�O�P ~�l muS�L 8�B ÷nm 8uB ÷no 8uB   . 4 c%p ���Á A�[�\ ) , q�r�Ð 6 Chang . SN [�\�A Pesaran[5] . CIPS [�\ v�·)J�s .

4.1

½�t�u�v�w�x�y�z�{�|�}�~����������
��� ¿�À

(1) � � |�}�µ�¶ {yit}, Ð)Ñ {uit} � Ä Õ E ��  . AR(1) � ¤ :

uit = ρiui,t−1 + εit (18)���
εt = (ε1t, · · · , εNt)

′ 	 *�á E���¯�°�±�²�³�E Σ . N � `�a d�e������ � .
¯�°�±�²�³

Σ = (σij).�� ´���� l���� Õ E σii = 1, i = 1, · · · , N , Ð�� l�� @�O�P ~�l m�S o 8�B ÷�m 8�B   d�k Ä Õ E σij =

0.8 A σij = 0.3, i 6= j.
E � i�j�O�P�L 8�B�C ¬ [�\�. È�� , ��� 9�C þ�� � σij = 0(i 6= j) C .�f�g�
Ü . ��ð�ñ � µ ρi @ Â�Ã�Ä  �� Ä Õ E 0.3, @���� Ã�Ä   	 *�� d�e U [0.2, 0.4] ����� � .@ Â�Ã�Ä   , i�j ] Z�G�@ 4 c�p ��  .�[�\���� (Finite sample size) C , Ï αi = 1, i = 1, · · · , N . �@���� Ã�Ä  �i�j [�\ ) (Test power) C , αi

	 *�� d�e U [0.85, 0.99] ����� � .

��¶�f�g�h�\�.�
 Ü , ����������  . NIV � ��� µ @ 4 c�p �� �È�����i :

F (ŷ∗
i,t−1) = ŷ∗

i,t−1e
−ci|ŷ∗

i,t−1|, Ð)Ñ ci = 2.2N−1/4T−1/2s−1, s2 = T−1
T
∑

t=1

(∆y∗
it)

2 (19)

È 1 A È 2 d�k þ�� � GNIV [�\ @ 4 c�p ��  .�[�\�����A�[u\ ) ÷ ?�� 6 SN [�\�. J�s ,
Ø��

� ����d�k ��  E 0.01 ÷ 0.05 A 0.10.

¡
1 ¢0£0¤0¥ ( ¦0§0¨0©0ª0«0¬0­0® , ρi = 0.3, αi = 1)

N
T=50 T=100

1% 5% 10% 1% 5% 10%

σij = 0.8

5
S∗

N 0.010 0.057 0.107 0.021 0.060 0.108

SN 0.040 0.158 0.217 0.055 0.181 0.233

15
S∗

N 0.014 0.056 0.088 0.020 0.054 0.098

SN 0.182 0.290 0.341 0.178 0.292 0.344

25
S∗

N 0.009 0.035 0.064 0.014 0.057 0.096

SN 0.256 0.371 0.402 0.250 0.355 0.392

σij = 0.3

5
S∗

N 0.014 0.064 0.117 0.019 0.070 0.134

SN 0.010 0.066 0.111 0.011 0.070 0.117

15
S∗

N 0.015 0.054 0.092 0.014 0.068 0.112

SN 0.012 0.077 0.122 0.011 0.080 0.120

25
S∗

N 0.008 0.036 0.072 0.019 0.060 0.107

SN 0.018 0.095 0.145 0.023 0.095 0.140

σij = 0

5
S∗

N 0.016 0.066 0.115 0.019 0.068 0.112

SN 0.018 0.055 0.094 0.016 0.056 0.089

15
S∗

N 0.016 0.056 0.100 0.017 0.076 0.133

SN 0.013 0.047 0.089 0.012 0.048 0.095

25
S∗

N 0.013 0.036 0.060 0.015 0.056 0.100

SN 0.010 0.038 0.078 0.010 0.038 0.073
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2 ¢0£0¯ ( ¦0§0¨0©0ª0«0¬0­0® , ρi ∼ U [0.2, 0.4], αi ∼ U [0.85, 0.99])

T=50 T=100

N 1% 5% 10% 1% 5% 10%

σij = 0.8

5
S∗

N 0.433 0.692 0.783 0.833 0.925 0.953

SN 0.531 0.704 0.785 0.857 0.943 0.962

15
S∗

N 0.822 0.894 0.925 0.983 0.993 0.998

SN 0.807 0.866 0.894 0.973 0.990 0.992

25
S∗

N 0.817 0.888 0.911 0.995 1 1

SN 0.833 0.886 0.910 0.987 0.995 0.996

σij = 0.3

5
S∗

N 0.599 0.825 0.898 0.940 0.984 0.992

SN 0.566 0.780 0.875 0.926 0.981 0.990

15
S∗

N 0.958 0.989 0.994 0.999 1 1

SN 0.943 0.978 0.988 0.999 1 1

25
S∗

N 0.951 0.977 0.987 1 1 1

SN 0.977 0.992 0.996 1 1 1

σij = 0

5
S∗

N 0.620 0.827 0.906 0.958 0.994 0.997

SN 0.560 0.797 0.898 0.941 0.987 0.994

15
S∗

N 0.963 0.988 0.997 1 1 1

SN 0.977 0.998 1 1 1 1

25
S∗

N 0.959 0.981 0.985 1 1 1

SN 0.999 1 1 1 1 1

4.2 °�±�²�³�´�µ
}�~����������

|�}�µ�¶�. O�P 8�B x�T�+¶�¸· ã�¹ 9 1���.�º�» ,
E � i�j GNIV [�\ @�¼�½�¾�¿� �À�È�� , ����ÁÂ

Pesaran À µ�¶�� ��� ¤ , � ��7 4 O�P 8�B À |�}�µ�¶ . ­ ��� ¿�À (1) � � |�}�µ�¶ {yit}, Ð)Ñ , {uit}
� Ä Õ E �� �À�� ¤ :

uit = γift + ςit (20)

ςit = ρiςi,t−1 + εit (21)

Ð)Ñ γi ∼ U [−1, 3], ft ∼ iidN(0, 1)
E ��ä O�P�Q�R 8�B À ¹ 9 1�� , εit ∼ iidN(0, σ2

i ), σi ∼ U [0.5, 1.5]. @Â�Ã�Ä  �i�j [�\���� C , αi = α = 1, ρi � Ä Õ E 0.3, @���� Ã�Ä  �i�j [�\ )�C , αi ∼ iidU [0.85, 0.95],

ρi ∼ U [0.2, 0.4]. È 3 A È 4 d�k þ�� � GNIV [�\ @ 4 c�p �� �À [�\�����A�[�\ ) ÷ ?�� 6 SN [�\�A
Pesaran À CIPS [�\ À)J�s ,

Ø�� � ����d�k ��  E 0.01 ÷ 0.05 A 0.10.

¡
3 ¢0£0¤0¥ ( Ã0Ä0Å0Æ0Ç0È0É0©0ª0«0¬0­0® ,

¡
4 ¢0£0¯ ( Ã0Ä0Å0Æ0Ç0È0É0©0ª0«0¬ ,

ρi = 0.3, αi = 1) ρi ∼ U [0.2, 0.4]; αi ∼ U [0.85, 0.99])

T = 50 T = 100

N 1% 5% 10% 1% 5% 10%

10

S∗

N 0.021 0.067 0.113 0.010 0.069 0.117

SN 0.007 0.048 0.090 0.000 0.037 0.073

CIPS 0.003 0.039 0.087 0.025 0.083 0.147

15

S∗

N 0.017 0.064 0.095 0.025 0.076 0.114

SN 0.017 0.043 0.082 0.005 0.043 0.074

CIPS 0.013 0.040 0.083 0.033 0.084 0.125

20

S∗

N 0.016 0.049 0.087 0.019 0.066 0.131

SN 0.006 0.049 0.092 0.006 0.031 0.062

CIPS 0.001 0.013 0.062 0.024 0.068 0.105

30

S∗

N 0.008 0.019 0.033 0.010 0.044 0.076

SN 0.007 0.036 0.070 0.003 0.072 0.056

CIPS 0.001 0.015 0.030 0.016 0.047 0.092

T = 50 T = 100

N 1% 5% 10% 1% 5% 10%

10

S∗

N 0.913 0.972 0.988 1 1 1

SN 0.895 0.967 0.987 0.998 1 1

CIPS 0.041 0.184 0.298 0.548 0.796 0.891

15

S∗

N 0.965 0.989 0.995 1 1 1

SN 0.974 0.995 0.998 1 1 1

CIPS 0.060 0.201 0.307 0.734 0.907 0.954

20

S∗

N 0.978 0.0096 0.998 1 1 1

SN 0.993 1 1 1 1 1

CIPS 0.048 0.168 0.276 0.789 0.916 0.964

30

S∗

N 0.961 0.985 0.990 1 1 1

SN 1 1 1 1 1 1

CIPS 0.034 0.149 0.279 0.845 0.943 0.980
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4.3 Ê�Ë�Ì�Í�Î�Ï
X%Ðu7uR%À f%g%hu\%
 Ü , xu?uHuIu?u  
%� : Ñ ã%Ò � OuP 8uB ¾%Óu  , �u�%À GNIV [u\ @u¬%½O�P 8�B ¤�Ô  �*�7 4 ��i�À 4 c�p � ��Á , |�}�~���� Ä Õ� �À�Õ�Ö�×�K�Ø�Ù�V�: 8�û À Ø�� � ��� . w

Chang À SN [�\ × 7 4 � Ø À d�e�Ú�Û , q�Ü�O�P 8�B���Ý o ( � 8�B�� µ 0.8), Ú�Û ø�ú Ý�Þ�ß . GNIV

[�\ @�¬�½ Ä Õ�¾�Ó� �*�7 4 s%à�À [�\ ) , q ��á N A T À�â�ã�w���à . ä . X�Ð ¹ 9 1�� À�O�P 8�B
¾�Ó�  , å�½ [�\ (GNIV ÷ CIPS ÷ SN ) *�7 4 s�i�À 4 c�p � ��Á , |�}�~���� Ä Õ� �À�Õ�Ö�×�K�æ)J�s�V: ´ û À Ø�� � ��� . � 3 @ T = 50, N = 30 C , GNIV [�\�A CIPS [�\ 7 4 � Ø À d�e�Ú�Û . @�¬�½ p
��ç ¿   , GNIV A SN [�\ À [�\ ) æ���à�Ð CIPS [�\ .

� m , f�g�
 Ü Ø É , GNIV [�\ @�¬�½ Ä Õ�¾�Ó)Ñ�æ�7 4 ��i�À�È�� , q�Ü�è�Ð�Ð�� ¡ ½ [�\ ° £ .

5 écê
� � @ Chang À�X�ë � , r�ì�í B ð�ñ A Chang À NIV Y�Z 
�î�ï + , ò�� ­�® ¯�°�±�²�³ k�l�O�P~�l m�S�À 8�B�� , ò�� NIV Y�Z�H�I b�c�d�e E ^�_�`�a d�e À�¬�O�P�Q�R�À t J�K , v�w���z |�}�~��� À GNIV [�\ . f�g�h�\�
 Ü Ø É , ����>�����À GNIV [�\ í � @�O�P ~�l m�S�L 8�B ÷ðm 8�B ÷ � 3o 8uB ¾%Óu  , í � 3 @ ã%Ò �u8uBuÄ Õ%Ó%ñu  , � 3 @uX%Ð ¹ 9 1%� À 8uBuÄ Õ%Ó%ñu  , *u7 4 � i%À 4

c�p � ��Á A s�à�À [�\ ) , � Ø è�Ð Chang À SN [�\�A Pesaran À CIPS [�\ . >�?�ò , í � 3 ´ O�P8�B � 3 O�P�L 8�B À |�}�µ�¶ w�ó , GNIV [�\�] Z�G�æ�7 4�ô�õ�� .ö�÷
:
���

1

}�ø�ù
1 E ∆yi,t−1, · · · , ∆yi,t−p æ 3 � ô À , ú (6) x Þ , ∆y∗

i,t−1, · · · , ∆y∗
i,t−p

ø æ 3 � ô À . 1 E F (y∗
i,t−1)3 ç�û�x�Ô�À , ��¶ Chang ÷ Park A Phillips[8] À ü�ý 5(e)—— ~�ü � ¤ À�x�Ô�F�Ç 6�� ô ð�ñ l muS 3� : `�Æ À , 1 w 4

T−3/4
T
∑

t=1

F (y∗
i,t−1)∆y∗

i,t−k →p0, k = 1, · · · , p

­ :

T
∑

t=1

F (y∗
i,t−1)X

∗
i = op(T

3/4) (A1)

Ø�Ù
, X∗

i
3 p ��À�ý�G � ô � ¤ , ��¶ Chang À ��� � ¤ :

∣

∣

∣

∣

∣

∣

T
∑

t=1

F (y∗
i,t−1)X

∗′

it

(

T
∑

t=1

X∗
itX

∗′

it

)−1 T
∑

t=1

X∗
itε

∗
it

∣

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

T
∑

t=1

F (y∗
i,t−1)X

∗′

it

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(

T
∑

t=1

X∗
itX

∗′

it

)−1
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

T
∑

t=1

X∗
itε

∗
it

∣

∣

∣

∣

∣

= op(T
3/4)Op(T

−1)Op(T
1/2) = op(T

1/4) (A2)

A
∣

∣

∣

∣

∣

∣

T
∑

t=1

F (y∗
i,t−1)X

∗′

it

(

T
∑

t=1

X∗
itX

∗′

it

)−1 T
∑

t=1

X∗
itF (y∗

i,t−1)

∣

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

T
∑

t=1

F (y∗
i,t−1)X

∗′

it

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(

T
∑

t=1

X∗
itX

∗′

it

)−1
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

T
∑

t=1

X∗
itF (y∗

i,t−1)

∣

∣

∣

∣

∣

= op(T
3/4)Op(T

−1)op(T
3/4) = op(T

1/2) (A3)
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Ai = F (y∗
i,−1)

′ε∗it − F (y∗
i,−1)

′X∗
i (X∗′

i X∗
i )−1X∗′

i ε∗it

Bi = F (y∗
i,−1)

′y∗
i,−1 − F (y∗

i,−1)
′X∗

i (X∗′

i X∗
i )−1X∗′

i y∗
i,−1

Ci = F (y∗
i,−1)

′F (y∗
i,−1) − F (y∗

i,−1)
′X∗

i (X∗′

i X∗
i )−1X∗′

i F (y∗
i,−1)X�Ð (A2) A (A3), x�H :

T−1/4Ai = T−1/4
T
∑

t=1

F (y∗
i,t−1)ε

∗
it + op(1) (A4)

T−1/2Ci = T−1/2
T
∑

t=1

F (y∗
i,t−1)

2 + op(1) (A5)

1 w (7) Ñ α̂i À t J�K�x�È�É E :

tαi
=

B−1
i Ai

(B−2
i Ci)1/2

=

T−1/4
T
∑

t=1
F (y∗

i,t−1)ε
∗
it

(T−1/2
T
∑

t=1
F (y∗

i,t−1)
2)1/2

+ op(1) (A6)

��¶ Chang ÷ Park A Phillips[8] À ü�ý 5(c), H�I :

T−1/4
T
∑

t=1

F (y∗
i,t−1)ε

∗
it →d

(

Li(1, 0)

∫ ∞

−∞
F (πi(1)s)2ds

)1/2

B(1) (A7)

��¶ Chang ÷ Park A Phillips À ü�ý 5(i), H�I :

T−1/2
T
∑

t=1

F (y∗
i,t−1)

2 →d Li(1, 0)

∫ ∞

−∞
F (πi(1)s)2ds, (A8)

Ð)Ñ Li(t, s) = lim
δ→0

1
2δ

∫ t

0 1{|F (r) − s| < δ}dr, πi(1) = W i(1)−1, W i À�Õ�Ö�þ�ñ (2), B(1) È�É ^�_ e�ÿ ª�
. r (A7) A (A8) À 
�� õ�� (A6),

× 4 :

tαi
→d

(

Li(1, 0)
∫∞
−∞ F (πi(1)s)2ds

)1/2

B(1)
(

Li(1, 0)
∫∞
−∞ F (πi(1)s)2ds

)1/2
= B(1) (A9)

9�C ,
´ Ð i 6= j, � T → ∞, cor(ε∗i , ε

∗
j ) →p 0,

×
cor(y∗

it, y
∗
jt) →p 0, v�w 4 cor(tαi

, tαi
) →p 0. 1 E Σ̂ A Γ̂

d�k 3 Σ A Γ À ã�ä Y�Z , � ü�ý 1 ��{ .
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