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Joint optimal dynamic pricing and capacitated

lot sizing problem with perishable inventory
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Decision-making, Ministry of Education, Hefei 230009, China)

Abstract Material requirements planning research has typically assumed that the firm’s demands are

determined prior to order planning. In contrast, a class of capacitated lot sizing problems is considered,

which implicitly decides, through pricing decisions, the demand levels the firm should satisfy in order to

maximize contribution to profit. An algorithm based on dynamic programming is proposed, by which the

optimal pricing strategy and the optimal order strategy are obtained in polynomial time. The results show

that the algorithm can effectively solve the original problem. Also, in comparison with the decentralized

policy, the more rational prices can be set so as to maximize the form’s profit by the joint policy. Sensitivity

analysis of order capacity shows the effect of capacity on profit and pricing, by which the proper order capacity

level can be set. Sensitivity analysis of life perishability shows the remarkable effect of life perishbility on

order strategy.
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. Chang H. J.

!
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 »�¼ 	�é�ê ¬�­¡� z�ë �� �ì	�� ©�í ¼ � ��� ��� . Chen JM
�

Chen LT[3] å�æ ��Ô�Õ Ö ±�Ù�Û ����Ø �ÊÙ�Û���î Ø �Êç�è �  �ß�à� 	 ��� ª�« 
 »�¼ 	�é�ê ¬�­ . Feng Y.
�

Xiao B.[4] å�æ ����î ����Ö 	 »�¼ ����ï Þ�ð 	�é�ê ¬�­ .±�ñ�ò�� Ð�Ñ�Ò�Ó
,Gilbert S.M.[5] å�æ ��ó�ô ��Ö ê�õ���ö�÷�ø�ù °�ú�� 	 Ñ�Ò�Ó ,

ó ��Ö�û »�»�¼ ��� �ª�« 	�ü�ý�þ�ÿ ¬�­
. Bhattaacharjee

�
Ramesh[6] å�æ ��|�����î ����Ö � y�z�� ��|�»�� � ��� �ï�����	 �� �ª�« � »�¼ é�ê�	�


. Biller
!

[7] å�æ � ��� ��  û » ø�ù�	�� ��»�¼ 	�
 �
��������� µ�
. Geunes J[8]

! å�æ ��� # ° y�z�	 Þ���� ��� Û�� 	 »�¼ ����ï�� ×�ª�« 	�é�ê ¬�­ .õ������ å�æ ±�ñ�ò�� Ð ������� Ñ�Ò �¡�Úó ��Ö � ��»�¼ 
 �� �ª�« 	�é�ê ¬�­ .
��  ��ï���� × 


( � ��� �! ï���� �!"�# ��ï � ÷�$���ï���¶�%�&�'�!�����	 × 
 ). ��Ö � ��|�» 	�( î��¡�!) � ( î�� �
Ö ½���î�* ê�+ Ö .

y�z�,�-�.�/ �Ê®�°�0�1�� y�z�2 ¼�È Ð 	 � Û Æ�3 . 4�5�6�7  ���	�
 ������8�9 ��  ���	�µ �
.

1 :<;<=<>
õ�� 4�5 ± Ó�?�@ & 8�A�B�CEDF���� 	�y�z « 2 ¼�È�°�|�|���� 	 Æ�3 .

½�G¡� y�z « � ¼�È�° ! ¼ 	�H�I � §�¨ ��J�K�ù . L�M�NO�P�Q 2�R�S�T�U�V�W�X�Y 3[Z]\ 9 Q�^�_�` Z]a�b�c F�d�e X P�Q�f L�g�h�i f Z]j�k�l P�Q�f X�m�n .o�p�q n D
N : r�s eut X d�e n .

OCt : v t
d�e S�w�Xuxzy�{�|�} O

.

vt ~ v t
d�e X�����S�w�� a .

SCt ~ v t
d�e X�����S�w�����} O

.

Ct ~ v t
d�e X�{�|�T�U Z]a�b������ Ct L�� n C � X���� .

l ~ S�w�X���� e Z]� S�w�X���� e�� T���� l Z]��� S�w i � .

LT ~ {�|���� e .

I0 ~ e�� ��� f .

g�h�i f ~
Rt ~ v t

d�e S�w�X P�Q�f
.

Pt(Rt) = at − btRt ~ v t
d�e X�S�w���� j�k m�n .

Ht ~���� ��� Z]����r�s e ������{�|�� Z � v t(1 ≤ t ≤ LT )
d�e S�w�X���| f

.

Qt ~ ��� � v t − LT
d�e ����{��� �¡ Z]v t(LT + 1 ≤ t ≤ N)

d�e X���| f
.

yt ~ l�¢�£�¤�¥�¦�i f Z]v t
d�e�§�¨�© S�w���| Z]��ª�«�L 1 Z]����ª�«�L 0.��¬�­�®�¯�°�X�n�± _�`

(P1) ~
max TP =

N
∑

t = 1

Pt(Rt)Rt −

[

N
∑

t=1

OCtyt +

LT
∑

t=1

vtHt+

N
∑

t=LT+1

vtQt +

LT
∑

t=1

(I0 +

t
∑

i=1

(Hi − Ri))SCt+

N
∑

t=LT+1

(I0 +
LT
∑

i=1

(Hi − Ri) +
t

∑

i=LT+1

(Qi − Ri))SCt

]

(1)
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0 ≤ I0 +

t
∑

i=1

(Hi − Ri) ≤

min{LT,t+l}
∑

i=t+1

Ri t = 1, 2, · · · , LT (2)

0 ≤ I0 +

LT
∑

i=1

(Hi − Ri) +

t
∑

i=LT+1

(Qi − Ri) ≤

min{N,t+l}
∑

i=t+1

Ri, t = LT + 1, · · · , N (3)

0 ≤ Ht ≤ yt min







C,

min{LT,t+l}
∑

i=t

Ri







, t = 1, 2, · · · , LT (4)

0 ≤ Qt ≤ yt min







C,

min{N,t+l}
∑

i=t

Ri







, t = LT + 1, · · · , N (5)

yt ∈ {0, 1}, t = 1, 2, · · · , LT (6)

Rt,Pt(Rt) ≥ 0, t = 1, 2, · · · , LT (7)ÎÐÏ�m�n
(1) l�Ñ�Ò X�Ó N�Ô[Z�Õ�Ö Ó�×�Ø�Ù�Ú�Ó�� a[Z�ÛuÜ Ó�� a�Ý�Þ xßy�{�|�} O Z S�w�� a�à ���} OEáãâ�ä�å�æ

(2) à (3) ç Q�è d�e ��� f l�é�ê X áãâ�ä�å�æ (4) à (5) l {�|�T�U â�ä Z�ë�ì â�äí
6 îïà ÎÐÏ�m�n í

1 îïð�c�ñ�ò�v t
d�e l�� ��| á!â�ä�å�æ (6) ó y yt l�¤�¥�¦�i fEá!â�ä�å�æ (7) ç Q�ôd�e X P�Q�f à�j�k�l�é�ê X .

2 õ<ö<÷<ø<ù<úûøýü
þ v t

d�e�ÿ X���� f L It Z]�

It =















I0 +
t

∑

i=1

(Hi − Ri), t = 1, 2, · · · , LT

I0 +
LT
∑

i=1

(Hi − Ri) +
t

∑

i=LT+1

(Qi − Ri), t = LT + 1, · · · , N

L���\����[Z���� I0 = IN = 0.
§ ����� Z Ht à Qt 	 ����v t

d�e X���| f Z ��
 V�� � Ö ��� l
� r�s e ������{�|� �¡ Z�
 � l � r�s eut ����{�|� �¡ . L�� ��� \[Z O xt ����v t(1 ≤ t ≤ N)

d�e
X���| f

.

X(R) ��� P�Q��zf L R � X�� £ {�| r�s[Z]ÛuÜ R = {R1, R2 · · · , RN}.���
1
§�¨

It = 0 Z]��� d�e t L�� R�� á §�¨ 0 < xt < C Z]��� d�e t L���� {�| d�e .���
2

§�¨
Suv

í
1 ≤ u < v ≤ N îß����ð�� {�| r�s X(R)

X ¢�£����EZ � Suv = {xi, i =

u, u + 1, · · · v|Iu−1 = 0 = Iv ; Ii > 0, u ≤ i < v} ZÐ��� Suv l {�| r�s X(R)
X � {�| r�s . !�"�# ,

§�¨
u − 1 à u 	 l�� R�� Z%$�& Suu ' l R�S r�s X(R)

X � R�S r�s .���
3 (�Ö�� {�| r�s Suv Z §�¨�)�* � © ¢�£ d�e l���� {�| d�e ZÐÛ�+ d�e X���| f ç�&�L��EZ

ç�&�L {�|�T�U C Z]��� Suv L T�U�,�- � {�| r�s .���
4 (�Ö {�| r�s X(R) Z §�¨�. l�/ 0�1�£ T�U�,�- � {�| r�s�2 � Z]��� X(R) L T�U�,�-�{| r�s .3�4
1

§�¨
X ′(R) à X

′′

(R) l ��
 X ð�� {�| r�sEZ X(R) = αX ′(R) + (1 − α)X
′′

(R) Z Û Ü
0 < α < 1 Z]� X(R)

X � R�� ' l X ′(R) à X
′′

(R)
X � R�� .5�6 þ�d�e

k l X(R)
X�7�8 ¢�£�� R�� . /zÖ

k
∑

t=1

xt = α

k
∑

t=1

x′
t + (1 − α)

k
∑

t=1

x
′′

t (8)

� í
8 î 9 X�:�;�Ù�Ú k

∑

t=1
Rt Z=< � k

∑

t=1
(xt − Rt) = α

k
∑

t=1
(x′

t − Rt) + (1 − α)
k
∑

t=1
(x

′′

t − Rt) Z � Ik =

αI ′k + (1 − α)I
′′

k . >�L X ′(R) à X
′′

(R) l�ð�� {�| r�s[Z � c I ′k à I
′′

k l�é�ê X . ? Ik = 0 �[Z I ′k à I
′′

k

¢ y L 0.��4
1
T�U�,�-�{�| r�s X(R) (�@�Ö�ð���A X�B�� .
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5�6ON ��P :�Q�R�S�T .í
i î §�¨ X(R)

� l T�U�,�-�{�| r�s[Z]� . ¢ y � l�ð���A X�B�� .

/zÖ X(R)
� l T�U�,�-�{�| r�s[ZU>�V � � � £���r�s Suv ZUW���r�s t )�X�© : £ d�e b à d

í
1 ≤

u ≤ b < d ≤ v ≤ N î ~ 0 < xb < C Z 0 < xd < C.þ
δ = 0.5 min{xb, C − xb, xd, C − xd, minu≤t<v It}.þ
Ui l�¢�£ N Y �zf , ÛuÜzv i £ P f L 1 Z]Û�+ P f L 0.þ {�| r�s X ′(R) = X(R) − δUb + δUd à X

′′

(R) = X(R) + δUb − δUd. /zÖ δ > 0 Z�>�V X ′(R) à
X

′′

(R) l ��
 X�: £�ð�� {�| r�s . Z�[[Z X(R) = 0.5(X ′(R) + X
′′

(R)) Zã� X(R) l X ′(R) à X
′′

(R) \] X Ü � .í
ii î §�¨ ð�� ^ X(R)

� l B�� Z]� . ¢ y � l T�U�,�-�{�| r�s .

>�L X(R)
� l B�� Z � c � � : £ ��
 X ð�� ^ X ′(R) à X

′′

(R) Z%^
X(R) = αX ′(R) + (1 − α)X

′′

(R) (9)

� � � d�e b1(u ≤ b1 ≤ v) Z © x′
b1

6= x
′′

b1
ZãÛuÜ d�e u − 1 à v l X(R)

X�: £�\�_�� R�� . / `�a 1

ð ¡ Z u− 1 à v ' l X ′(R) à X
′′

(R)
X�: £�� R�� . >�V[Z � d�e u− 1

�
v
V�W Z )�X � � : £�c�b de

b1, b2, · · · Z © x′
b1

6= x′′
b1
Z x′

b2
6= x′′

b2
Z · · ·.��¬ c b1 L�c[Z S�T 0 < xb1 < C.d�S�e Z%��� xb1=0 f xb1=C.

/zÖ X ′(R) à X
′′

(R) l�ð�� ^ Z%>�V 0 ≤ x′
b1

≤ C Z 0 ≤ x
′′

b1
≤ C.

? xb1=0 �[Zg/ í 9 î]ð ¡ Z x′
b1

= x
′′

b1
=0 Z%h�i x′

b1
6= x

′′

b1 j�k�l .

? xb1=C �[Zg/ í 9 î]ð ¡ Z x′
b1

= x
′′

b1
= C Z%i x′

b1
6= x

′′

b1 j�k�lm
0 < xb1 < C.


 a�ð S Z 0 < xb2 < C. X(R) � \�_�� R�� u − 1 à v
V�W )�X�© : £���� {�| de

. >�V[Z X(R)
� l T�U�,�-�{�| r�s .

/ í i î]à í
ii î]ð�<[Z T�U�,�-�{�| r�s X(R) (�@�Ö�ð���A X�B�� .

S�T n�o
.

3 prqrsrt<÷ruGvEwExGy
3.1 z�{�|�}�~������

/zÖ�� ¯�° ð���A�l�� ��� ÎÐÏ�m�n l�� m�n Z�>�V ÎÐÏ�m�n � � £ B������������ . ��� y a 1 Z �
� � £ ��� ^ Z . l T�U�,�-�{�| r�s . >��EZ Q�^ � ¯�°�X�Y���V�� � Ö Q�^ . X � ¯�° (u, v) Z Û Ü
1 ≤ u ≤ v ≤ N .

��¬ c�� ¯�° (1, n)(1 ≤ n ≤ N) L�c[Z������ ¯�°�X Q�^ ��e . tf ������� {�| d�e Z m

��� {�|���n Z S ��� {�| r�s X�{�| d�e ��ì .

xtf
=

n
∑

i=1

Rt − (m − 1)C (10)

� í
10 î%9�� Ø _�` í

P1 î Z%��� y a 1 Z%< ����¬�X _�` í
P2 î ~

min







tf−1
∑

t=1



Pt(Rt) − vtf
+

tf−1
∑

i=t

SCi



 Rt +

n
∑

t=tf



Pt(Rt) − vtf
−

t−1
∑

i=tf

SCi



 Rt







+







C





∑

ti∈S−{tf}

(vtf
− vti

) −
∑

ti∈S,i<f

tf−1
∑

j=ti

SCj +
∑

ti∈S,i>f

ti−1
∑

j=tf

SCj



 −
∑

ti∈S

OCti







(11)

s.t.

t
∑

i=j

Rj ≤
∑

ti∈S,ti≤t

Cti
, t = 1, 2, · · · , tf − 1 (12)
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n
∑

j=t+1

Rj ≥
∑

ti∈S,ti>t

Cti
, t = tf , tf + 1, · · · , n (13)

0 ≤

n
∑

j=1

Rj −
∑

ti∈S,i6=f

Cti
≤ Ctf

(14)

∑

ti∈S,ti≤t

Cti
−

t
∑

j=1

Rj ≤

min{n,t+l}
∑

j=t+1

Rj , t = 1, 2, · · · , tf − 1 (15)

n
∑

j=t+1

Rj −
∑

ti∈S,ti>t

Cti
≤

min{n,t+l}
∑

j=t+1

Rj , t = tf , tf + 1, · · · , n (16)

Rt ≥ 0, Pt(Rt) ≥ 0, t = 1, 2, · · · , n (17)â�ä�å�æ
(12) à (13)

��S è d�e X P�Q < ����� á�â�ä�å�æ (14) ç Q � ��� {�| d�e X�{�| f l�é
ê X � � ����{�|�T�U á�â�ä�å�æ (15) à (16) ç Q S�w�X���� � T���� l £ d�e í � ��S�S�w�� © i � î áâ�ä�å�æ

(17) ç Q�è d�e X P�Q�f à j @ X j�k�l�é�ê X .

(�Ö ­�y�X (m, tf ) Z P�Q�� i (11) 9 X v�¢�£���Þ�� j Y , i�v�¤�£���Þ���� Y á � R�S r�s�i�v�¢
£���Þ���� Y . >�V[Z]ð�c���� Q�^ � ¯�° (1, n)

X è d�e P�Q Z%[�
�¥���� f g�h .

3.2 z�{�|�}������������
��  _�` í

P2 î¶Ü X å�æ (12-16) 
[Z%< � _�` (P3):

max

tf−1
∑

t=1

(Pt(Rt) − vtf
+

tf−1
∑

i=t

SCi)Rt+

n
∑

t=tf

(Pt(Rt) − vtf
−

t−1
∑

i=tf

SCi)Rt (18)

s.t.

n
∑

i=1

Ri ≤ mC (19)

Rt ≥ 0, Pt(Rt) ≥ 0, t = 1, 2, · · · , n (20)â�ä�å�æ
(19) 9�ç Q r�s eut X�Ó P�Q � T�����Ó�{�| f .

§�¨ ­�y�{�|���n
m
í
1 ≤ m ≤ n î à����{�| d�e

tf (1 ≤ tf ≤ n) Z]��ð�c O�¡�p ó�s e Q�^ ® _�` í
P3 î .í

18 î¢9�l Y Ö Rt

X ¤ ��m�n . � Ft(R̃t) ����£�¤ P�Q L R̃t �[Z¢¥ d�e 1
� � d�e

t
ÿ X���¦ N�Ô .

c d�e n n L�§�¨ n Z d�e t
X P�Q�f L�g�h�i f Z©¥ d�e 1

� d�e
t
X ¤�£ P�Q�f R̃t L o�p i f . ?

t < tf �[Z þ At = at − vtf
+

tf−1
∑

i=t

SCi

á ? t ≥ tf �[Z þ At = at − vtf
+

t−1
∑

i=tf

SCi. � ~
Ft(R̃t) = max Kt + LtR̃t + MtR̃

2
t = max Ft−1(R̃t − Rt) + (At − btRt)Rt (21)

/ (18) 9�à (21) 9�ð�c�< � d�e t
X���� P�Q ~

R∗
t =

At − Lt−1 − 2Mt−1R̃t

2(bt − Mt−1)
(22)

/ (18) ª (21) à (22) 9[Z%< � (21) 9�« n�X�¬�­�Y «�9 ~
Kt =

(At − Lt−1)
2

4(bt − Mt−1)
+ Kt−1 (23)

Lt =
Lt−1bt − Mt−1At

bt − Mt−1
(24)

Mt =
Mt−1bt

bt − Mt−1
(25)

®�¯ P�Q��zf
(R∗

1, · · · , R
∗
n) l�� ��� â�ä�å�æ ~

t
∑

i=1

R∗
i ≤ tC, t = 1, · · · , n (26)

§�¨ P�Q��zf
(R∗

1, · · · , R
∗
n)
� ���

(26) 9[ZÐ� ��° ¥���� f g�h[ZÐN�Ô���L�± P�² X ê n á ����³ �
3.3 ´�¥���� f g�h . /zÖ (26) 9�µ â�ä�å�æ (12–16) ¶ � Z%>�V ��·�¸�¹ ��� ^ .
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3.3 z�{�|�}�º�»��������
(�Ö � 3.2 ´uÜ Q < X P�Q��zf (R∗

1, · · · , R
∗
n) Z _�` (P2)

ÎÐÏ�m�n�X�Ó�×�¼ N
∑

t=1
Pt(R

∗
t )R

∗
t l�� n , >

� ÎÐÏ�m�n�m�n Õ�j�Ö � ²�½ Ó�� a .
þ

TC(m, tf , t) ����¥ d�e 1
� � d�e

t
ÿ Z {�|���n L m ª¾��� {| d�e L tf � X�� ² Ó�� a .

��¬�¿ À�Á�® ��� {�| d�e X�{�| f L xtf
=

n
∑

i=1

R∗
i − (m − 1)C.

TC(0, 0, 0) = 0 (27)

? 1 ≤ t < tf � ~

TC(m, tf , t) = min















TC(m − 1, tf , t − 1) + OCt + vtC + SCt(
∑

ti∈s,ti≤t

Cti
−

t
∑

j=1

R∗
j ) yt = 1

TC(m, tf , t − 1) + SCt(
∑

ti∈s,ti≤t

Cti
−

t
∑

j=1

R∗
j ) yt = 0















(28)

? t = tf � ~
TC(m, tf , tf ) =







TC(m − 1, tf , tf − 1) + OCtf
+ vtf

xtf
+ SCtf

(
n

∑

j=tf +1

R∗
j −

∑

ti∈S,ti>tf

Cti
)







(29)

? n ≥ t > tf � ~

TC(m, tf , t) = min















TC(m − 1, tf , t − 1) + OCt + vtC + SCt(
n
∑

j=t+1

R∗
j −

∑

ti∈S,ti>t

Cti
) yt = 1

TC(m, tf , t − 1) + SCt(
n
∑

j=t+1

R∗
j −

∑

ti∈S,ti>t

Cti
) yt = 0















(30)

Â O�¡�p ó�s�Ã�Ä ¬�­ Ñ�9 (27)-(30) ë�ì â�ä�å�æ (12)-(17)
Q�^�_�` í

P2 î Z < � � ¯�° (1, n) �
(m, tf ) � X���� P�Q��zf ª ����{�| r�s�à ��� N�Ô . � ¯�° (1, n) � Û . {�|���n à���� d�e ��� � XQ�^ ��e�Å�Æ

3.2 à 3.3
X Q�^ ��e

. � � © ð T�X (m, tf ) (1 ≤ m ≤ n Z 1 ≤ tf ≤ n)
��� Ü ZãN�Ô ��¦��Ç Û�(�@ X P�Q��zf à {�| r�s�È�l�� ¯�° (1, n)

X���� ^
.

3.4 É�Ê�{�|�}���Ë����þ
F (t) ����¥�r�s e�� � d�e t

ÿ X���¦ N�Ô[Z Ejt ����� ¯�° (j, t)
X���¦ N�Ô . ð�c�< ����¬�X¡�p ó�s�Ã ­�Y «�9 ~

F (0) = 0 (31)

F (t) = max
1≤j≤t

{F (j − 1) + Ejt}, t = 1, 2, · · · , N (32)

��� 3.2 à 3.3 Z�ð�c Q�^ ® Ejt. / (31) à (32) 9�ð�c�Ã ­ Q�^ ® � ¯�°�X���¦ N�ÔÌª ��� P�Q ( j
k )
�zf à ����{�| r�s .

4 ÍrÎrÏrÐrÑrÍGÒEÓEÔ
4.1 Õ�Ö��¬�­�®�×�e�X�Ø�Ù�Q�Ú ~Û�Ü

1 (�Ö�� ¯�° (u, v)(1 ≤ u ≤ v ≤ N) Z©� {�|���n L m(0 ≤ m ≤ u − v + 1) Z©��� {�| d�e L
tf (u ≤ tf ≤ v).Û�Ü

2
Â O

3.2 ´uÜ X (21-25) 9[Z O Ã ­ ^ e Q�^�_�` (P3) Z%< � (m, tf ) � X���� P�Q��zf .

(i)
��Ý ½E~ c d�e t(u ≤ t ≤ v)

X £�¤ P�Q�f R̃t =
t

∑

j=u

Rj L o�p i f Z�c d�e t
X P�Q�f

Rt L�g�h
i f Z d�e n u − v + 1 L�§�¨ n Z R̃0 = 0 Z F (0) = 0.

(ii) ��� (23-25) 9�r × (21) 9 X è�Þ « n .

(iii) ��� (22) 9 Q < è d�e P�Q m�n � � 9 í Y Ö�£�¤ P�Q X�m�n ).

(iv)
Q�^ ® d�e

v
X P�Q�f Z%[�
�ß ­�×�® Û�+ è d�e X P�Q�f .Û�Ü

3
q � 3.3 ´[Z Â O�¡�p ó�s�Ã ­ Ñ�9 (27)–(30) ¥���� f g�h .
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Û�Ü
4 (�Ö�� ¯�° (u, v)

X�{�|���n à���� {�| d�e X�� © ð T�à ì (m, tf ) Zâá�ã Q�Ú 2
) Q�Ú

3 Z
¥�� P�Q g�h�à�� f g�h .Û�Ü

5 � � ¯�° (u, v)
X�� © ð T�à ì (m, tf ) Ü ZUä y N�Ô ��¦�X�à ì[ZUW à ì�(�@ X���� P�Q��zf

à ����{�| r�s�å�� ¯�° (u, v)
X�����y j�g�h�à ����{�| r�s .Û�Ü

6
q � 3.4 ´[Z Â O�¡�p ó�s�Ã ­ ^ e Zg/ (31) à (32) 9 Q�^ � ¯�°�X���¦ N�Ô .Û�Ü

7 ����� ¯�°���� g�h ��æ Ý�ç X � ¯�° Z¾< � � ¯�°�X���� P�Q ( j�k )
�zf à ����{�| r�s .

4.2 Õ�Ö�}�è�Õ�é�ê�ë�ì�í
/ ��¬�X P�î ð ¡ Z%(�Ö�� ¯�° (1, n) Z (m, tf )

©
n2 + 1 ï�ð T�X�à ì[Z ô ¢�£ (m, tf )

à ì�ð�c�< �
¢�£�j�k �zf . >�V[Z ����y j �zf n å O(n2). (�Ö ô ¢�£�j�k �zf Z=/ ¡�p ó�s ×�e ð�c Q�^ ® � ¯�°X�����{�| h�ð[Z Û�r × ã�ñ�ò�å O(n2)[9]. � ¯�°�� © ð T�X � ¯�°�n l 0.5N(N − 1). >�V[ZUó�£ ×�e�X
r × ã�ñ�ò�å O(N6).

5 ôrõrör÷
{�|�T�U l 25000 Z]i � e å 4 Z]Û�+ j Y q n�X « q ��� 1.ø

1 µ ù�M�ú�ì�g�h�à P�û g�h ��{�|�ü�ý < X N�Ô . ��P�û h�ð � Zþå���ÿ����[Zþ� y ô d�e P�Q�f
l�� y�X Z�����M Ø © ����� X 10 ï ��� . ¥ {�|�ü�X N�Ô���ò[Z]ð�c�< ® ú�ì�g�h�µ P�û g�h���� ��	 .



1 �
�
�
�
�� ³ 1 2 3 4 5 6 7 8 9 10

vt 25.2 25.4 25.4 25.4 25.5 25.2 25.6 25.6 25.7 25.7

SCt 0.2 0.22 0.22 0.21 0.21 0.2 0.22 0.22 0.23 0.23

OCt 18400 18500 18500 18400 18500 18500 18400 18500 18400 18400

at 30.7 30.8 30.9 30.9 30.9 30.6 30.7 30.6 30.9 30.8

bt 0.00028 0.00029 0.00029 0.0003 0.00027 0.00027 0.0003 0.0003 0.00029 0.00027
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ø
2 P�î M S�w i � e (�N�Ô X1012 Z ( {�|�ü l��131415 � �16�f17�¥18�9�c�\�:1;�i � e Z �1<

á�ç q � .
ø

3 P�î M {�|�T�U (�Ñ�Ò Ó N�Ô X10�2 .
ø

3 Ü�= ] b j�> :���W ] ¨ X�?1@ l j @ {�|�TU�A f X�;�B N�Ô . ? {�|�T�U���C �[Z {�|�ü ·�D�E ¦ f X�����F · Z�¥�� D�E M ¦ f X N�Ô á ? {�|�TU���G �[Z {�|�T�U�A f X�;�B N�Ô�H C Z�I ) å 0 Z ·�J�K ù C�X 3�4�L ¼ .ø
4 P�î�M {�|�N�O�P i ½ (�Q�R�j�k P�0�2 .

{�|�N�O�C Ö�¢ y�S Q��UTWV�X {�|�N�O�P�Y�C Tïj�kd � ��G . ? {�|�N�O�G Ö�¢ y�S Q�� , V�X {�|�N�O�P���G T j�k d � Y�C . ? {�|�N�O���G�� ¢ y1Z ò
�UT�[�\ � ��V {�|�N�O�P�] ½ � ] ½ . � Ü_^�¢�¨�`�^UT {�|�N�O (�Q�R�[�\ P�0�2�a ��b y�P .

6 öry
c�d�e�f M�g�h�i ��j ¡ ª © -�k�l�N�O�� T ]�m ��n�o P�p [�q k�l1r�s�P�t1u�v�w�x1y . z�{ u�|} p [ v1w q k1l1v1w T_~1�1�1�1�1�1�1� P1�1� . �1�1�1�1�1�1�1�1�1�1�1�1�1���_�1�1�1�1�1�1�1�

O(T 6)  ¢¡1£1�1¤ x1y �1�1¥1¦ l1§ �1q1¨1©1ª1�1¥1«1¬ . ­ m ª1�1®1¯1°1±1²1³1´1µ1¶1·1¸1¹1º1»1¼1½¾�¿�À �Á��Â�Ã�Ä�n�o�­�Å�ª���Æ�Ç�È�É�Ê . ¦�Ë�Ì�Í�³ ��� ��®�¯�°�±�²�³�Î�Ï�Ð�Ñ�n�o�±�Ò�Ó�Ô���¦�Ë
Ì�ÍU�Õ��Ö�¶�·�×�Ø�Ù�Ú�Û�Ü�Ý�Þ . ¦�Ë�Ì�Í�³�ß�à�«�¬���®�¯�°�±�²���� p�á °�âäãå�Õ·�æ�ç�è1��Î�Ï�Ð
����é�³�ê p ��ë�ì�íU�îz�{�ï1Ö�� p «��1��ï1Ñ |1ð � ���òñôó�õ Í�ö1�1��Î1Ï�Ð1���1z�{1ï�÷1� p «��
��Ö�ø�ù�ú�Ú�ûU������ï�Ñ |�ð � ��� .
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