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Optimal order policy for deteriorating items under the conditions of

two-warehouse and delay in payments
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Abstract The existed deterministic two-warehouse inventory models usually did not consider the delay in

payments. However, in the real life, trade credit is an important factor that makes the inventory manager

to enlarge order quantity. To solve it, under the situation of shipping items in the rented warehouse to the

owned warehouse through employing continuous shipment pattern, a new two-warehouse inventory model

for deteriorating items with permissible delay in payments is developed, hence the two-warehouse system is

further extended. Then we provide theoretical analysis of the optimal solutions to the considered problem

and a simple method is given for finding the optimal order policy. At last, numerical examples and sensitive

analysis of parameters are presented to illustrate the developed model.

Keywords two-warehouse; delay in payments; deteriorating items; inventory

1 ÐÒÑ
ÓQÔQÕQÖQ×QØQÙQÚQÛQÜQÝQÞ �MßOàQáQâ�ãQäQå�æ , çQèQéQêQëQì ×QíQîQïQðQñQòQó (EOQ) ô ïQðQÜQÝó

(EPQ).
ïQõ à ÓQÔQöQ÷QøQùQúQûQüQý âQþQÿ�������� î�� þQÿ�������	Qà�
 ó , ����������Q���Qà���

, ���������¡ß�����þ�ÿ�à�
 ó � × ��	�à . ���������à Ó�Ô�Þ �¡ß , � Ô ����� ù��� �Ó�Ô�Þ ��! ñ
"$#&%('

: 2007-05-10)$*$+&,
: -$.&/(0$1$2$3$4 (70771034, 70631003); 5$6$7$8$9$:$;$<$=$>$? (NCET-05-0557); @$A$B$C$2$1$D$E$F$1$G$3

4 (20060359007); H$I$J$K$L$M&/(0$1$2$3$4 (KJ2008A030); H$I$J$@$A$N�$K$O$1$G$P$Q$>$? (2007jq1091)R$S$T$U
: V$W (1978–), X , Y , H$I$Z$[$: , \$K$] , B$C$G$^$_ , G$^$`&a : b$c$d$e$f$8$gihkj$lmfmnmompmq$r , Email:

minjie@aiai.edu.cn.



�
3 � V$W , s : t$u$v$w$x$y$z��${$|$}$~$�$�$�$�$j$�$�m�$8$�mu$�$� 91

ò à���� ó���� çQþQÿ�
 ó à�� � . �i� ñ þ óQù , ������������� ø���� à��������Qô�!�����à ò��������  æ�¡�¢ ;
Ü�Ý�£ ¢�����à Ý ����¤ Ý � , ��ç�¥�¦�¢¨§�¥ ò ����©�ª���«�¬ . �®�����¯�� ��° ,

Ó�Ô
����ä�®²±�³�´�µ�¶�à�· Ó , ä�®�¸ ��¹�º à�· Ó , ��´�µ�¶�· Ó à�á�»�¼�½�¾�� ø , ¿�À Ó�Ô ����Á�Á�ÂÃ ¸ ��¹�º à�· Ó�ÄQÔ�Å���� ±i³£þ�ÿ�
 ó à��Æ�å���� . á�Ç Ä�È , ¸ � þQÿ (Rented Warehouse, RW)

à Ó�Ô�É�Þ�����Ê�Ë�Ó�Ô ���²±�³£à�þ�ÿ (Owned Warehouse, OW) à Ó�Ô�É�Þ���� , ������Ì�þ�ÿ����
ß , RW à�����Í�Î�Ï ��Ä�Ð�Ñ�Ò�Ó , ç�» × OW à���� . ��Ô�Õ�!�ª�Ì�þ�ÿ Ó�Ô�ö�÷�Ö�×ÙØ á î à�ÚÛ

, Ü�è�é�à�Ì�þ�ÿ Ó�Ô�ö�÷�×¨Ý Hartely[1] Í�Î���Þ�à , ß���� Ø á�â í�î Ü�� ñ þ ó à�à�á�â�ã�ä , å×�æ�ö�÷ � û�ü�ç�è�Û�é�ê . Sarma[2] ë á�ì�á Ö�Ø�í ����	�î�ï�ð Û�ç�è à é�ê ¼�����à�Ì�þ�ÿ Ó�Ô�ö÷
, Pakkala

Û
Achary[3] ñ � Sarma[2] àQè�ò�ó ûQü�Ø ��	�î�ï�ð�à�� � . ��ó�ô���¯ öQ÷ ß Ò�Ó ��Ï��îQ×�õ�ö

, Goswami
Û

Chaudhuri[4] ÷ �QûQü�ø ¼�ù é�Ò�Ó�ú � î�û RW
Ø�ü ����ý OW à Ø�þ�����ÿ� ËQØ�þQó ��á Ö�Ø ÌQþQÿ ÓQÔ �Q� . Bhunia

Û
Maiti[5] ��Þ Ø áQâ���	�����¢ § í � ø ¼���� Ò�Ó ���

� ç�è á Ü à é�ê ¼����Qà�ÌQþQÿ ÓQÔQöQ÷ , ��	�� £�
�� [6] � ç����ý���	�����¢�� � . Goyal
Û

Giri[7]

ª���ù��i�Qà é�ê ¼����Qà�ÌQþQÿ ÓQÔQöQ÷ ë�� Ø�� ô . ����� Û�£�
�� [8] � ª Ò�Ó�� ù���� é�� à���� ,
÷ �QûQü ��������� � ÌQþ�ÿ�����Õ Ø ë á�ì�� Ö , Zhou

Û
Yang[9] ì Ò�Ó� QÓQÔ�!�"�#�$ à�� � ��Ú ÛØ ÌQþQÿ öQ÷ , Yang[10] ñ � ÷ þ�%�& Û ��� ç�è à�'�( °�)�*�+�,�-�.�/�0�1�2�3�4 ��� .5�6�7�8 2�3�4�9�:�;�<�=�>�?�@�A�B�C

,
;�<�=�>�B�C�D�E�F�G

, Dye H�I [11] J�K�L�M�N�O 9�P , QR�S�T�U�V�W�X�Y�Z�[�\
RW N�] U�V�W�X /�0�^ OW, _�`�a + U�V�b�c B�C�d�e�F�G�1�2�3�4�f�g�9:

. h
_ ,
8�i 2�3�4�9�:�j�k c�l�m�n�o f�g�p�q�r�s�t�u�v�/�0�1 U�V�w ;�x�y

——
@�A�v�z�{ K�|G�}�~

, Q j 6 =�>�u�3�t�1�^�����v�z�����1���� 6���� 1 .
5������ 1�/������������ c�������6����

S�T 1
, ��� Gupta � Wang[12] ��� 1���� , ��� }�~���� U�� B ���� �¡�¢�£ P�¤�+�¥�¦�§�z £ ( ¨�©

� )
s�ª�t�u�3 7�«

, ¬� 7�o�®�¯ £�° z £ 1 ¡ K�±�² c�³�´�µ +�¶ ,
y�·�¸�¹ µ g ��º �� �»�¼ � .

� @
A�v�z�{ K�| G�}�~�1�½�¾ ��¿�À , ¨�©�� 6�Á�Y�Â�Ã�Ä � }�~�v�z�����1�Å�Æ ,

5�6�Ç�È +�·�É�Ê ����Ë¥�E�Ì�}�~
, ¨�©���Í ;�}�~�Î Ä 1�Å�Æ . � · 7�Ï , ¨�©�� ; w�Ð�l�mÒÑ�Ó 1�Ô�Õ�u�3�t ,

7�o�® ����Ö ®
Ô�s�1 ��¿�×�Ø

. Ù ��8 ½ V�Ú�Û §�Ü�+�Ý�Þ `�a r�1�ß�à , � Goyal[13]
� @�A�v�z�{ K�| G�}�~�1 '�(á�â�ã °�ä�å u�3�ª�t�9�: (EOQ) æ�ç +�è�é ,

5�6�ê 9�:�=�> J v�ë�ì H º ¨�© ×�í�î k c�l�m ,�-�./�0�1�ï�ð
. Aggarwal � Jaggi[14] ñ�ò�ó ¸�ô�,�-�.�/�0�1�f�g�9�: , õ�ö�÷ Jamal[15] H�I�ø ñ B�C�1�ïð�§��

Aggarwal � Jaggi
1�9�: _ ��+ æ U�ù 1 ó ¸ . ú G�A�Þ `�a r l�m +�A�Þ�ï�ð á @�A�v�z�{ K�|G�}�~�1�f�g�9�:

[16−21]. _ ì�û � @�A�v�z�{ K�| G�}�~�1 '�( á , ü�ý + U�� ,�-�.�/�0�1�2�3�4�f�g9�:
,

h G�)�*�+�9�:�Ô�Õ�¶�1�g � .�þ�ÿ U .
,
��f�g�p�q�r���� 6�� ;�� K 3�4 7 þ�����Ô�Õ�u�3�t�1

����� Ã +�q�*�	�
���� W £�� .
Ô�G K �� )�*�+�9�: ����� ��1 Ä K .

2 ���������
��+�� º�������� 1�����9�:

, � � â�� � 7 á =���������1���� :

1)  N � ��! ,
î ?�@�A�C�3

;

2)
Y�Z�" ��#�$

D;

3)
u�v�1�/�0�� ��c #�$�,�- " 1�/�0

,
î /�0�,�-�G Á�%�Ø

;
=�> �

OW � RW
�'&�g�/�0 � ò ,- " e�(��

θ � λ , ) # RW
1�g�& '�( ;�* º OW,

y�·�=��
λ ≥θ;

4) W +�, OW
1�f�g�-�t

, ho +�, OW
� W�X � 0 W�X���¿ 1�f�g�.�p�{ K ;

5)
=�>

RW
1�f�g�-�t Á Ê�s

, hr +�, RW
� W�X � 0 W�X���¿ 1�f�g�.�p�{ K ,

l�m ^ ��� ï ² c
hr ≥ ho, / 7�0 ¨�©�� Y ;�� K 3�4 � ,

Ä � ¨�© RW
��1�/�0�1 ¨�© OW

��1�/�0
;
��.�2�Ô�Õ�¶�1�g

�
,
ì�9�: æ U�ù =�> θhr ≥λho;

6) � � Dye H�I [11],
0�Y ;�� K 3�4�f�g�/�0 � ,

ì�9�: J�K�L�M�N�O 9�P ñ RW
��1�/�0 N ^ OW,
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Q R�S�T�U�V�W�X�Y�Z�[�\ RW N�] U�V�W�X /�0�^ OW, @ ô RW

��1�/�0 ¨�© D�A ;
����B�C�\

RWN�] /�0�^ OW
1 ��¿ � { K ;

7) K, c, s
e�( +�,�¨�©�� R ã u�3�1�u�3�{ K ,

W�X � 0�1�v�z�{ K ,
W�X � 0�1 ¨�© ×�í ,

î
c ≤ s;

8) T
� R�V u�3�D � 1�E�F (

����,�t
); Q

6�R D � 1�u�3�t ;

9) To +�,�¨�©���G u�v W
V � 0 � / Y ;�1�u�3�D � 1�E�F (

#�t
); H
h 0

T ≤ To

�
,
? Y ;�� K3�4

,
� Í [ ;�� K 3�4 Ï f�g Ç � Ñ�Ó 3�4�-�t�1���d�e�/�0 ;

10) Tw +�,�¨�©�� Y ;�� K 3�4 � , / � K 3�4 RW
1�f�g�I�J�K���!�1 ��L

(
,�t

);

11) Io(t) +�, k c � K 3�4 � OW
�

t
��L 1�f�g�I�J

, Io1(t) +�, � K 3�4 � OW
��M�¿

(0, Tw)
À

t
��L 1�f�g�I�J

, _ Io2(t) +�, OW
��M�¿

(Tw, T )
À 1�f�g�I�J

, Ir(t) Í�+�, RW
��M�¿

(0, Tw)
À

t��L 1�f�g�I�J
;

12) M
��@�A�1�v�z�{ K�| G�}�~ � ,

l�m ^ ��� ��ª S ��) #�N ) È � E | G�}�~ � E�F�1�� C�Ï�Oo ¨�©�� u�v ³ Þ�1�/�0 ,
ì�û�=�>

M > To.
@�A�1 | G�}�~ ��Ë ^ � � ¨�©��� 7�P ¤�Å�Æ î  7 Å K

/ ® ¨�©�Q ��R�S U ��1�Å�Æ , _ ^ � G Í ;�}�~�Î Ä 1�Å�Æ ;

13) TM +�, Tw T ´ H º M
��U�V u�3�D � T

1�E�F
(
#�t

), H
h c

TM > M > To;

14) Ip

� W�X f�g W�X���¿ 1�}�~�Å�Æ
, Ie

� W�X f�g W�X���¿ 1 Q�V Å�Æ ;
l�m ^ ��� ��g ¢ Å " 1s�W�X�� 7 þ���.�2�9�:�Ô�Õ�¶�1�g �

,
ì�û�=�>

cIp ≥sIe;

15) AC(T ) +�, U�V u�3�D � À ¨�©�� 1�J�Y�ë�ì .

3 Z�[�\�]
^�º�8�_ 1�e�`���=��

,
U�V f�g���� N ç È�a � á :

â�� ��R�V u�3�D ��b Q
W�X 1 � 0�^���f�g���

, c Q ≤ W ( d T ≤ To), Í�¨�©�� ? Y ;�� K 3�4 .
��<�e º ¨�©�� ,�- � T

��L
OW

1�f�g�K���!
,ô�· U�V u�3�D ��f�g ,

h G�h�i æ�ç u�3 .
y�· +�, OW

f�g�I�J�,�j�1 ±�k £ a � :

dIo(t)

dt
= −D − θIo(t), 0 ≤ t ≤ T (1)ß�à�^�l�m�n ( Io(T )=0,

8�i £ a 1�¶�� :

Io(t) =
D

θ
(eθ(T−t) − 1), 0 ≤ t ≤ T (2)º�6

Q ≤ W ( d T ≤ To)
�

, ¨�©�� R D � 1�u�3�t�� :

Q = Io(0) =
D

θ
(eθT − 1) (3)�

(3)
P��'o

Q = W , �p�q � To

1 Ø
, Q

To =
1

θ
ln

(

1 +
θW

D

)

(4)

5�0
Q > W ( d T > To)

�
,
Y ;�� K 3�4 RW

Ï f�g�/�0
. r 
�=�� ,

â�� ; ¨�© RW
��1�/�0

, Í ��M¿
(0, Tw)

À
RW
��1�/�0�e º ¨�©�� ,�- _ � Tw

��L f�g�K���!
,
y�·

Ir(t)
,�j�1�s�e £ a �+�, � :

dIr(t)

dt
= −D − λIr(t), 0 ≤ t ≤ Tw (5)Å K l�m�n ( Ir(Tw)=0, £ a (5)

1�¶��
:

Ir(t) =
D

λ
(eλ(Tw−t) − 1), 0 ≤ t ≤ Tw (6)

_ � (0, Tw)
À

, OW
��1�/�0�t h k c ¨�© ,

5�6 y���,�- _ o�® ò f�g�I�J á K , ò f�g�I�J�,�j�1�s�e
£ a � :

dIo1(t)

dt
= −θIo1(t), 0 ≤ t ≤ Tw (7)

ß�à�^�l�m�n ( Io1(0)=W ,
8�i £ a 1�¶�� :

Io1(t) = W e−θt, 0 ≤ t ≤ Tw (8)
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0
t = Tw

�
, RW

��1�/�0 ¨�© D�A ����� ¨�© OW
��1�/�0

,
î�0

t = T
�

OW
1�f�g�I�J�,��

!
,
ô�· U�V u�3�D ��f�g , ö�÷ h�i æ�ç u�3 .

y�· ��M�¿
[Tw, T ]

À
, OW

1�f�g�I�J�,�j�1�s�e £ a � :

dIo2(t)

dt
= −D − θIo2(t), Tw ≤ t ≤ T (9)Å K l�m�n ( Io2(T )=0,

s�e £ a (9)
1�¶��

:

Io2(t) =
D

θ
(eθ(T−t) − 1), Tw ≤ t ≤ T (10)y��

OW
1�f�g�I�J �

Tw � 6 L�M ,�j�1 , / 7�c Io1(Tw) = Io2(Tw), Q
W e−θTw =

D

θ
(eθ(T−Tw) − 1) (11)


�·  Z � RW
1�f�g�I�J�K���!�1 ��L �

:

Tw =
1

θ
ln

(

eθT −
θW

D

)

(12)

æ U�ù ,
�

(12)
P��'o

Tw = M  ® :

TM =
1

θ
ln

(

eθM +
θW

D

)

(13)

e 7�8 e�`��
,
0

Q > W ( d T > To)
� 2�3�4���� R D � 1�u�3�t�� :

Q = W + Ir(0) = W +
D

λ
(eλTw − 1) (14)

H
h
¨�©�� U�V u�3�D � À 1�ë�ì���$�e 7 á�� V d�e���ë :

1)
R D � 1�u�3�{ K � K

2)
R D � RW

1�f�g�{ K
� 0

T ≤ To

�
,
e º k c � K 3�4 , / 7 RW

1�f�g�{ K � 0;� 0
T > To

�
,
{ K � hr

∫ Tw

0 Ir(t)dt =hr

[

D
λ2 (eλTw − 1) − DTw

λ

]

.

3)
R D � OW

1�f�g�{ K
� 0

T ≤ To

�
,
{ K � ho

∫ T

0
Io(t)dt =ho[

D
θ2 (eθT − 1) − DT

θ
];� 0

T > To

�
,
{ K �

ho

∫ Tw

0

Io1(t)dt + ho

∫ T

Tw

Io2(t)dt =ho

[

W

θ
(1 − e−θTw) +

D

θ2
(eθ(T−Tw) − 1) −

D(T − Tw)

θ

]

4)
R D � 1�v�z�{ K� 0

T ≤ To

�
,
{ K � cQ = cD

θ
(eθT − 1);� 0

T > To

�
,
{ K � cQ = c

[

W + D
λ

(eλTw − 1)
]

.

5)
R D � � @�A�1 | G�}�~ � Ê�^ � G , ¨�©�� ��� Ë � © 1�3�/�1���� _ }�~�1�Å�Æ� 0

T ≤ M
�

,
y���u�3�D � W º @�A��'��1 | G�}�~ � , H

h · � ;�~�1�Å�Æ��
0.� 0

T > M
�

,
½ � y��

TM > M , / 7 ø� e�� 7 á 2 � ï�ð :

i)
0

M < T ≤ TM

�
,
½ +�, | G�}�~ � M

?�W º
Tw, Q | G�}�~ � ^ � � RW

��/�0�� ä�¨�© DA
,
k c © � 1�/�0�E�d� �¡ � OW

�
, / 7 ;�}�~�1�Å�Æ��

cIp

∫ T

M

Io2(t)dt =cIp

[

D

θ2
(eθ(T−M) − 1) −

D(T − M)

θ

]

ii)
0

T > TM

�
, Í | G�}�~ � M

W º
Tw, Q @�A�1 | G�}�~ � ^ � � RW

��/�0 ¬ k c © D , / 7;�}�~�1�Å�Æ��
cIp

[

∫ Tw

M

Ir(t)dt +

∫ Tw

M

Io1(t)dt +

∫ T

Tw

Io2(t)dt

]

= cIp

[

D

λ2
(eλ(Tw−M) − 1) −

D(Tw − M)

λ
+

W

θ
(e−θM − e−θTw) +

D

θ2
(eθ(T−Tw) − 1) −

D(T − Tw)

θ

]

6)
R D ��¨�©�� R�S�1 ¨�©�Q ��1�Å�Æ� 0

T ≤ M
�

, / R�S�1�Å�Æ�� sIe[
∫ T

0 Dtdt + DT (M − T )] = sIeD(MT − 1
2T 2).� 0

T ≥ M
�

,
ì�9�: J�K Aggarwal � Jaggi[14]

7 þ
Chung[18]

� p�q R�S�Å�Æ�1 £ P ,
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Q =�> ¨�©�� ��U�V u�3�D � À  7�U @ Å K ¨�©�/ ® 1 Q � Ï R�S�Å�Æ ,

y�· / R�S�1�Å�Æ��
sIe

∫ T

0

Dtdt =
sIeDT 2

2

/ 7�ê ¨�©�� W�X���¿�À 1�J�Y�ë�ì �+�, � :

AC(T ) =
{ u�3�{ K + OW

f�g�{ K + RW
f�g�{ K +

v�z�{ K +
}�~�1�Å�Æ

-
R�S�1�Å�Æ }

/T

e º
To < M < TM , / 7 J�Y�ë�ì���$ AC(T )  e�� 7 á�¢ � ï�ð :

1)
0

0 < T ≤ To

�
,

AC1(T ) =
1

T

[

K +
hoD

θ2
(eθT − θT − 1) +

cD

θ
(eθT − 1) − sIeD(MT −

T 2

2
)

]

(15)

2)
0

To < T ≤ M
�

,

AC2(T ) =
1

T

{

K +
ho

θ2

[

θW (1 − e−θTw) + D(eθ(T−Tw) − θ(T − Tw) − 1)
]

+
hrD

λ2
(eλTw − λTw− 1)+

c

[

W +
D

λ
(eλTw − 1)

]

− sIeD(MT −
T 2

2
)

}

(16)

3)
0

M < T ≤ TM

�
,

AC3(T ) =
1

T

{

K +
ho

θ2

[

θW (1 − e−θTw) + D(eθ(T−Tw) − θ(T − Tw) − 1)
]

+
hrD

λ2
(eλTw − λTw− 1)+

c

[

W +
D

λ
(eλTw − 1)

]

+
cIpD

θ2
(eθ(T−M) − θ(T − M) − 1) −

sIeDT 2

2

}

(17)

4)
0

T > TM

�
,

AC4(T ) =
1

T

{

K +
ho

θ2

[

θW (1 − e−θTw) + D(eθ(T−Tw) − θ(T − Tw) − 1)
]

+
hrD

λ2
(eλTw − λTw− 1)+

c

[

W +
D

λ
(eλTw − 1)

]

+ cIp

[

D

θ2
(eθ(T−Tw) − θ(T − Tw) − 1)+

D

λ2
(eλ(Tw−M) − λ(Tw − M) − 1) +

W

θ
(e−θM − e−θTw)

]

−
sIeDT 2

2

}

(18)

y�· ¨�©�� W�X���¿�À 1�J�Y�ë�ì AC(T )  7 +�, � á i e�¾���$ :

AC(T ) =



















AC1(T ), 0 < T ≤ To

AC2(T ), To < T ≤ M

AC3(T ), M < T ≤ TM

AC4(T ), TM < T < +∞

(19)

y��
AC1(To)=AC2(To), AC2(M)=AC3(M), AC3(TM )=AC4(TM ), / 7 AC(T )

��M�¿
(0, +∞)

8�6 L
M 1 .

ì�û�;�¶���1�£�¤ 6
: 1)
� @�A�v�z�{ K�| G�}�~�1�n ( á , ¨�©�� 6���Y ;�� K 3�4 ? 2)

f�g����
1�Ô�Õ�u�3�D � 1�E�F ( d r�u�3�t )

6 Þ�¥
?
á _ � � ñ ° 8�i 9�: æ�ç e�` Z ¶ .

4 Z�[�¦�§
â���¨ � X º ��$ AC i(T )(i = 1, 2, 3, 4)

Ô�Õ�¶�1 U�V .�-���q
.©�ª

1 1) AC 1(T )
��M�¿

(0, +∞)
8�6 X º

T
1 á�« ��$

,
î g � ÿ U Ô�W Ø�¬

T ∗

1 ∈ (0, +∞).

2) AC 2(T )
��M�¿

(0, +∞)
8�6 X º

T
1 W� ��$

,
î g � ÿ U Ô�W Ø�¬

T ∗

2 ∈ (0, +∞).

3)
0

f3(M) > 0
�

, AC 3(T )
��M�¿

(M, +∞)
8�6 X º

T
1 W� ��$

,
î · � g � ÿ U Ô�W Ø�¬

T ∗

3 ∈ (M, +∞); _ 0 f3(M) ≤0
�

, AC 3(T )
��M�¿

(M, +∞)
8�®�í�¯�°

.

4)
0

f4(TM ) > 0
�

, AC 4(T )
��M�¿

(TM , +∞)
8�6 X º

T
1 W� ��$

,
î · � g � ÿ U Ô�W Ø�¬

T ∗

4 ∈ (TM , +∞), _ 0 f4(TM ) ≤0
�

, AC 4(T )
��M�¿

(TM , +∞)
8�®�í�¯�°

.±�²�³�´�µ
A.
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Ú���Ï )�*�f�g�����¶ � � K 3�4 6 Ô�·�1�� C ,
7 þ U�V ����1�Ô�Õ�u�3�D � T ∗ � ¶ Ï�¸ � . ä�p

q� ®
AC ′

1(To) = −f1(To)/T 2
o = AC ′

2(To) = −f2(To)/T 2
o , AC ′

2(M) = −f2(M)/M2, AC ′

3(M) = −f3(M)/M2

AC ′

3(TM ) = −f3(TM )/T 2
M = AC ′

4(TM ) = −f4(TM )/T 2
M

r 
 f1(To), f2(To), f2(M), f3(M)
7 þ

f3(TM ), f4(TM )
1�¹ ¿ 1 ��º s�W�X�� , »�¼ e�`�G  ó�� � á �q

. ©�ª
2

1) c f1(To) > 0, f2(To) > 0, f2(M) ≥ 0, f3(M) > 0, f3(TM ) > 0
î

f4(TM ) > 0, Í AC (T ∗) =

AC 4(T
∗

4 ), T ∗ = T ∗

4 .

2) c f1(To) > 0, f2(To) > 0, f2(M) < 0, f3(M) > 0, f3(TM ) > 0
î

f4(TM ) > 0, Í AC (T ∗) =

min {AC 2(T
∗

2 ),AC 4(T
∗

4 )}, _ T ∗
6

T ∗

2 , T ∗

4

� ° Ä Ô�W�ë�ì�1 Ø .

3) c f1(To) > 0, f2(To) > 0, f2(M) ≥0, f3(M) > 0, f3(TM ) ≤0
î

f4(TM ) ≤0, Í AC (T ∗) = AC 3(T
∗

3 ),

_ T ∗ = T ∗

3 .

4) c f1(To) > 0, f2(To) > 0, f2(M) < 0, f3(M) > 0, f3(TM ) ≤ 0
î

f4(TM ) ≤0, Í AC (T ∗) =

min {AC 2(T
∗

2 ), AC 3(T
∗

3 )}, _ T ∗
6

T ∗

2 , T ∗

3

� ° Ä Ô�W�ë�ì�1 Ø .

5) c f1(To) > 0, f2(To) > 0, f2(M) < 0, f3(M) ≤0, f3(TM ) ≤0
î

f4(TM ) ≤0, Í AC (T ∗) =AC 2(T
∗

2 ) ,

_ T ∗ = T ∗

2 .

6) c f1(To) ≤0, f2(To) ≤0, f2(M) < 0, f3(M) > 0, f3(TM ) > 0
î

f4(TM ) > 0, Í AC (T ∗) =

min {AC 1(T
∗

1 ),AC 4(T
∗

4 )}, _ T ∗
6

T ∗

1 , T ∗

4

� ° Ä Ô�W�ë�ì�1 Ø .

7) c f1(To) ≤0, f2(To) ≤0, f2(M) <0, f3(M) > 0, f3(TM ) ≤0
î

f4(TM ) ≤0, Í
AC (T ∗) = min {AC 1(T

∗

1 ), AC 3(T
∗

3 )}, _ T ∗
6

T ∗

1 , T ∗

3

� ° Ä Ô�W�ë�ì�1 Ø .

8) c f1(To) ≤0, f2(To) ≤0, f2(M) < 0, f3(M) ≤0, f3(TM ) ≤0
î

f4(TM ) ≤0, Í AC(T ∗) =AC1(T
∗

1 ), _
T ∗ = T ∗

1 .±�²�³�´�µ
B.

»�¼ 7�8 e�`  � , � �  7 ) È � á £�� Ï�½�Z ·�2�3�4�f�g���� � ��� ~���n�¾ á 1�Ô Õ�u�3��C
:
â�� r 
���q 1

Z ��¿ e�¾�ë�ì���$ ACi(T )
1�Ô�Õ Ø�¬

T ∗

i (i=1, 2, 3, 4),

h G r 
���q 2 ) È�À�Á
f1(T0) Â f2(T0) Â f2(M) Â f3(M) Â f3(TM ) � f4(TM )

1 ��º X�� ,
[  7�¸ ��f�g�����1�Ô�Õ�u�3�ë�ì AC(T ∗)

� Ô�Õ�u�3�D � T ∗,
\ _ ����1�Ô�Õ�u�3�t Q∗ Ã  7 r 
�Ä�P (3) d (14)

Z � Ï . H
h
c Q∗ ≤ W , Í ?Y ;�� K 3�4 ,

� Í � K 3�4 6 Ô�·�1�Å�Æ .

5 Ç�È�É�Ê
Ë >�Ì ¨�©���ä�¨ Ì�,�-�. � 0 , r 
�Í�Î ¨�© $�
�� ê /�0 W�X���¿ 1 Y�Z � D=500,

=�> ¨�©��
OW
1Ï- t �

W=200,
R ã u 3 1Ð�Ñ� u 3 { K � K=100,

/ 0 1 J v × í � c=10, ÒÏÓ ¨ © × í � s=15,�
OW � RW

�Ô&�g�/�0 � ,�- " e�(��
θ =0.02 � λ =0.04, OW

� W�X � 0 W�X���¿ 1�f�g�.�p�{ K
ho=0.2, RW

� W�X � 0 W�X���¿ 1�f�g�.�p�{ K hr=0.5,
W�X f�g W�X���¿ 1�}�~�Å�Æ

Ip=0.18,
W�X f

g W�X���¿ 1 Q�V Å�Æ Ie=0.12; c Ã�Ä � ¨�Õ u�3 � 1�v�z�{ K�| G�}�~ � M =0.80 , Í ê u�3 � 6�� ;� K 3�4×Ö ò Ô�Õ�u�3�t 6 Þ�¥×Ö· �
To=0.3984, TM =1.1921,

o K matlab Ø ¾ p�q ACi(T )
1�Ô�Õ�¶�e�(��

T ∗

1 =0.4262, T ∗

2 =0.4211,

T ∗

3 =1.3208, T ∗

4 =1.3205,
��� ø y�� f1(To) = f2(To) = 12.6143 > 0, f2(M) = −314.581 < 0, f3(M) =

261.4194 > 0
î

f3(TM ) = f4(TM ) = 77.5935 > 0, / 7 r 
���q 2
��Ô�Õ�u�3�D � T ∗

�
T ∗

2 , T ∗

4

� ° ÄÔ�W�ë�ì�1 Ø
, ä�p�q� � AC2(T

∗

2 ) = 4749.42,AC 4(T
∗

4 )=4790.60, H
h

AC 2(T
∗

2 ) < AC 4(T
∗

4 ), / 7 T ∗ =

T ∗

2 =0.4211, ° Ä 1�Ô�Õ�J�Y�ë�ì � Ô�Õ�u�3�t�e�(�� AC(T ∗)=4749.42, Q∗=211.4487; ø y�� Q∗ > W , /7 � K 3�4 6 u�3 � 1�Ô�·�Å�Æ ,
î�Y ; �

RW
��f�g�/�0�1�t��

11.4487.
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,
ì�û ��8�i��Ù 1 ^�Ú�8

, æ U�ù�l�Û +�9�:�Ü�$ W , M � K
1�,�j ° f�g�����Ô�Õ�u�3�� C7 þ�Ô�Õ�J�Y�ë�ì�1�Ý�Þ

.
0�R�V Ü�$�,�j � ò ��Ü�$ Ø .�ß�?�, , + 1–3

¨ � +�à Û f�á .â
1 W ãxäxåxæxçxèxéxêxëxìxãxíxî

W To f1(T0) f2(T0) f2(M) f3(M) f3(TM ) f4(TM ) T ∗ Q∗

AC (T ∗) RW

50 0.0999 >0 >0 <0 >0 >0 >0 T ∗

2 =0.3867 194.51 4778.20 144.51

150 0.2991 >0 >0 <0 >0 >0 >0 T ∗

2 =0.4054 203.60 4753.30 53.60

250 0.4975 <0 <0 <0 >0 >0 >0 T ∗

1 =0.4262 214.00 4749.20 0

400 0.7937 <0 <0 <0 >0 <0 <0 T ∗

3 =1.4141 719.13 4733.20 319.13â
2 M ãxäxåxæxçxèxéxêxëxìxãxíxî

M TM f1(T0) f2(T0) f2(M) f3(M) f3(TM ) f4(TM ) T ∗ Q∗

AC (T ∗) RW

0.40 0.7952 >0 >0 >0 >0 >0 >0 T ∗

4 =0.9098 460.43 4957.90 260.43

0.60 0.9937 >0 >0 <0 >0 >0 >0 T ∗

4 =1.1008 559.03 4866.91 359.03

0.80 1.1921 >0 >0 <0 >0 >0 >0 T ∗

2 =0.4211 211.45 4749.42 11.45

1.00 1.3906 >0 >0 <0 >0 >0 >0 T ∗

2 =0.4211 211.45 4569.40 11.45â
3 K ãxäxåxæxçxèxéxêxëxìxãxíxî

K f1(T0) f2(T0) f2(M) f3(M) f3(TM ) f4(TM ) T ∗ Q∗

AC (T ∗) RW

10 <0 <0 <0 >0 <0 <0 T ∗

1 =0.1348 67.50 4428.30 0

50 <0 <0 <0 >0 >0 >0 T ∗

1 =0.3014 151.16 4611.70 0

200 >0 >0 <0 >0 >0 >0 T ∗

4 =1.4673 750.45 4862.30 550.45

500 >0 >0 >0 >0 >0 >0 T ∗

4 =1.8290 942.11 5044.20 742.11
e + 1–3  7 ó�� � á f * :

1) ú�÷ W
1 ° s

,
Ô�Õ�u�3�D � T ∗ � Ô�Õ�u�3�t Q∗ Ã ú ¹ ° s ,

5�6 ����1�Ô�Õ�ë�ì
AC (T ∗) ï? Á�ð W

.
½ 6 y�� 0

OW
1�-�t�,�s �

, ¨�©�� Ñ
h N ° s�u�3�t

,
y�·�u�3�D � Ã ú ¹ °�ñ ,

��� y��
° s�+

OW
1�-�t [ Î 0�º�ò�ó +�J�Y�f�g�{ K ,

\ _ o�® ����J�Y�ë�ì á K ;

2) ú�÷ @�A | G�}�~ � M
1 ° s

,
����1�Ô�Õ�J�Y � ? Á 1 ð W

,
½�� ��� ï ² 6�ô ¼ 1 .

c�õ 1 6�0
M ö W � , ú�÷ M

1 ° s ¨�©�� 1�u�3�t Ã � ? Á�° s ,
5�0

M
° s�^ U � a F �

, ¨�©�� 1�u�3�t�÷ _N á K
,

h G�ø�ß � Ì U �'��I�J
.
½ \ Ì � à�ù 8 ¶�ú�+���û�< ����� � Ã�Ä ��)�üþý�ÿ����������	�
�� ���������� y�� G c ½�����¥���� ¨�©�� ° s�u�3�t�1�����. .

3)
0 u�3�{ K K

°�ñ��
, T ∗, Q∗

7 þ
AC(T ∗)

j � ú ¹ ° s .
½ 6 y�� R ã 1�u�3�{ K�� � , ¨�©����+�K���u�3 ã $ [ N °�ñ�R ã 1�u�3�t

,
7 ô º�0 u�3�t Ç�È

OW
1�-�t ��[�Y ;�� K RW

Ï f�g Ç�È
OW

-�t�1�/�0
,
\ _ [������ u���D ��� ����ë�ì�� °�ñ . /���¨�©�� � ��ð W�f�g�������J�Y�ë�ì [�Ä� t�K�� R ã u������'��{ K .

6  "!
l�m ^ ����� ��#��������

, $ U�% � Ã�Ä � � ��&�' á U�% ¨�©�� ��u���t )�(�Ò�)�*�+���,������-�. £�/�ì�û ñ � c ��0���1�f�g������ � æ U�ù ��2�é ,
S é � ��� ~���ï�ð á ��3�4�5�#�6���0���1�78�9�:

. ;�<�=�>�? 9�: ��@�A�B�C�D ��E�F�G�H�I , J�K ��L�M 0���1�7 8�N�O ��@�A�C�P�Q�R�S�T�U�VW�X�Y�Z�[�\
, ] 7 8�^ T�_�`�a�b�P�Q�R�c�d�e�f�Q�V W . g 9�: S�C�h�i�j�k [�l : m�n�o�p�q�r M�st�u�v�w 9 t�x

.
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Ä�Å
A
a�T

1
S�Æ�Ç

È�É
1) ? AC1(T ) ( Ê (15)

t
)
M�Ë�Ì�Í�Î m�Ï

d2AC1(T )

dT 2
=

2

T 3

{

K +
D(ho + cθ)

2θ2
[(θT )2eθT − 2θT eθT + 2eθT − 2]

}

(20)

Ð ]�Ñ�Ò�Ó (0, +∞) Ô (θT )2eθT − 2θT eθT + 2eθT − 2>0, Õ�Ö�× d2AC1(T )/dT2>0, Ê AC1(T ) Ø�Ù�Ú
T
S�Û�Ü�Ý Î

.
Ð�Þ

AC1(T ) Ñ (0, +∞) ß 8 Ñ�à h�@�á�â > T ∗

1 , ã T ∗

1 ä�å�æ “dAC1(T )/dT=0”, ç
dAC1(T )

dT
= −

1

T 2

{

K −
D(ho + cθ)

θ2
(θT eθT − eθT + 1) −

sIeDT 2

2

}

∆
= −

1

T 2
f1(T ) (21)

B [�è
f1(T )=0 m�Ï AC1(T ) Ñ (0, +∞) Ô S à h�@�A�â T ∗

1 .
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2) ] Y�ì�í�î , ï�ð (11)
t ? (16)

t ì�Y m�Ï
AC2(T ) =

1

T

{

K +
ho

θ
[W − D(T − Tw)] +

hrD

λ2
(eλTw − λTw − 1) + c[W +

D

λ
(eλTw − 1)] − sIeD(MT −

T 2

2
)

}

ñ W�ò â 8 Ñ S ä�ó�ô�õ�ö , AC 2(T )
S�@�A�B�h�a å�æ “dAC 2(T )/dT = 0′′, ?�Ô t M�Í m�Ï :

dAC2(T )

dT
= −

1

T 2

{

K −
ho

θ

(

DT
dTw

dT
− DTw − W

)

−
hrD

λ2

[

λT (eλTw − 1)
dTw

dT
− (eλTw − λTw − 1)

]

−

c

[

DT eλTw
dTw

dT
− W −

D

λ
(eλTw − 1)

]

−
sIeDT 2

2

}

∆
= −

1

T 2
f2(T ) (22)

Õ�Ö f2 (T )
X

dAC2(T )/dT ×�÷�ø S�a�ù�ú�u ÷�û S�ü�ý ,
C�h�i ? f2 (T )

M�Í m�Ï
df2(T )

dT
= −DT

{

(

λho − θhr

λθ

)

d2Tw

dT 2
+

(hr + λc)edTw

λ

[

λ

(

dTw

dT

)2

+
d2Tw

dT 2

]

+ sIe

}

(23)

ç�þ (12) m�Ï dTw/dT=DeθT /(DeθT−θ W), d2Tw/dT2 = −DWθ 2eθT /(DeθT−θW )2 <0. ÿ�; λ≥θ, �
λ(dTw

dT
)2 + d2Tw

dT 2 ≥ θ(dTw

dT
)2 + d2Tw

dT 2 =Dθ eθT /(DeθT − θW ) >0(
Ð ] T > TM � m�Ï DeθT > θW ), ø � þ

Ú λho ≤ θhr, Õ�Ö�����K df2(T )/dT<0. ����� f2(0)= K + hoW/θ +cW>0
u

lim
T→+∞

f2(T ) = −∞,
Ð�Þ

Ý Î
f2(T ) Ñ (0, +∞) ß 8 Ñ�à h�S�� > T ∗

2 , ã�	 0< T < T ∗

2 � f2(T ) >0, ç�	 T > T ∗

2 � f2(T ) <0, Õ
Ö AC2(T ) Ñ�Ò�Ó (0, T ∗

2 ) 
����� , Ñ�Ò�Ó (T ∗

2 , +∞) 
������ ,
Ð�Þ

AC2(T ) Ø�Ù�Ú T
S Z�� Ý Î

, ã T ∗

2

Ø�p�à h�@�á�â > .

3) ? AC3(T )
M h Ì�Í�Î m�Ï

dAC3(T )

dT
= −

1

T 2

{

K −
ho

θ
(DT

dTw

dT
− DTw − W ) −

hrD

λ2

[

λT (eλTw − 1)
dTw

dT
− (eλTw − λTw − 1)

]

−

c

[

DT eλTw
dTw

dT
− W −

D

λ
(eλTw − 1)

]

−
cIpD

θ2
[θT (eθ(T−M) − 1) − (eθ(T−M) − θ(T − M) − 1)]

+
sIeDT 2

2
}

∆
= −

1

T 2
f3(T ) (24)

]���� f3(T )
S������

, ? f3 (T )
M�Í m�Ï

df3(T )

dT
= −DT

{

(

λho − θhr

λθ

)

d2Tw

dT 2
+

(hr + λc)eλTw

λ

[

λ

(

dTw

dT

)2

+
d2Tw

dT 2

]

+ cIpe
θ(T−M) − sIe

}

(25)

� ö (λho−θhr

λθ
)d2Tw

dT 2 + (hr+λc)edTw

λ
[λ(dTw

dT
)2 + d2Tw

dT 2 ]>0, 	 T ≥ M � þ cIp ≥sIe m���K df3(T )/dT < 0,

Ê f3(T ) Ñ T ≥ M � Ø�
����� Ý Î . ï�ð���� cIp ≥sIe m�Ö Æ�Ç lim
T→+∞

f3(T )=−∞, ����� f3(M) >0,

� Ý Î f3(T ) Ñ�Ò�Ó (M , +∞) ß 8 Ñ�à h�� > T ∗

3 , m ö AC3(T ) Ñ (M , +∞) Ô�Ø h�� Ù�Ú T
S Z�� Ý

Î
, Ê AC3(T ) Ñ (M , +∞) ß AC3(T ) Ú T ∗

3 ��� Ï @�á�â ; û�� , � f3(M) ≤0, � Ý Î f3(T ) Ñ (M , +∞)

ß h�� � ��â , Ê AC3(T ) Ñ (M , +∞) Ô�
������ .

4)
ñ W�ò â 8 Ñ S ä�ó�ô�õ�ö AC4(T )

S�@�A�B�h�a å�æ “dAC4(T )/dT=0”, ? AC4(T )
M�Í m�Ï :

dAC4(T )

dT
= −

1

T 2

{

K −
ho

θ
(DT

dTw

dT
− DTw − W ) −

hrD

λ2

[

λT (eλTw − 1)
dTw

dT
− (eλTw − λTw − 1)

]

−

c

[

DT eλTw
dTw

dT
− W −

D

λ
(eλTw − 1)

]

−
cIpD

λ2

[

λT (eλ(Tw−M) − 1)
dTw

dT
− (eλ(Tw−M) − λ(Tw − M) − 1)

]

+

cIp

θ
(W e−θM + DTw − DT

dTw

dT
) +

sIeDT 2

2

}

∆
= −

1

T 2
f4(T ) (26)

Õ�Ö f4 (T )
X

dAC4(T )/dT ×�÷�ø S�a�ù�ú�u ÷�û S�ü�ý , ? f4(T )
M�Í m�Ï

df4(T )

dT
= − DT

{

(

λho − θhr

λθ

)

d2Tw

dT 2
+

(hr + λc)eλTw

λ

[

λ

(

dTw

dT

)2

+
d2Tw

dT 2

]

+

cIp

[

(

dTw

dT

)2

eθ(Tw−M) +
1

θ

d2Tw

dT 2
+

1

λ

d2Tw

dT 2
(eθ(Tw−M) − 1)

]

− sIe

}

(27)



}
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þ�Ú AC4(T )
S�a�ù�ú ] T>TM , Õ�Ö� �!�Ñ (TM , +∞) Ô�"�# f4(T )

S���$
.
Þ � ä × Tw > M , %Ð ] λho ≤θ hr, d2Tw/dT 2 < 0

u
λ(dTw

dT
)2 + d2Tw

dT 2 >0, Õ�Ö�þ (27)
t m�Ï

df4(T )

dT
< −DT

{

cIp

[

(

dTw

dT

)2

+
1

θ

d2Tw

dT 2

]

− sIe

}

(28)

ç (dTw

dT
)2 + 1

θ
d2Tw

dT 2 = DeθT

DeθT
−θW

> 1, % cIp ≥sIe, Õ�Ö�× df4(T )/dT < 0, Ê f4(T ) Ñ (TM , +∞) Ô�Ø

����� Ý Î . ø�&�ï�ð cIp ≥sIe m Æ�Ç lim

T→+∞

f4(T )= −∞,
Ð�Þ � f4(TM ) >0, � f4(T ) Ñ (TM , +∞) ß8 Ñ�à h�S�� > T ∗

4 .
ñ W

f4(T )
X

dAC4(T )/dT
S Ù N , m ö AC4(T ) Ñ (TM , +∞) Ô�Ø h�� Ù�Ú T

S Z
� Ý Î

, ã AC4(T ) Ú T ∗

4 ��� Ï @�á�â ; '�� f4(TM ) ≤0, � AC4(T ) Ñ (TM , +∞) Ø���� S .Ä�Å
B
a�T

2
S�Æ�Ç

È�É ÿ�; f2(T ) Ñ (0, +∞)
u

f3(T ) Ñ [M, +∞) ß)(�
����� , Õ�Ö�× f2(To) > f2(M), f3(M) >

f3(TM ), ø � þ (22) * (24) m ö f2(M) < f3(M). Ê f1(T0) = f2(T0) > f2(M) < f3(M) > f3(TM ) = f4(TM ),

Õ�Ö�Ù�Ú f1(To), f2(To), f2(M), f3(M) Ö�+ f3(TM ), f4(TM )
S���� Ù N ×�Ö Û�, s :

1) � f1(To) > 0, f2(To) > 0, f2(M) ≥ 0, f3(M) > 0, f3(TM ) > 0 ã f4(TM ) > 0, ç � ö f1(T
∗

1 ) =

0, f2(T
∗

2 ) = 0, f3(T
∗

3 ) = 0, ã f4(T
∗

4 ) = 0,
ñ W

fi(T )(i = 1, 2, 3, 4)
S Z�- �� � , � ä × T ∗

1 > To, T ∗

2 >

To, T
∗

2 ≥ M, T ∗

3 > M , T ∗

3 > TM , T ∗

4 > TM . ;�<�þ a�T 1 m ö AC 1(T ) Ñ�Ò�Ó (0, To) Ô�
����� ,AC 2(T )

Ñ�Ò�Ó (To, M) Ô��� , AC 3(T ) Ñ�Ò�Ó (M, TM ) Ô��� , ç Ý Î AC 4(T ) Ñ (TM , T ∗

4 ) Ô����'�Ñ�Ò�Ó (T ∗

4 ,

+∞) ��� ,
Ð�Þ H�.�/�0 Ý Î

AC(T ) Ñ�1 ��a�ù�ú (0, +∞) ß�Ú T ∗

4 ��� Ï @�á�â , Ê T ∗ = T ∗

4 .

2) � f1(To) > 0, f2(To) > 0, f2(M) < 0, f3(M) > 0, f3(TM ) > 0 ã f4(TM ) > 0, ��ø T ä × T ∗

1 >

To, T
∗

2 > To, T
∗

2 < M, T ∗

3 > M, T ∗

3 > TM , T ∗

4 > TM . Õ�Ö AC 1(T ) Ñ (0, To) �� , AC 2(T ) Ñ (To, T
∗

2 ) ��
'�Ñ (T ∗

2 , M) ��� , AC3(T ) Ñ (M , TM ) �� , ç AC 4(T ) Ñ (TM , T ∗

4 ) ���'�Ñ (T ∗

4 , +∞) ��� ,
Ð�Þ Ñ

(0, +∞) ß AC(T ∗) = min {AC 2(T
∗

2 ),AC 4(T
∗

4 )}, ç T ∗ Ø T ∗

2 , T ∗

4 2 ?�3 @�á�4 g S�â .

3) � f1(To) > 0, f2(To) > 0, f2(M) ≥ 0, f3(M) > 0, f3(TM ) ≤0, ��ø T ä × T ∗

1 >To, T ∗

2 > To,

T ∗

2 ≥ M , T ∗

3 > M , T ∗

3 < TM , Õ�Ö AC 1(T ) Ñ (0, To) �� , AC 2(T ) Ñ (To, M) �� , AC 3(T ) Ñ (M, T ∗

3 )

���'�Ñ (T ∗

3 , TM ) ��� . % Ð ] f4(TM ) ≤0, ��þ a�T 1 ö AC 4(T ) Ñ (TM , +∞) ��� ,
Ð�Þ Ñ (0, +∞) ß

AC (T ∗) = AC 3(T
∗

3 ), T ∗ = T ∗

3 .

4) � f1(To) > 0, f2(To) > 0, f2(M) < 0, f3(M) > 0, f3(TM ) ≤0 ã f4(TM ) ≤0, � T ∗

1 > To, T ∗

2 > To,

T ∗

2 < M , T ∗

3 > M , T ∗

3 < TM , Õ�Ö AC1(T ) Ñ (0, To) �5 , AC 2(T ) Ñ (To, T ∗

2 ) �55'�Ñ (T ∗

2 , M)

�5� , AC3(T ) Ñ (M , T ∗

3 ) �55'�Ñ (T ∗

3 , TM ) �5� , ç AC4(T ) Ñ (TM , +∞) �5� ,
Ð�Þ Ñ (0, +∞) ß

AC (T ∗) = min {AC 2(T
∗

2 ),AC 3(T
∗

3 )}, ç T ∗ Ø T ∗

2 , T ∗

3 2 ?�3 @�á�4 g S�â .

5) � f1(To) > 0, f2(To) > 0, f2(M) < 0, � T ∗

1 > To, T ∗

2 > To, T ∗

2 < M , Ê AC 1(T ) Ñ (0, To) �� ,

AC 2(T ) Ñ (To, T ∗

2 ) ���'�Ñ (T ∗

2 , M) ��� , ç�% Ð ] f3(M) ≤ 0, f4(TM ) ≤0, Õ�Ö AC 3(T ) Ñ (M, TM )

��� ,AC 4(T ) Ñ (TM , +∞) ��� ,
Ð�Þ Ñ (0, +∞) ß AC (T ∗) = AC 2(T

∗

2 ), ç T ∗ = T ∗

2 .

6) � f1(To) ≤0, f2(To) ≤0, f2(M) < 0, f3(M) > 0, f3(TM ) > 0 ã f4(TM ) > 0, � T ∗

1 ≤ To, T ∗

2 ≤ To,

T ∗

2 < M , T ∗

3 > M , T ∗

3 > TM , T ∗

4 > TM . Õ�Ö AC 1(T ) Ñ (0, T ∗

1 ) ���'�Ñ (T ∗

1 , To) ��� , AC 2(T ) Ñ (To,

M) ��� , AC 3(T ) Ñ (M, TM ) �� , ç AC 4(T ) Ñ (TM , T ∗

4 ) ���'�Ñ (T ∗

4 , +∞) ��� ,
Ð�Þ Ñ (0, +∞) ß

AC (T ∗) = min {AC 1(T
∗

1 ),AC 4(T
∗

4 )}, ç T ∗ Ø T ∗

1 , T ∗

4 2 ?�3 @�á�4 g S�â .

7) � f1(To) ≤0, f2(To) ≤0, f2(M) < 0, f3(M) > 0, f3(TM ) ≤0, � T ∗

1 ≤ To, T ∗

2 ≤ To, T ∗

2 < M ,

T ∗

3 >M , T ∗

3 < TM , Õ�Ö AC 1(T ) Ñ (0, T ∗

1 ) ���'�Ñ (T ∗

1 , To) ��� , AC 2(T ) Ñ (To, M) ��� , AC 3(T ) Ñ
(M , T ∗

3 ) ���Ñ (T ∗

3 , TM ) ��� , % Ð ] f4(TM ) ≤0, Õ�Ö AC 4(T ) Ñ (TM , +∞) ��� ,
Ð�Þ Ñ (0, +∞) ß

AC (T ∗) = min {AC 1(T
∗

1 ), AC 3(T
∗

3 )}, ç T ∗ Ø T ∗

1 , T ∗

3 2 ?�3 @�á�4 g S�â .

8) � f1(To) ≤0, f2(To) ≤0, f2(M) < 0, � T ∗

1 ≤ To, T ∗

2 ≤ To, T ∗

2 < M , Ê AC 1(T ) Ñ (0, T ∗

1 ) ���'
Ñ (T ∗

1 , To) ��� , AC 2(T ) Ñ (To, M) ��� , % Ð ] f3(M) ≤0, f4(TM ) ≤0, Õ�Ö AC 3(T ) Ñ (M , TM ) ��� ,

AC 4(T ) Ñ (TM , +∞) ��� ,
Ð�Þ Ñ (0, +∞) ß AC (T ∗) = AC 1(T

∗

1 ) , ç T ∗ = T ∗

1 .


