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Abstract This paper firstly considers some reliability problems in the discrete time Geomx/G/1 repairable

queueing system with delayed multiple vacations. It’s assumed that both the inter-arrival times and the

life of the service station are independent random variables with geometric distribution, while the service

time Í the delayed vacation time Í the vacation time and the repair time have general discrete distribution.

By using a new kind of analytic approach–the decomposition method the following reliability indices of the

service station are discussed: 1) The probability that the service station is during the “generalized busy

period”; 2)The point unavailability at timenand the steady unavailability; 3) The expected failure number

during (0, n]; 4) The expected failure number during the “generalized busy period”. A series of important

reliability results are obtained.

Keywords discrete time queue; Geomx/G/1; delayed multiple vacations; unavailability; failure number

1 ÎÐÏÑjÒaÓaÔaÕaÖa×aØ �a�aÙaÚaÛaÜaÝaÞhßjàhájâaãaäaåaæaçpèaé , êaëíìïî Meisling[1] Ù 1958 ðañaòaóô�õJöL÷
: 2007-10-29øúùúû�ü
: ýúþ�ÿ��úEú?���� (70871084); �����úOúR���	�
úQ��
�
���
� (200806360001); :ú;���������ÿ��úE ?��
�

([2006]A067)�������
: ��Z�� (1963–), ��	 , ��� , ��	�����< , Email: tangyh@uestc.edu.cn, �����������! �X�"�#�$�%�Í'&�(�)�*�+�,- )�.�Z�[�P .



136 X/"/0/1 - ) B/2/3 �
29 �

4656768696: ×aØ �a�6;6< , =6> Ò6?6@aÕaÖa×aØ �a�aç6A6Ba�a	 ,
ÓaÔaÕaÖa×aØ �a�aça�a	DCEA6F6G6H6IJ ç6K6L [2−11].

ÑjÒ6M6N6O Ù6P6>6Qa�háER6S6T6K6U6V6W [12], êaë6X6Y M6N6O S6T6K6U6V6W6Z6S6[aç ÓaÔÕaÖa×aØ �a�6\aâaåaæaça�a	6]6^6_aèpé6`6a ,
96b6c æ 768 �a�aç ×aØ6d6e , f Õ6g æ 768 ê M6N6O V6Wh6i Uaç6S6j6k6l6m . n [7] èaé6o6p6q6r6s6t6u6v6w6_ ÓaÔ6x Ü6y6z6{6|6}6~6Qa�a�a	 768 H Geom/G/1

S6[ ×aØ �a�aÙ6�6�6�6�6�aç ×aØ6d6e _aâ6�aç6S6j�k d6e , n [8] Paé6�6�6�6�6�6v6w6�a	6H ÓaÔaÕaÖ q
r6S6t6G6�aç MAP/PH(PH/PH)/1 S6[ ×aØ �a� ,

h n [3] �6G6�6�6�6G6�6�6G6�6_ M6N6�6�6���6�6�è6k6�6�aÜ6�aç6�6� , �6�aèaé6o6p6q6r6S6t6u6v6w 768 Hp�a�aÙ��6���6�6�pç ×pØ6d6e , F6Gaç c6�6�6 M6N6¡6¢aÓ6£ �a� ÕaØ6¤ ç6¥6¦6§6¨6© ,
h6ª S6j6k d6e R6« 768 H6¬6­ �6  M6N6®D¯ ç6V6W6°6©6_a�a�aç

�6�6Saé6± . ²6naÙ6n [3] ç6³6´6µ , ¶6·6¸6¹6>6�6� , ñ6°6X6Y6H6�6�6º6»aç6�6� , ¼6½ M6N6� K6¾a�a�há¿ â �6  Õ ,
56b6À ¼ £6Á �6� ,

h � Ù6A6Q6¬6Â x Ü6Ã6Ä ÕaÖ6Å6Æ6£6Á �6� . a6F6Ç6]aç � , ²6n � é6H6¬È b f Ò n6É [3, 7–8] ç6Ê6Ë6Ì6Í , Ý6Q6Î6p ÓaÔaÕaÖ6M6N6O ç “ �6^6Ï ® ”, î6Ð6]6Ñ Á6Ò � 4 K ,
768 HM6N6O ç6Ó6�6_6�6� b Saé�± � (0, n]

ÕaÖD¯ ç6=6Ô6Õ6Ö6°6©6×�¬p�6Ø�S�j6k d�e , âaåaæaça�a	6]6^6_aèé6`6a . ²6n 768 ç6·6¸6Ù6Ú6Û6� :

1)
��  �p
���Ü Ö ç�G�� Ö�ÝpÕpÖ�Þ Ø τi, i ≥ 1 ß À � f�����Ê�à P {τi = j} = p(1 − p)j−1, j =

1, 2, · · ·, 0 < p < 1. á6� �6  ç6G6�6«6T6K6UaÙ n−
Õ6â

,
M6N ç £6Á _6ã6ä6å6K6UaÙ n+

Õ6â
. á6�6G6�aç�6  ©6æ Di, i = 1, 2, · · ·, ß À � f6Ê6à6ç P {Di = k} = ek, k = 1, 2, · · ·,

5 Z6èaÙaâ6é6Ô6a e;

2)
M6N �6ê ­6¹6>aç , Ù6f6�6G6�aç �6  á ,

M6N6ë6Þ � Ð6]aç , Ù b f6�6G6�aç �6  á ,
M6N6ë6Þ6ì ò

Gaò M6N ç6í6î .
�6 6ï6ð ç M6NaÕaÖ6Þ Ø χn, n ≥ 1 ß À � f6¬6ñ ÓaÔ Ê6à gj = P{χ = j}, j = 1, 2, · · ·,

Z6=6Ô M6NaÕaÖ æ α(1 ≤ α <∞);

3)
M6N6�6�6� Û6�aç6º6» � å6�6�6ò6î : ½6á6°a�a�6y6ó Õ ,

M6N6� b6� q6µ6ô6�6� ,
h � ¹6>6¬6Â xÜ ÕaÖ ç “ �6�6Ã6Ä ”, õ 9 Â “ �6�6Ã6Ä ”

ÕaÖ æ “ º6»6�6� ÕaÖ ” ö÷Û6øaâ �6  Ù “�6�6Ã6Ä ”
ÕaÖD¯ G6� ,ù6M6N6�6ú6û6ü6ý

“ �6�6Ã6Ä ”
h À ¼6æ �6  M6N , ã6Ga�a�6þ6°6y6ó h å6|6ÿ “ �6�6Ã6Ä ”; Û6ø ¿ â �6 Ù “ �6�6Ã6Ä ”

ÕaÖD¯ G6� ,
M6N6� \6q6µ6¹6>6¬6°6�6� ö Û6ø M6N6� î6�6� � <6K6¾a�a�há ¿ â �6  , î6q

µ��6ô6ÿ “ �6�6Ã6Ä ”; Û6ø M6N6� î6�6� � <6K6¾a�a��ájâ ��  , î6q6µ6æ �6  ¹6> M6N , ã6Ga�a�6þ6°6y
ó , � Å � £6Á ÿ “ �6�6Ã6Ä ” ö ����� “ �6�6Ã6Ä ”

ÕaÖ
Yi ß À � f6¬6ñ ÓaÔ Ê6à ; á6°6�6� ÕaÖ Vi ß À �

f6¬6ñ ÓaÔ Ê6à ;

4)
M�N�O ç�����æ X ,

M î�����Ê�à xj = P {X = j} = R (1 −R)
j−1

, j = 1, 2, · · ·, Z�«pÙ�²�n�á	�
^aç M6N6O “ �6^6Ï ® ”

¯ K6U6Õ6Ö . Õ6Ö Å À ¼6¹6>6[a� , 
6[a� ÕaÖ H
M î6¬6ñ ÓaÔ Ê6à hk = P{H =

k}, k = 0, 1, 2, · · ·, =6Ô6[a� ÕaÖ æ β, 0 ≤ β < ∞(n [3] ���6[a� ÕaÖ H ç � aaî 1
£6Á

).
M6N6O [��6Û

| , Z6��� n = 0
Õ6M6N6O � |aç .

M6N6O Õ6Ö Å , 
aÙaä�� M6N ç �6 6ð æ6×���
�[�� . ½ M6N6O [�� Å ,À ¼ £6Á ��� ,
�6  þ�� @ ä�� M6N , ZDC M6N Qaç ÕaÖ �6�aâ6Ö ;

5) G6� � M6N � M6N6O ç���� � M6N6O ç6[a� ÕaÖ � M6N6O ç6º�»6�6� ÕaÖ � M6N�O ç6��� ÕaÖ � á6�
G6�aç �6  © ��� ë����6ß À ç , Z��íì æ6¬6­6ß À Q�� ;

6) ���aÙ n = 0
Õ

, Û6ø���� ¿ â �6  , î M6N6� b ¹6>6�6� ( �6=6�6ã6ø������aç6Ñ Á6Ò ���6� ).

2 �������� �!#"%$
æ6H6��& M6N6O ç6Ó6�6_���� b Saé�± , '�(aòaó 46�6  ç “ �6^ M6NaÕaÖ ”

� M6N�O ç “ �6^6Ï ® ” _
“ ����) ® ” ç6¥�* ,

5 ��&aÙ6Ð6] Õ6â n
M6N6O�+aÒ

“ �6^6Ï ® ” ç6¥6¦ .

�6  ç “ �6^ M6NaÕaÖ ”:
� d î�, �6  £6Á ä�� M6N ç Õ6â�- ã6G M6N ã6ä�æ ý ç 9 Â ÕaÖ , 
há/.�0

HaÙ ª , �6  ç M6N6®D¯pÑ�Ò6M�N�O S�T6K�U�Õ6Ö h ¹6>�[��aç ÕaÖ . Û6ø�1 χ̃ 2�3�4�5�6 “ 7�8�9�:�;<
”, =�1 g̃

[k]
j = P{χ̃ = j; =�> χ̃ ?/9�:�@�A�B k C�D }, k ≥ 0, E�F�G�H [12–14] >�I�J�; <�K�L�M�N�O�P
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m 6 “ 7�8�9�:�; < ” n�o�6�p�q , r
g̃
[k]
j =

j
∑

l=1

P {χ = l} · P

{

k
∑

i=0

Hi = j − l

}

·

(

l

k

)

Rk(1 −R)l−k

s�t

g̃j = P {χ̃ = j} =

∞
∑

k=0

g̃
[k]
j =

j
∑

l=1

P {χ = l} ·

l
∑

k=0

P

{

k
∑

i=1

Hi = j − l

}

·

(

l

k

)

Rk(1 −R)l−k (1)

uvm
Hi n�w�2�3�9�:�@�6�x i y L�z ; < , χ 2�3�4�5�6�{�|�9�:�; < . {g̃j , j = 1, 2, · · ·} 6�}�~����

G̃(z) =

∞
∑

j=1

g̃jz
j = G

[

zR · h(z) + zR̄
]

(2)

uvm
h(z) 2�3�9�:�@�6 L�z ; < 6�}�~�� , � h(z) =

∞
∑

k=0

P {H = k} zk; R̄ = 1 − R. ��� “ 7�8�9�:�; < ”

�
E [χ̃] = E[χ](1 +R ·E[H ]) = α (1 +Rβ) (3)

9�:�@�6 “ 7�8���� ”:
t���� 9�:�@���������6�;���� , ��� O�P�� y���������6�����; < ,

uvm/���
� >�4�5�6�9�:��v? , 9�:�@ K�� A�B�C�D������ L�� 6�; < . 1 b̃ 2�3 ����� 4�5�����6 “ 7�8���� ”  ¡

, E�F�G�¢�£ Geomx/G/1
M�N�O�P 6�����p�q , r¤�¥

1 1 b̃(z) =
∞
∑

n=0
P
{

b̃ = n
}

zn, |z| < 1, E b̃ (z) ¦�§�¨�© b̃ (z) = G̃
[

z(p̄+ pA(b̃ (z)))
]

, ª�=�r���«

E[b̃] =







α(1 +Rβ)

1 − ρ̃
, ρ̃ < 1

∞, ρ̃ ≥ 1
(4)

uvm
ρ̃ = pαe (1 +Rβ); p̄ = 1 − p; A(z) 2�n�o�¬ {ek, k ≥ 1} 6�}�~�� , � A(z) =

∞
∑

k=1

ekz
k.

­ 1 b̃〈k〉 2�3 � k
� 4�5�����6�9�:�® “ 7�8���� ”   ¡ , ¯�����° <�± t�²�³ n�o , E�F�G�H�´ [13]

x 138 µ�¶�9�:�·�¸�6�¹ M , b̃〈k〉
K�º 2�3�� : b̃〈k〉 = b̃1 + b̃2 + · · · + b̃k, = b̃1, · · · , b̃k »�¼�½�¾ , ¿�9�:�®��

� b̃ r »�À 6�n�o .

“
O�P�Á � ”

t���� O�P ����6�;���� , ����r�4�5���° O�P ����6�����; < . Â�1 τ̃ 2�3 O�P�Á ��6
  ¡ , EvÃ s O�P�Á � t�Ä�Å ��° <�± , =���° <�± t�Æ � p 6 ²�³ n�o , Ç

P {τ̃ = j} = p(1 − p)j−1, j = 1, 2, · · ·

¶�È�É�;�� n, 1 η̃(n) = 1 2�3�>�;�� n 9�:�@�Ê s “7�8���� ” 6�Ë�Ì , =�1
Ãi(n) = P {η̃(n) = 1|N(0) = i}

2�3�>�È�É�Í���Ë�Ì N(0) = i(i = 0, 1, 2, · · ·) Î�;�� n 9�:�@�Ê s “7�8���� ” 6�Ï�Ð .Ñ�¥
1 Ò ãi(z) =

∞
∑

n=0
Ãi(n)zn, E�¶ |z| < 1, r

ã0(z) =
τ (z)

1 − z







1 −
A
(

b̃ (z)
)

[1 − (1 − y (zp̄)) τ (z) − y (zp̄) v (z)]

1 − t (z)







(5)

ãi(z) =
1

1 − z

{

1 −
b̃i (z) [1 − (1 − y (zp̄)) τ (z) − y (zp̄) v (z)]

1 − t (z)

}

, i ≥ 1 (6)

=�Ó�Ì�Ô�Õ��
lim

n→∞
Ãi(n) =

{

pαe(1 +Rβ), ρ̃ < 1

1, ρ̃ ≥ 1
(7)

uvm
τ (z) =

pz

1 − p̄z
, t (z) = τ (z)A

(

b̃ (z)
)

[1 − y (zp̄)] + y (zp̄) v (Λ) , Λ = z
(

p̄+ pA
(

b̃ (z)
))

,

y (zp̄) =
∞
∑

j=0

(zp̄)j P {Y = j}; v (Λ) =
∞
∑

j=0

(Λ)j P {V = j}
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Þ�ß 1
sk =

k
∑

i=1

(Vi + Yi), lk =

k
∑

i=1

τi, k ≥ 1, s0 = l0 = 0

E�à�á�â�Ï�Ð�n�ã�ä�å , Ç
Ã0(n) = P {η̃(n) = 1; τ̃1 ≤ n|N(0) = 0}

=

∞
∑

k=1

ekP
{

τ̃1 ≤ n < τ̃1 + b̃〈k〉
}

+

n
∑

k=1

ek

∞
∑

j=1

P
{

sj−1 ≤ τ̃2 < sj−1 + Yj ; τ̃1 + b̃〈k〉 + τ̃2 ≤ n; η̃(n) = 1
}

+

n
∑

k=1

ek

∞
∑

j=1

P
{

sj−1 + Yj ≤ τ̃2 < sj ; τ̃1 + b̃〈k〉 + sj ≤ n; η̃(n) = 1
}

=

∞
∑

k=1

ek

n
∑

i=1



1−

n−i
∑

j=k

P
{

b̃〈k〉 = j
}



p (1 − p)
i−1

+

n
∑

k=1

ek

∞
∑

j=1

∞
∑

i=1

ei

n
∑

u=k

n−u
∑

r=1

Ãi (n− u− r)×





r
∑

w=2j−2

P

{

j−1
∑

k=0

(Vk + Yk) = w

}

−

r
∑

w=2j−1

P

{

j−1
∑

k=0

(Vk + Yk) + Yj = w

}



×

P {τ̃ = r}P
{

τ̃ + b̃〈k〉 = u
}

+

n
∑

k=1

ek

∞
∑

j=1

∞
∑

i=1

∞
∑

m1=1

em1
· · ·

∞
∑

mi=1

emi

n
∑

u=k

n−u
∑

t=2j−1

n−u−t
∑

r=0

Ãm[i] (n− u− r − t)

(

r

i

)

×

pi (1 − p)r−i (1 − p)t × P {V = r}P

{

j−1
∑

i=0

(Vi + Yi) + Yj = t

}

P
{

τ̃ + b̃〈k〉 = u
}

(8)

uvm
m [k] = m1 +m2 + · · · +mk, k ≥ 1 .

¶�Í���Ë�Ì N(0) = i(≥ 1) ; , F�G K Ç
Ãi(n) = 1 −

n
∑

k=i

P
{

b̃<i> = k
}

+
∞
∑

k=1

∞
∑

m=1

em

n
∑

s=i

n−s
∑

r=1

Ãm (n− s− r)×





r
∑

w=2k−2

P







k−1
∑

j=0

(Vj + Yj) = w







−

r
∑

w=2k−1

P







k−1
∑

j=0

(Vj + Yj) + Yk = w









× P {τ̃ = r}P
{

b̃〈i〉 = s
}

+

∞
∑

k=1

∞
∑

j=1

∞
∑

m1=1

em1
· · ·

∞
∑

mj=1

emj

n
∑

l=i

n−l
∑

r=2k−1

n−l−r
∑

u=0

Ãm[j] (n− l − r − u)

(

u

j

)

×

pj (1 − p)
u−j

(1 − p)
r
× P {V = u}P

{

k−1
∑

t=1

(Vt + Yt) + Yk = r

}

P
{

b̃〈i〉 = l
}

(9)

¶ (8) æ (9) ç�n�w�è s ;�� n é z- ��ê , ë�ê�ì�æ�·�¸�ª�í z Ç�� :

ã0(z) =
zp

(1 − zp̄) (1 − z)

[

1 −A
(

b̃ (z)
)]

+

(

zp

1− zp̄

)2 [1 − y (zp̄)]A
(

b̃ (u)
)

1 − y (zp̄) v (zp̄)

∞
∑

i=1

eiãi(z)+

pzA
(

b̃ (z)
)

y (zp̄)

(1 − zp̄) [1 − y (zp̄) v (zp̄)]

∞
∑

i=1

∞
∑

m1=1

em1
· · ·

∞
∑

mi=1

emi
ãm[i] (z)

∞
∑

r=0

zr×

(

r

i

)

pi (1 − p)r−i P {V = r} (10)

ãi(z) =
1 − b̃i(z)

1 − z
+

zpb̃i (z) [1 − y (zp̄)]

(1 − zp̄) [1 − y (zp̄) v (zp̄)]

∞
∑

m=1

emãm (z)+

y (zp̄) b̃i (z)

1 − y (zp̄) v (zp̄)

∞
∑

j=1

∞
∑

m1=1

em1
· · ·

∞
∑

mj=1

emj
ãm[j] (z)

∞
∑

r=0

zr

(

r

j

)

pj (1 − p)r−j P {V = r} , i ≥ 1(11)
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Ã (10) ç�æ (11) ç�Ç���è O ç :

ãi(z) =
1

1 − z

{

1 −
b̃i (z) [τ (z) − (1 − z) ã0 (z)]

τ (z)A (b (z))

}

, i ≥ 1 (12)

î
(12) ç�ï�ð (10) ç , ñ�í z ��Ç (5) ç . (5) ç � ïvò (12) ç���Ç (6) ç .� Ã lim

n→∞
Ãi(n) = lim

z↑1−

(1 − z)ãi(z), ó�á�ô�õ�°�ö�E�ª�Ô�÷�ø z 1, � K�ù�ú�û�z 1 6�üvý .

­�þ�ÿ�������� ; < 6������ O�P ,
u����

X 9 ��²�³ n�o xj = P {X = j} = R(1 − R)j−1, j =

1, 2, · · ·, 0 < R < 1. C�D	� ¾ ����� L�z ,
L�z ; < H 9 ���	
	�	� n�o , ��� L�z ; < � β (0 ≤ β <∞),

�	� L��	�	� ,
L�� � ¾ �	
�������Ë�Ì , =	�	� n = 0 ;	�	� t � 6 , X æ H »�¼�½�¾ . ¶ n ≥ 0, �

Φ(n) = P { ;�� n �	��C�D }, M(n) = E{> (0, n] ?��	��C�D�6�y�� }

F�G�I�J�; < 6	�	�	� O�P ([14]), r � Î�ø z :¤�¥
2 ¶ |z| < 1, �

ψ(z) =

∞
∑

n=0

Φ(n)zn,m(z) =

∞
∑

n=0

M(n)zn

E
ψ(z) =

zR · [1 − h(z)]

(1 − z) [1 − z + zR · (1 − h(z))]
, m(z) =

zR

[1 − z + zR− zRh(z)] (1 − z)

��=���Ó�Ô�Õ��
lim

n→∞
Φ(n) =

Rβ

1 +Rβ
, lim

n→∞

M(n)

n
=

R

1 +Rβ

Î	��p�q�>�;�� n 9�:�@�Ê s C�D�Ë�Ì�6�Ï�Ð ( � K á ¡ ). �
Φi(n) = P{ ;�� n 9�:�@�C�D |N(0) = i} , i ≥ 0Ñ�¥

2 � ψi(z) =
∞
∑

n=0
Φi(n)zn, E�¶ |z| < 1, r	�	��è O ç :

ψi(z) = ψ(z) · [(1 − z)ãi(z)], i = 0, 1, 2, · · · (13)uvm
ãi(z) Ã û�z 1 � û , ψ (z) Ã/ø z 2 � û .Þ�ß

1) Ã s >	� � “ 7�8���� ” ? , 9�:�@�6	�	��æ�C�D	� ú ��� ë	�	� �	� © .
s�t

, á b̃〈i〉 ¶�ø z
2
þ�ÿ 6 �	� ; < �	�	� K�L�O�P m 6 � ¢ Φ(n) ����â�Ï�Ð�n�ã , Ç

Φ(n) = P
{ ;�� n �	��C�D }

= P
{

b̃〈i〉 > n ≥ 0; ;�� n �	��C�D }+ P
{

b̃〈i〉 ≤ n; ;�� n �	��C�D }

= Qi (n) +

n
∑

k=i

P
{

b̃〈i〈 = k
}

· P
{ ;�� n− k C�D ∣∣∣b̃〈i〉 = k

}

, i ≥ 1 (14)

uvm
Qi (n) = P

{

b̃〈i〉 > n ≥ 0; ;�� n �	��C�D }, i ≥ 1.

¯�� “ 7�8���� ”b̃〈i〉 Ô	��;�9�:�@ t �	��6 , � º b̃〈i〉 6�Ô	��;���õ	 	!�>	"�y �	�   ¡ Xj

m
( #	$

1), ��= b̃〈i〉 > Xj

m 6	% � ��n�; <�ù âvÃ/4�5�6�9�:�; <	&�ú , '	(�9�:*) ó���æ L�z »�¼�½�¾ 6	� û ,

r b̃〈i〉 ¿ Xj ) Hj »�¼�½�¾ .
­ Ã s 9�:�@�6 �	� 9 ��²�³ n�o , � º
P{ ;�� n− k

O�P C�D |b̃〈i〉 = k} = Φ(n− k)s�t
Φ(n) = Qi (n) +

n
∑

k=i

P
{

b̃〈i〉 = k
}

· Φ(n− k), i ≥ 1 (15)

+
1
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2) '	(	,	-�6	�	� , 9�:�@	. K�� >�9�:�®�6 “ 7�8���� ”
m C�D , ��=�>	� ��� “ 7�8���� ” 6�����æ

Ô	��;���9�:�@	/	�	� , � º ;�� n 9�:�@�C�D	0�=	1	0�;�� n !�ð�9�:�®�6	" � “ 7�8���� ”
m

, =�;��
n 9�:�@�C�D .

s�t
Φ0(n) = P{ ;�� n 9�:�@�C�D , τ̃1 ≤ n}

=

∞
∑

k=1

ek

n
∑

i=1

Qk (n− j)p (1 − p)
i−1

+

n
∑

k=1

ek

∞
∑

j=1

∞
∑

i=1

ei

n
∑

u=k

n−u
∑

r=1

Φi (n− u− r)×





r
∑

w=2j−2

P

{

j−1
∑

k=0

(Vk + Yk) = w

}

−

r
∑

w=2j−1

P

{

j−1
∑

k=0

(Vk + Yk) + Yj = w

}



×

P {τ̃ = r}P
{

τ̃ + b̃〈k〉 = u
}

+

n
∑

k=1

ek

∞
∑

j=1

∞
∑

i=1

∞
∑

m1=1

em1
· · ·

∞
∑

mi=1

emi

n
∑

u=k

n−u
∑

t=2j−1

n−u−t
∑

r=0

Φm[i] (n− u− r − t)

(

r

i

)

pi (1 − p)
r−i

(1 − p)
t
×

P {V = r}P

{

j−1
∑

i=1

(Vi + Yi) + Yj = t

}

P
{

τ̃ + b̃〈k〉 = u
}

(16)

À z�K Ç :

Φi(n) =Qi (n) +

∞
∑

k=1

∞
∑

m=1

em

n
∑

s=i

n−s
∑

r=1

Φm (n− s− r)×





r
∑

w=2k−2

P







k−1
∑

j=0

(Vj + Yj) = w







−

r
∑

w=2k−1

P







k−1
∑

j=0

(Vj + Yj) + Yk = w









P {τ̃ = r}P
{

b̃〈i〉 = s
}

+

∞
∑

k=1

∞
∑

j=1

∞
∑

m1=1

em1
· · ·

∞
∑

mi=1

emi

n
∑

l=i

n−l
∑

r=2k−1

n−l−r
∑

u=1

Φm[i] (n− l − r − u)

(

u

j

)

pi (1 − p)
u−j

(1 − p)
r
×

P {V = u}P

{

k−1
∑

t=1

(Vt + Yt) + Yk = r

}

P
{

b̃〈i〉 = l
}

, i ≥ 1 (17)

¶ (16) æ (17) ç�è s ;�� n é z-��ê , =	2�É�� qi (z) =
∞
∑

n=0
Qi (n)zn = ψ (z)

[

1 − b̃i (z)
]

, r

ψ0(z) =
zp

1 − zp̄
ψ(z)

∞
∑

k=1

ek

[

1 − b̃k (z)
]

+

(

zp

1 − zp̄

)2 [1 − y (zp̄)]A
(

b̃ (u)
)

1 − y (zp̄) v (zp̄)

∞
∑

i=1

eiψi(z)+

pzA
(

b̃ (z)
)

y (zp̄)

(1 − zp̄) [1 − y (zp̄) v (zp̄)]

∞
∑

i=1

∞
∑

m1=1

em1
· · ·

∞
∑

mi=1

emi
ψm[i] (z)

∞
∑

r=0

zr

(

r

i

)

pi (1 − p)
r−i

P {V = r}(18)

ψi(z) = ψ (z)
[

1 − b̃i (z)
]

+
zpb̃i (z) [1 − y (zp̄)]

(1 − zp̄) [1 − y (zp̄) v (zp̄)]

∞
∑

m=1

emψm (z)+

y (zp̄) b̃i (z)

1− y (zp̄) v (zp̄)

∞
∑

j=1

∞
∑

m1=1

em1
· · ·

∞
∑

mj=1

emj
ψm[j] (z)

∞
∑

r=0

zr

(

r

j

)

pj (1 − p)
r−j

P {V = r} , i ≥ 1 (19)

3 ��F�G û�z 1
m
ã0(z) æ ãi(z) 6�ì�ã�¨�ö K Ç�è O ç (13) ç .4	5

1

ψ0(z) =
zR · [1 − h(z)] τ(z)

(1 − z) [1 − z + zR · (1 − h(z))]
·







1 −
A
(

b̃ (z)
)

[1 − (1 − y (zp̄)) τ (z) − y (zp̄) v (z)]

1 − t (z)







ψi(z) =
zR · [1 − h(z)]

(1 − z) [1 − z + zR · (1 − h(z))]
·

{

1 −
b̃i (z) [1 − (1 − y (zp̄)) τ (z) − y (zp̄) v (z)]

1 − t (z)

}

, i ≥ 1
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��=�Ó�Ì�Ô�Õ
lim

n→∞
Φi(n) = lim

z↑1−

(1 − z)ψi(z) =

{

peαRβ, ρ̃ < 1
Rβ

1+Rβ
, ρ̃ ≥ 1

3 687898:8;8<>=@?
� Mi(n) = E

{ 9�:�@�> (0, n] ?/C�D�y�� |N(0) = i
} 2�3 O�P � Í���Ë�Ì N(0) = i A�A , 9�:�@�>

(0, n] ?/C�D�6�����y�� .Ñ�¥
3 Ò mi(z) =

∞
∑

n=0
Mi(n) · zn, E�¶ |z| < 1, r	�	��è O ç :

mi(z) = m (z) · [(1 − z)ãi(z)], i = 0, 1, 2, · · · (20)uvm
m(z) Ã/ø z 2 � û .Þ�ß

1) �
Ik(n) = E{(0, n] ?	9�:�@�6�C�D�y�� ; 0 ≤ n < b̃<k>} Jk(n) = E{(0, b̃<k>] ?	9�:�@�6�C�D�y�� ;

b̃<k> ≤ n}

E�F�G (15) ç , á b̃<k> ¶�ø z 2
m 6 � ¢ M(n) ����â�Ï�Ð�n�ã , Ç

Ik(n) + Jk(n) = M(n) −
n
∑

j=k

P
{

b̃<k> = j
}

·M(n− j), k ≥ 1 (21)

¶ (21) ç	B	C�è s ;�� n é z-��ê , Ç
ik(z) + jk(z) = m(z)

[

1 − b̃k (z)
]

, k ≥ 1 (22)

2) F�G (16) æ (17) ç�6�n�ã , r
M0(n) =

∞
∑

k=1

ek

n
∑

i=1

Ik (n− j)p (1 − p)i−1 +
∞
∑

k=1

ek

n
∑

i=1

Jk (n− j)p (1 − p)i−1 +

n
∑

k=1

ek

∞
∑

j=1

∞
∑

i=1

ei

n
∑

u=k

n−u
∑

r=1

Mi (n− u− r)×





r
∑

w=2j−2

P

{

j−1
∑

k=0

(Vk + Yk) = w

}

−

r
∑

w=2j−1

P

{

j−1
∑

k=0

(Vk + Yk) + Yj = w

}



×

P {τ̃ = r}P
{

τ̃ + b̃〈k〉 = u
}

+

n
∑

k=1

ek

∞
∑

j=1

∞
∑

i=1

∞
∑

m1=1

em1
· · ·

∞
∑

mi=1

emi

n
∑

u=k

n−u
∑

t=2j−1

n−u−t
∑

r=0

Mm[i] (n− u− r − t)×

(

r

i

)

pi (1 − p)
r−i

(1 − p)
t
× P {V = r}P

{

j−1
∑

i=0

(Vi + Yi) + Yj = t

}

P
{

τ̃ + b̃〈k〉 = u
}

(23)

Mi(n) =Ii(n) + Ji(n) +

∞
∑

k=1

∞
∑

m=1

em

n
∑

s=i

n−s
∑

r=1

Mm (n− s− r)





r
∑

w=2k−2

P







k−1
∑

j=0

(Vj + Yj) = w







−

r
∑

w=2k−1

P







k−1
∑

j=0

(Vj + Yj) + Yk = w









× P {τ̃ = r}P
{

b̃〈i〉 = s
}

+

∞
∑

k=1

∞
∑

j=1

∞
∑

m1=1

em1
· · ·

∞
∑

mi=1

emi

n
∑

l=i

n−l
∑

r=2k−1

n−l−r
∑

u=0

Mm[i] (n− l − r − u)

(

u

j

)

pi (1 − p)
u−j

(1 − p)
r
×

P {V = u}P

{

k−1
∑

t=0

(Vt + Yt) + Yk = r

}

P
{

b̃〈i〉 = l
}

, i ≥ 1 (24)

¶ (23) ç�æ (24) ç�è s ;�� n é z-��ê , =	2�É�� ik(z) + jk(z) = m(z)
[

1 − b̃k (z)
]

,
3 ��F�G û�z 1

m
ã0(z) æ ãi(z) 6�ì�ã�¨�ö K Ç�è O ç (20) ç .
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4	5
2

m0(z) =
zRτ(z)

[1 − z + zR · (1 − h(z))]
·







1 −
A
(

b̃ (z)
)

[1 − (1 − y (zp̄)) τ (z) − y (zp̄) v (z)]

1 − t (z)







mi(z) =
zR

[1 − z + zR · (1 − h(z))]
·

{

1 −
b̃i (z) [1 − (1 − y (zp̄)) τ (z) − y (zp̄) v (z)]

1 − t (z)

}

, i ≥ 1

��=�r���Ó�Ô�Õ
lim

n→∞

Mi (n)

n
= lim

z↑1−

(1 − z)
2
mi (z) =







pRαe, ρ̃ < 1

R
1+Rβ

, ρ̃ ≥ 1
Ñ�¥

4 � Ñ 2�3�>�9�:�®�6 “ 7�8���� ”b̃ ?/9�:�@�6�C�D�y�� , E
E
[

Ñ
]

=







Rα

1 − ρ̃
, ρ̃ < 1

∞, ρ̃ ≥ 1
(25)

Þ�ß � v 2�3�>�7�8�9�:�; < χ̃ ?/��°�6�4�5	D�� , E
P {v = k} =

∞
∑

n=1

(

n

k

)

pk (1 − p)
n−k

P {χ̃ = n}, k = 0, 1, 2, · · · (26)

=���x i D�6�4�5���� Di, i = 1, 2, · · · , v,
ù â�F�G�H [13] x 138 µ�E�9�:�·�¸�6�¹ M , 9�:�® “7�8��

� ”b̃
K 2�3�� :

b̃ = χ̃+ b̃1 + · · · + b̃D1
+ b̃D1+1 + · · · + b̃D1+D2

+ · · · + b̃D1+D2+···+Dvuvm 0 v = 0 ; , D1 +D2 + · · · +Dv = 0, b̃ = χ̃; ��= b̃1, · · · , b̃D1+D2+···+Dv »�¼�½�¾ , ¿ b̃ r »�À 6�Ï�Ð
n�o , ª ½�¾ s χ̃ ) D1, D2, · · · , Dv ¿ v.

� Ñ∗ 2�3�>�7�8�9�:�; < χ̃ ?/9�:�@�6�C�D�y�� ,Ñi 2�3�> b̃i ?/9�:�@�6�C�D�y�� , E
Ñ = Ñ∗ + Ñ1 + · · · + ÑD1

+ ÑD1+1 + · · · + ÑD1+D2
+ · · · + ÑD1+D2+···+Dv

0 v = 0 ; , Ñ = Ñ∗, � = Ñ1, · · · , ÑD1+D2+···+Dv » ¼ ½ ¾ , ¿ Ñ r » À n o , ª ½ ¾ s Ñ∗ ) D1, D2, · · · , Dv

¿ v,
s�t

E
[

Ñ
]

= E
[

Ñ∗
]

+
∞
∑

k=1

P {v = k} ·E
[

Ñ1 + · · · + ÑD1+D2+···+Dk

]

= E
[

Ñ∗
]

+

∞
∑

k=1

P {v = k} ·

∞
∑

m1=1

em1
· · ·

∞
∑

mk=1

emk
E
[

Ñ1 + · · · + Ñm1+m2+···+mk

]

= E
[

Ñ∗
]

+E
[

Ñ
]

∞
∑

k=1

P {v = k} · ke

= E
[

Ñ∗
]

+ eE
[

Ñ
]

E [v] (27)

��>�7�8�9�:�; < χ̃ ?/9�:�@�6�����C�D�y���� E
[

Ñ∗
]

= Rα( F�G�H [13]
û�z

10.1.3, F K #�H [3]
û�z

2), =
E [v] =

n
∑

k=0

kP {v = k} =

n
∑

k=0

k

∞
∑

n=1

(

n

k

)

pk (1 − p)
n−k

P {χ̃ = n}

=

∞
∑

n=1

pn

n
∑

k=0

k

(

n− 1

k − 1

)

pk−1 (1 − p)
n−k

P {χ̃ = n}

= p

∞
∑

n=1

nP {χ̃ = n} = pE [χ̃] = pα (1 +Rβ) (28)

s�t 0 ρ̃ < 1 ; ,
î

(28) ç�ïvò (27) ç , ª	2�É	0 ρ̃ ≥ 1 ; E[b̃] = ∞,
K Ç�� (25) ç .
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