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1 xv4|:k>$tf�dnnE4��	W\/U0>$�B�:*�%!j*�-SP�uU~����>!U:k>$U8pP#�
�9�%�5��
B�Æy
(Wa��^IV) 'y�m��|'��9P1:kVJ�oubY�.U “4|}M
”(Retrial Orbit), f rgÆ:UmM*�AbY�9P1u0|SP�9�y��>$-�|UT�m
�9��	u,�U�"o��|q'3W>!:k>$-U�|/omz�O�9�U>��Do�m�9�u}DU�>$-U�|q'3.o$SP>mU�9�W\/_;>$ur
1OU4|:kU	A��|E\/_;m�Z�P%z��2�:$M	rgVfUmM*�A%#uNX!_;\/�"P5�+'�4|�|UC�m�
>$U℄3/drT�K��9�(0P{4|�|�WPD�|�y�>$=�4�$�J>~m�4|�|R/dG�+Wo�5>$U�9+�BS�m�"F�W+WPDmBd[�`e�VJmM�H��9�'3��>m�SU�9�>$:k>$Umj-,���T4|�|UC��yo'3Æ"Wz-%{;H��-UnE4���
4|:k>$U=95C��O [2,3,10,11,14,21]. Q�
4|:k>$Umjn<-��emM>$-�"P 19956 Yang% Li[22])�H~��&�P�^mM`�5�6���
FIB�:�!j*�>$-	W{g Aloha >$> B-ISDN *�-U ATM >$�buu��5K-\$:U9emM+8�mMK-U���^mM:kuz-B�:!j*�UÆ�I,Y�d��^mM:k��4p℄�L�4|:k>$-H�1GVa�+O [1, 4–8, 15–20].�0 2008 5 5 � 12 V}O�2008 5 8 � 21 V}O`���
∗ �GBRvi7` (10871020) �:L.



902 | � � g g � 31n�`��J-�(� [7,17,19,20] =���9�'yuUK~� [7,19,20] -mj��9��EamyjSU�^mM Geo/G/1 4|:k�L��9-�9�'2jS�
[17]-J�Ib�9���JmyjS�jS*����9U�|VJ�9�a�(�*�Feb[�9�>$+�^mM Geo/Geo/1 4|:k�&�s��9��EamyjSUy3��1-5("ms��u`�1�9�jSUy3�� [17] -Ib'"�5(I^�9-Z�9�jS���X��9U�|R'�VJa�(�*�Fe(5g�U�9��ou-h�9HYP4|}M-Q�4W0|uX��9��oUIbÆ|'nE-�|U[+>4�/dUnE�g�
2 _tM^h5(s�r
�^mM4|:k>$�mM7�V{+K-mMM	�4+m?
(Slots). '
mg�!` 0, 1, · · · , m, · · ·. �1Ib��U:k3a�WPD��Q�4|�a�(5V�b�m?U�^=qd�y���y3"mqdn
tQ�+=�w��5(Io>$u�PD>$ (EAS: Early Arrival System), ?�mge[�-sAqdPD�4|%rpa��o�m?e[H-sAqd�9(��|�Q�a�(5VtQ��� EAS >$�LO Hunter[13].�|PDusPD�+ p U Bernoulli  8�Z�|PD>$m�9���%5�=
a�>���|��r�9P�f r
Æ:mg*�1�4|uSP�9��TVJ4|U�|�4+4|}M (Orbit) �U�|�Z�| (YrAPD54|U) PD>$-qF�9�}D��b[�9F��5�Ea�9��5�Ea�9�U��u θ. W�Ea�9�'5� (u�� θ ≡ 1 − θ), ��9�#`SPa���|�P4|}M�VJ��'�5(Ib�9�u Bernoulli 8jS�jS� α ≡ 1−α. ?
α u�9��r
mg1'2jSU���4|mM ("
�|�A4|M	) u+�+ 1− r UA&{(�? r ur
�|�r
mg1'24|U���Zn
�|�r
mg14|I�9�}D��fB-Ur�|b[�9�B�t14|}M��9mM+
I"{(
+�+ s = 1 − s UA&{(UÆ:���? s +r
�|�r
mg1'3(5�9U���(5�9*��|R�r�>$I'�m��U&�K�a�mM�B
"{(I{(!�+r{(UÆ:���{(!�+ {ti}

∞

i=1,��-!�u T (x) =
∞
∑

i=1

tix
i, B n YY6k+ βn. Ib�9�a�WW�+rCO�5(Ib 0 < p < 1, 0 < s < 1, 0 ≤ r < 1, 0 < θ ≤ 1 > 0 ≤ α < 1. +w�B��>$U�$� (traffic intensity) C+

ρ =
pθ + pβ1[s(θ − α) + θ]

sθ
.BZR�* ρ < 1 u�1:k>$,Ym~U#y�U��℄�Q�I ρ < 1 VJ


(s − p)θ + pβ1[s(θ − α) + θ] < 0.

3 ℄fZ�mz m+ (m?e[ m U�-), >$y� 8 Xm = (Cm, ξm, Nm) "s���
Cm "s�9�>� (0,1 5 2 {#m~}D�%�5jS), Nm "s4|}M-�|
��W Cm = 2, ξm "sg�Ua�mM�



5? )_���J��/hQ+q��\kK2z8i kh 903vO {Xm, m ∈ N} u�1:k>$UHY#y��B>�}Mu
S =

{

(0, k) : k ≥ 0; (1, k) : k ≥ 0; (2, i, k) : i ≥ 1, k ≥ 1
}

.�1RmjHY#y� {Xm, m ∈ N} U=3{(
π0,k = lim

m→∞

P [Cm = 0, Nm = k]; k ≥ 0,

π1,k = lim
m→∞

P [Cm = 1, Nm = k]; k ≥ 0,

π2,i,k = lim
m→∞

P [Cm = 2, ξm = i, Nm = k]; i ≥ 1, k ≥ 1.=3>�B>$U Kolmogorov w8E+	
π0,k =prkπ0,k + sprkπ1,k + (1 − δ0k)prkπ2,1,k, k ≥ 0, (1)

π1,k =pθπ0,k + p(1 − rk+1)θπ0,k+1 + (spθ + spα)θπ1,k + sp(1 − rk+1)θπ1,k+1

+ (1 − δ0k)spαπ1,k−1 + (1 − δ0k)pθπ2,1,k

+ p(1 − rk+1)θπ2,1,k+1, k ≥ 0, (2)

π2,i,k =pθtiπ0,k−1 + p(1 − rk)θtiπ0,k + (spθ + spα)tiπ1,k−1 + sp(1 − rk)θtiπ1,k

+ (1 − δ1k)spαtiπ1,k−2 + (1 − δ1k)pθtiπ2,1,k−1 + p(1 − rk)θtiπ2,1,k

+ (1 − δ1k)pπ2,i+1,k−1 + pπ2,i+1,k, i ≥ 1, k ≥ 1. (3)r).�Q	
∞
∑

k=0

π0,k +
∞
∑

k=0

π1,k +
∞
∑

i=1

∞
∑

k=1

π2,i,k = 1.+℄ (1)–(3) r�{Y-!�
φ0(z) =

∞
∑

k=0

π0,kzk; φ1(z) =

∞
∑

k=0

π1,kzk; φ2(x, z) =

∞
∑

i=1

∞
∑

k=1

π2,i,kxizk>�;-!�
φ2,i(z) =

∞
∑

k=1

π2,i,kzk, i ≥ 1.�r (1)–(3) ��"6u zk, m k I%�SP
φ0(z) =p[φ0(rz) + sφ1(rz) + φ2,1(rz)], (4)

φ1(z) =
θ

z
(p + pz)φ0(z) + (p + pz)

(θs

z
+ sα

)

φ1(z) +
θ

z
(p + pz)φ2,1(z)

−
p

z
θ[φ0(rz) + sφ1(rz) + φ2,1(rz)], (5)

φ2,i(z) =(p + pz)φ2,i+1(z) + (p + pz)θtiφ0(z) + (p + pz)(sθ + zsα)tiφ1(z)

+ (p + pz)θtiφ2,1(z) − pθti[φ0(rz) + sφ1(rz) + φ2,1(rz)], (6)



904 | � � g g � 31n�r (4) IYP (5), (6), ��
φ1(z) = −

1 − z

z
pθφ0(z) + (p + pz)

(θs

z
+ sα

)

φ1(z) +
θ

z
(p + pz)φ2,1(z), (7)

φ2,i(z) =(p + pz)φ2,i+1(z) − (1 − z)pθtiφ0(z) + (p + pz)(sθ + zsα)tiφ1(z)

+ (p + pz)θtiφ2,1(z). (8)!*� (8) ��6u xi �m i IHr�SP
x − (p + pz)

x
φ2(x, z) =(p + pz)[θT (x) − 1]φ2,1(z) + (p + pz)(sθ + zsα)T (x)φ1(z)

− (1 − z)pθT (x)φ0(z). (9)� x = p + pz IY (9) �
(1 − z)pθT (p + pz)φ0(z) =(p + pz)[θT (p + pz) − 1]φ2,1(z)

+ (p + pz)(sθ + zsα)T (p + pz)φ1(z). (10)B)5(C�;�
{��B�*'0SP��=f��yX 1 m 0 ≤ x ≤ 1, � T (x) ≤ x 5
�yX 2 m 0 ≤ z < 1, MIaM (s − p)θ + pβ1[s(θ − α) + θ] < 0 m�'Vr
[zs(θ − α)(p + pz) + zθ]T (p + pz) + (p + pz)(θs + zαs) − z > 0 5
�� (5),(10) r�yuSP-!� φ1(z) % φ2,1(z):

φ1(z) =
pθ(1 − z)φ0(z)

[zs(θ − α)(p + pz) + zθ]T (p + pz) + (p + pz)(θs + zαs) − z
, (11)

φ2,1(z) =
T (p + pz)

p + pz

z(1 − z)p[s(θ − α)(p + pz) + θ]φ0(z)

[zs(θ − α)(p + pz) + zθ]T (p + pz) + (p + pz)(θs + zαs) − z
.

(12)� φ1(rz) % φ2,1(rz) IY (4) r�
φ0(z)

=
[rzs(θ − α)(p + prz) + rzθ]T (p + prz) + (p + prz)(θs + rzαs) − rz(p + prz)

(p + prz){[rzs(θ − α)(p + prz) + rzθ]T (p + prz) + (p + prz)(θs + rzαs) − rz}
pφ0(rz)

=G(rz)φ0(rz). (13)�� (13) rb[℄I5(yuSP φ0(z) = φ0(0)
∞
∏

k=1

G(rkz). �6M6;U~�℄�B)r
{��;�yX 3 Z (s − p)θ + pβ1[s(θ − α) + θ] < 0, �6M6; ∞
∏

k=1

G(rkz) ~��� �C� G(z) UJ
G(z) = 1 + F (z). (14)��

F (z) ≡
p + pz − [zs(θ − α)(p + pz) + zθ]T (p + pz)− (p + pz)(θs + zαs)

(p + pz){[zs(θ − α)(p + pz) + zθ]T (p + pz) + (p + pz)(θs + zαs) − z}
pz.



5? )_���J��/hQ+q��\kK2z8i kh 905��{� 2 >m 0 ≤ z ≤ 1 5
U*E'Vr
p + pz − [zs(θ − α)(p + pz) + zθ]T (p + pz) − (p + pz)(θs + zαs)

≥θ{p + pz − [zs(θ − α)(p + pz) + zθ]T (p + pz)} + θ[p + pz − (p + pz)(θs + zαs)] ≥ 0,v� Z (s − p)θ + pβ1[s(θ − α) + θ] < 0, �m 0 ≤ z ≤ 1, �F (z) ≥ 0.l (14) r�6M6;y4U+
∞
∏

k=1

G(rkz) =

∞
∏

k=1

[1 + F (rkz)]. (15)�� (15) -6M6;~�UVJ�Q+�� ∞
∑

k=1

F (rkz) ~� (O [9, Corollary 5.6]). 	y+ lim
z→∞

F (rk+1z)
F (rkz) = r < 1, �{�S��F�� (11),(12) IP (9) -�SP-!�

φ2(x, z)

=
T (x) − T (p + pz)

x − (p + pz)

xz(1 − z)p[s(θ − α)(p + pz) + θ]

[zs(θ − α)(p + pz) + zθ]T (p + pz) + (p + pz)(θs + zαs) − z
φ0(z).lr).�Q φ0(1) + φ1(1, 1) + φ2(1, 1) = 1, 5(yu�S1�

φ0(1) =
(s − p)θ + pβ1[s(θ − α) + θ]

−sθ
,BoyuSP φ0(0).D[u`�5(SPWB^��NX 1 Z (s − p)θ + pβ1[s(θ − α) + θ] < 0, �HY#y� {Xm, m ∈ N} U=3{(�WB-!�	

φ0(z) =
(s − p)θ + pβ1[s(θ − α) + θ]

−sθ

∞
∏

k=1

G(rkz)

∞
∏

k=1

G(rk)
,

φ1(z) =
pθ(1 − z)φ0(z)

[zs(θ − α)(p + pz) + zθ]T (p + pz) + (p + pz)(θs + zαs) − z
,

φ2(x, z)

=
T (x) − T (p + pz)

x − (p + pz)

xz(1 − z)p[s(θ − α)(p + pz) + θ]

[zs(θ − α)(p + pz) + zθ]T (p + pz) + (p + pz)(θs + zαs) − z
φ0(z),��

G(z) =
[zs(θ − α)(p + pz) + zθ]T (p + pz) + (p + pz)(θs + zαs) − z(p + pz)

(p + pz){[zs(θ − α)(p + pz) + zθ]T (p + pz) + (p + pz)(θs + zαs) − z}
p.



906 | � � g g � 31nn\ 1 (1) 3�B�9�=
}D�%%jSU��{#u
φ0(1) =

(s − p)θ + pβ1[s(θ − α) + θ]

−sθ
, φ1(1, 1) =

p

s
, φ2(1, 1) =

pβ1[s(θ − α) + θ]

sθ
.

(2) 4|}M-�|T�U-!�+
Ψ(z) =

(p + pz)(zsθ + θs) − zθ + (1 − z)pθ

[zs(θ − α)(p + pz) + zθ]T (p + pz) + (p + pz)(θs + zαs) − z
φ0(z).

(3) �
>$-�|T�U-!�+
Φ(z) =

(p + pz)(zsθ + θs) − zθ + z(1 − z)pθ

[zs(θ − α)(p + pz) + zθ]T (p + pz) + (p + pz)(θs + zαs) − z
φ0(z).

(4) 4|}M-�|T�U=q$+
E[N ] =

2p2sθ + 2pβ1[psα + ss(θ − α) + sθ] + sp2β2[s(θ − α) + θ]

2s{θ(p − s) + pβ1[s(α − θ) − θ]}
+

∞
∑

k=1

G′(rk)

G(rk)
rk.

(5) >$=qk3u E[L] = E[N ] + p
s
.� 1 � [17] H
�+��$�SPU℄3&!�bp�B�� ∑

∞

k=1
G′(rk)
G(rk)

rk.vO
∞
∑

k=1

G′(rk)

G(rk)
rk =

1

1 − r

∞
∑

k=1

G′(rk)

G(rk)
(rk − rk+1).�����y�WB;{
SP	

(i)

∞
∑

k=1

G′(rk)

G(rk)
rk

≈
r

1 − r

∫ 1

0

G′(z)

G(z)
dz =

r lnG(1)

1 − r
=

r

1 − r
ln

[

p
p + θ(s − p) + pβ1[s(θ − α) + θ]

θ(s − p) + pβ1[s(θ − α) + θ]

]

(Z r → 1).

(ii)

∞
∑

k=1

G′(rk)

G(rk)
rk

≈
r

1 − r

n0(ε)
∑

k=1

G′(rk)

G(rk)
(rk − rk+1) +

1

1 − r

∫ rn0(ε)+1

0

G′(z)

G(z)
dz

=

n0(ε)
∑

k=1

G′(rk)

G(rk)
rk +

lnG(rn0(ε+1))

1 − r

(��m'
 ε > 0, f�n0(ε)oS rn0(ε)+1 < ε.)�
B� G(z)% G′(z) �V s��wr (ii) ���b[�$B�Ur1wr��mU& r ∈ [0, 1) buv�U�� 2 (Æ:{℄) Æ:{℄tf�uWC�
H�^IUM/G/1 Y:k>$-�O [12]. ?��3�B>$UDk3�Uwr[y{℄+�

Æ:��U%	r




5? )_���J��/hQ+q��\kK2z8i kh 907u&�^I,�mm~U!1:k>$U3�k3��r
u�9�^ImU:k>$U3�Uk3�� Π(z) + Geo/Geo/1/∞ ya:k>$-k3U��-!�� χ(z) +�9�^Imm~U^I:k>$k3U��-!��Φ(z) +p�{℄UÆ:��U��-!���Æ:{℄y"s+ Φ(z) = Π(z)χ(z).+�SP χ(z) U"Dr�bp��1��U>$-&*W&^x^I�r�7�� [17] Hx�5(^x�9�}Dm?+^I�<wP�4|:k-?o>$-�|y}��9�qy3}D���^x�� χ(z) = ϕ0(z)
ϕ1(z) .�rw)��`1SPU Φ(z) -� r = 0, vS Geo/ Geo/1/∞ EayjSUya:k>$-k3U��-!�+	

Π(z) =
(p + pz)(zsθ + θs) − zθ + z(1 − z)pθ

[zs(θ − α)(p + pz) + zθ]T (p + pz) + (p + pz)(θs + zαs) − z
.�&� 1(3) 5(�Q Φ(z) = Π(z)χ(z) 5
�Bon�� [12] -�;UÆ:{℄�m5(�`�^xU�r��U�^mM^I:k>$qu�SU�

4 i|jY�ZR�;�
�$�	��.>$+�m4|}M�|=qT�U�K�+��Iba�mM�Br
�pM{(�B-!�+
R(x) =

( x

2 − x

)n

.?a�mMu n 
�BA&{( (q$+ 2) U
Æ:��U%�B)?4�.4|}M�|=qT����5(�;4|}M�|=qT� E[N ]� α U�>�y+�u�1ya>$G4pU+�����℄�Q�SP>$3^�Q+ α > α∗,

α∗(p, θ, s, β1) = θ +
θ

s
−

(p − s)θ

pβ1s
.y��%Z-!�U^x+ (α∗, 1].
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m 1 iR� α l orbit <p�{S�T�J�% 1 -�5({#mj�Ea5��%a�mMm4|}M�|=qT� E[N ]U�K��W���f�'"U+�m� E[N ]Æ α U�GoZN��'�M+� α �
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On the Discrete-time Retrial Queue with Two Failure Modes
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Abstract A discrete-time Geo/Geo/1 retrial queue with two failure modes, i.e., starting failures and

server breakdowns during service, is studied in this paper. The Markov chain underlying the considered

queueing system is investigated and its ergodicity condition is obtained. Based on these results, some

performance measures of the system in steady-state and a stochastic decomposition result are derived.

Finally, some numerical examples show the influence of the failure parameters on the mean orbit size.
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