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2 ^laUqPHLWFS`G℄�N,�k%>\n�Oi 2.1 x_k%�x_�jN (N,M), ���QÆ N v N >x℄:Æ>Æ{
M, ∅ ∈ M, zY>M`M_8�


(M1) �l S ∈ M z T ⊆ S, e[ T ∈ M.

(M2) �l S, T ∈ Mz |S| = |T |+1,e[xI.�x_ i ∈ S \T �; T ∪{i} ∈ M."M_8�;z)�B
 (M1) �lx_L^b)��1>�x:Æu;&)L^��B1>$�!�efH��/z0℄>:Æu�efH��-Q;zb)L^�
(M2) �lM_;L^>$�!_& S���!0L^FxI.�x_$�!�;"_$�!��!ZL^~^L^u�;L^�x��� ⋃

S∈M
{i : i ∈ S} = N .Oi 2.2 N�|> X ∈ 2N , 2N Æk%>1o& r : 2N −→ Z+ B

r(X) = max
{

|S| : S ⊆ X, S ∈ M
}

. (2.1)|bO� S ∈ M 6z.6 r(S) = |S|, /zo& r ;z8IAx>k% M =
{

S ⊆ N :

r(S) = |S|
}

. k%M 3>�+"B;L^�A0>;L^"B�L^�9m (M1);z;9�L^ B >�x_:ÆK�;L^�� 2B ⊆ M. G℄(:/�>�L^K�S;>C&��Nk%M >�x_�L^ B K�
 |B| = r(N). i�k%>TLg�|$� [7].℄ 2.3 � G �x_<�t�ÆB E = E(G), 6 X ⊆ E � G >x_H}:<��
X >�|:Æ Y u� G >x_H}:<�6 X1 � X2 ⊆ E � G >M_H}:<�z
|X1| < |X2| ���� G >:< X1 ∪X2 3�X1 u � X1 ∪X2 >0H}:<��Q� e ∈ X2 −X1, �; X1 ∪ e u� G 3>x_H}:<�/z G 3>H}:<;zh)x_k%�Oi 2.4 k%Æ>{EN'I~B
��j? (N, v,M), t3 N = {1, 2, · · · , n}��$�!>Æ{� M BI~� N Æ>x_k%� v BI~� M Æ>x_o&��
v : M → R.��F3�� �u�Y>{?M�� (v,M)
! v��k%Æ>{EN' (N, v,M),k%MÆ{EN'>��B Γ(M). ��� ϕ��k%Æ{EN'>)�� ϕ : Γ(M) →

(R)N . �l (N, v,M) ∈ Γ(M), � ϕi(N, v,M) �� WoTÆ ϕ �k%Æ>{EN' (N, v,M) 3>��WoaC i _$�!>'Y��
(ϕ(N, v,M))i∈N =(ϕ1(N, v,M), ϕ2(N, v,M), · · · , ϕn(N, v,M))

=(ϕ(v,M))i∈N = (ϕ(v))i∈N .

3 ^laUqPHL ShapleynBPXFi">T���N,��_\n��p�
(1) T S ∈ M, �.k%M/S B
M/S =

{

T ∈ M : T ∩ S = ∅, T ∪ S ∈ M
}

.6 S = {i}, N/�> i ∈ N , M/{i}, ��BM/i.

(2) k%M >�L^>Æ{�B B(M). N�x S ∈ M,

BS(M) =
{

B ∈ B(M) : S ⊆ B
}
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(3) �L^>\VW!Æ{�B
P (M) =

{

P ∈ (R+)B(M),
∑

B∈B(M)

P (B) = 1
}

.

(4) k%M 3L^ S �N' v 3>;h$��VK�B
vP (S) =

∑

B∈BS(M)

P (B).

(5) � v ∈ Γ(M), i ∈ N , k%M Æ{EN'> Shapley ,I~B
ShP

i (v) =
∑

T∈M/i

vP (T ∪ {i})|T |!(r(N) − |T | − 1)!

r(N)!

[

v(T ∪ {i}) − v(T )
]

. (3.1)1>��b�B
ShP

i (v) =
∑

B∈Bi(M)

P (B)ShB
i (vB). (3.2)

ShB = (ShB
i )i∈B ��{EN' (B, vB) >0D Shapley ,�t36 S ⊆ B, � vB(S) =

v(S), u3� vB �Q0� 2B Æ>N' v.O\ 3.1 � (N, v,M) ∈ Γ(M) Bk%Æ>{EN'� P ∈ P (M) � B(M) Æ>x_\VW!�e[.�Ax>XN ϕ = (ϕi)i∈N Y>M`
_eE

(1) y4Gf
�N�|> S ∈ M z S ∋ i, vi(S) = v(S) − v(S \ {i}) ≥ wi(S) =

w(S) − w(S \ {i}), � ϕi(v) ≥ ϕi(w), t3 v, w ∈ Γ(M).

(2)  �f
�N�|> S ⊆ M/{i, j}, v(S ∪ {i}) = v(S ∪ {j}), � ϕi(v) = ϕj(v).

(3) \V�\f
 ∑

i∈N

ϕi(v) =
∑

B∈B(M)

P (B)v(B).�zN�|> i ∈ N , ϕi(v) = Shi(v).}
(=⇒) H� (3.1) |�{&b (Shi(v))i∈N Y>y4Gf� �fv\V�\f�
(⇐=) (I) �N9my4Gf� �fv\V�\f~Io�>'Y�� i � v ∈ Γ(M) >o���N�|> S ∈ M/i, v(S ∪ {i}) − v(S) = v({i}), 1>$��VKB vP ({i}). h�N'�N�|> S ∈ M z S ∋ i, T w(S) = v({i}), X�� w(S) = 0. O�$�! i � w >o���N�|> S ∈ M z S ∋ i, vi(S) =

v(S) − v(S \ {i}) = wi(S) = w(S) − w(S \ {i}), Æy4Gf;(� ϕi(v) = ϕi(w). ;�6
S ⊆ M/{j, k} z j, k 6= i ��� w(S ∪ {j}) = 0 = w(S ∪ {k}), � j v k 6� �f��Q ϕj(w) = ϕk(w). ��y4Gf;(�l j 6= i, � ϕj(w) = 0. Æ\V�\f;(

∑

j∈N

ϕj(w) =ϕi(w) + (n − 1)ϕj(w) = ϕi(w)

=
∑

B∈B(M)

P (B)w(B) =
∑

B∈B(M)
B∋i

P (B)v({i})

=v({i})vP ({i}).�Q ϕj(w) = v({i})vP ({i}). b5y4Gf� ϕi(v) = ϕi(w) = v({i})vP ({i}).
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(II) Æx/N' uT �Æ{N'>�>�;(��xN' v ∈ Γ(M)K;z��B

v =

∑

∅6=T∈M

αT uT , (3.3)t3 uT Bx/N'��N��|> S ⊇ T , uT (S) = 1, X� uT (S) = 0, z αT =
∑

R⊆T

(−1)|T |−|R|v(R). S?� Shapley ,�;z��B
Shi(v) =

∑

T∈M
T∋i

αT
vP (T )

|T |
. (3.4)zM�9mN (3.3) 3VRK&>_& m /jfA&bIE 3.1.6 m = 0 ���\_43�K�o��z v({i})=0, Æ (I) ;(

ϕi(v) = v({i})vP ({i}) = 0 = Shi(v).6 m = 1 �� v = αT uT , t3 T ∈ M. WM4{?4X
(i) � i  !� T , � i � αT uT >o��/z

ϕi(v) = ϕi(αT uT ) = αT uT ({i})vP ({i}) = 0 = Shi(v).

(ii) � i, j !� T , ��{q&N S ⊆ M/{i, j}, uT (S ∪ {i}) = uT (S ∪ {j}), � i v
j 6�; �f�/z ϕi(v) = ϕj(v),

|T |ϕi(v) =
∑

i∈N

ϕi(v) =
∑

B∈B(M)

P (B)αT uT (B)

=αT

∑

B∈BT (M)

P (B) = αT vP (T ),� ϕi(v) = αT vP (T )
|T | = Shi(v).��VRK&B m_��ϕi(v) = Shi(v), zMjfVRK&B m+1_�>{?�Æ�VRK&B m + 1 _�N' v >;z��B

v =

m+1
∑

k=1

αTk
uTk

.8|9 αTk
6= 0, Tk ∈ M. T T =

m+1
⋂

k=1

Tk. � i  !� T , �I~x_^>N' w, �;
w =

∑

Tk∋i

αTk
uTk

,� w >VRK&_&.P� m _��zN/�> S ∈ M/{i} � vi(S) = wi(S), 9mjf�&{y4Gf;;
ϕi(w) = ϕi(v) =

∑

Tk∋i

αTk
wP (Tk)/|Tk| = Shi(v).
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m+1
⋂

k=1

Tk �� ϕi(v) = Shi(v). Æ\V�\f;(
∑

i∈N

ϕi(v) =
∑

i∈N

Shi(v). (3.5)�Æ�6 i, j ∈ T �Y> �f��Q ϕi(v) = ϕj(v). �� (3.5),

∑

i∈N

ϕi(v) =
∑

i∈N

Shi(v)

⇒
∑

i∈T

ϕi(v) +
∑

i∈N\T

ϕi(v) =
∑

i∈T

Shi(v) +
∑

i∈N\T

Shi(v)

⇒|T |ϕi:i∈T (v) +
∑

i∈N\T

Shi(v) = |T |Shi:i∈T (v) +
∑

i∈N\T

Shi(v)

⇒ϕi:i∈T (v) = Shi:i∈T (v).=Æ/"�6k%Æ>{EN'>) ϕ(v) Y>
8eE���N�|> i ∈ N ,

ϕi(v) = Shi(v).Æ,;��k%Æ>{EN'>) ϕ(v) Y>
8eE6z.6 ϕ(v) = Sh(v).

Bilbao[1] ��H�)8eE=� Shapley ,>Axf�IE 3.1 �
8eE=�P
Shapley ,>Axf��_P�;�f=� Shapley ,�zM�&b"M?eE���>�O\ 3.2 �| v, w ∈ Γ(M), MQM?eE���>


(i) Rff2
N\_ i ∈ N , α, β ∈ R, � ϕi(αv + βw) = αϕi(v) + βϕi(w).

(ii) x/N'> �f
N�|> T ∈ M, 6 i, j ∈ T �� ϕi(uT ) = ϕj(uT ).

(iii) o�f
� i � v >o��� ϕi(v) = v({i})vP ({i}).

(iv) \V�\f
 ∑

i∈N

ϕi(v) =
∑

B∈B(M)

P (B)v(B).�
(1) y4Gf
�N�|> S ∈ M z S ∋ i, vi(S) = v(S) − v(S \ {i}) ≥ wi(S) =

w(S) − w(S \ {i}), � ϕi(v) ≥ ϕi(w).

(2)  �f
�N�|> S ⊆ M/{i, j}, v(S ∪ {i}) = v(S ∪ {j}), � ϕi(v) = ϕj(v).

(3) \V�\f
 ∑

i∈N

ϕi(v) =
∑

B∈B(M)

P (B)v(B).} (⇒) (1) wstx� vi(S) ≥ wi(S), � (v − w)i(S) ≥ 0. h�N'�N�|> S ∈ M z S ∋ i, T
γ1(S) = (v − w)(S), X�� γ1(S) = 0. &{ (3.3), γ1 ;��B γ1 =

∑

∅6=T∈M

αT uT , t3
αT =

∑

R⊆T

(−1)|T |−|R|γ1(R). � i /∈ T , �b5 γ1 >I~� αT = 0, �Q γ1 =
∑

T∋i
T∈M

αT uT .�ÆRff2;;
ϕi(γ1) =ϕi(

∑

T∋i

T∈M

αT uT ) =
∑

T∋i

T∈M

αT ϕi(uT ) =
∑

T∋i

T∈M

αT
vP (T )

|T |
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=
∑

T∈M/i

vP (T ∪ {i})|T |!(r(N) − |T | − 1)!

r(N)

[

γ1(T ∪ {i})− γ1(T )
]

.N�|> S ∈ M z S ∋ i, T γ2(S) = 0, X�� γ2(S) = (v − w)(S). ;E;z;9
ϕi(γ2) =

∑

T∈M/i

vP (T ∪ {i})|T |!(r(N) − |T | − 1)!

r(N)

[

γ2(T ∪ {i}) − γ2(T )
]

.O� (v − w) = γ1 + γ2, �Q ϕi(v − w) = ϕi(v) − ϕi(w) = ϕi(γ1) + ϕi(γ2) ≥0, �
ϕi(v) ≥ ϕi(w).

(2) vux �N�|> S ⊆ M/{i, j}, v(S ∪ {i}) = v(S ∪ {j}), �
ϕi(v) =

∑

∅6=T∈M

ϕi(αT uT ) =
∑

∅6=T∈M

αT ϕi(uT ) =
∑

T∋i
T∈M

αT ϕi(uT ) =
∑

T∋i
T∈M

αT
vP (T )

|T |

=
∑

T∈M/i

vP (T ∪ {i})|T |!(r(N) − |T | − 1)!

r(N)
[v(T ∪ {i}) − v(T )]

=
∑

T∈M/i,j

vP (T ∪ {i, j})|T + 1|!(r(N) − |T | − 2)!

r(N)
[v(T ∪ {i, j})− v(T ∪ {j})]

+
∑

T∈M/i,j

vP (T ∪ {i})|T |!(r(N) − |T | − 1)!

r(N)
[v(T ∪ {i}) − v(T )]

=
∑

T∈M/i,j

vP (T ∪ {i, j})|T + 1|!(r(N) − |T | − 2)!

r(N)
[v(T ∪ {i, j})− v(T ∪ {i})]

+
∑

T∈M/i,j

vP (T ∪ {j})|T |!(r(N) − |T | − 1)!

r(N)
[v(T ∪ {j})− v(T )]

=
∑

T∈M/j

vP (T ∪ {j})|T |!(r(N) − |T | − 1)!

r(N)
[v(T ∪ {j}) − v(T )]

=
∑

T∈M/j

[
∑

R⊆T∪{j}

(−1)|T |+1−|R|v(R)]ϕj(uT∪{j}) =
∑

S∋j
S∈M

αSϕj(uS)

=ϕj(v),t3C)_��b5x/N'>; �f;9�Q7&C)_��b5N')> �f>8�;9�
(⇐) (iii) o�f>&b$9IE 3.1.

(ii) Rff2b5 (3.3), N�|> v, w ∈ Γ(M) z� α, β ∈ R,

αv + βw =
∑

∅6=T∈M

(ααT + ββT )uT .�,-h& ϕ
(
∑

αTm
uTm

)

=
∑

αTm
ϕ(uTm

) �;�G℄�N αTm
VR_&#�&njfS&b,&X�
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(I) 6 αTm

VR_& k=1 ��� Tm = T , N/�> i ∈ N\T K� uT >o��u� αT uT >o��ÆÆ`;9>o�f;;

ϕi(αT uT ) = αT uT ({i})vP ({i}) = 0.��B

∑

i∈T

ϕi(αT uT ) =
∑

i∈N

ϕi(αT uT ) =
∑

B∈B(M)

P (B)αT uT (B) = αT

∑

B∈BT (M)

P (B) = αT vP (T ),t3CR_���b5\V�\f;9A�&{ �f;
ϕi(αT uT ) =

{

αT vP (T )|T |−1, i ∈ T,

0, X�.
(3.6)5�A�6 αT = 1 ��

ϕi(uT ) =

{

vP (T )|T |−1, �l i ∈ T,

0, t0.
(3.7)�, ϕi(αT uT ) = αT ϕi(uT ).

(II) �� αTm
VR_&B k �&X)J��N αTm

VR_&B k + 1 ��W�MM4{?4X�� i  !� k+1
⋂

m=1
Tm, � i ��x℄x/N' uTm

>o�� U�Bv s _��6
S ∋ i �� (

k+1
∑

m=1
αTm

uTm

)

(S) =
(

k+1
∑

m=s+1
αTm

uTm

)

(S), �
ϕi

(

k+1
∑

m=1

αTm
uTm

)

= ϕi

(

k+1
∑

m=s+1

αTm
uTm

)

=

k+1
∑

m=s+1

αTm
ϕi(uTm

) =

k+1
∑

m=1

αTm
ϕi(uTm

).A~x_���b5o�>5f;9�� i, j !� ∩k+1
m=1Tm, b5 �f ϕi

(

k+1
∑

m=1
αTm

uTm

)

= ϕj

(

k+1
∑

m=1
αTm

uTm

)

, /z
| ∩k+1

m=1 Tm|ϕi

(

k+1
∑

m=1

αTm
uTm

)

= | ∩k+1
m=1 Tm|

k+1
∑

m=1

αTm
ϕi(uTm

)."��BÆ\V�\f;(
∑

i∈N

ϕi

(

k+1
∑

m=1

αTm
uTm

)

=
∑

B∈B(M)

P (B)

k+1
∑

m=1

αTm
uTm

(B) =

k+1
∑

m=1

αTm

∑

B∈BTm (M)

P (B).Q
k+1
∑

m=1

αTm

∑

i∈N

ϕi(uTm
) =

k+1
∑

m=1

αTm

∑

B∈BTm(M)

P (B).
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k+1
∑

m=1
αTm

uTm
) =

k+1
∑

m=1
αTm

ϕi(uTm
). "rG℄3&bPN')>Rff2�Qx/N'> �f (ii) *#ÆN'> �f;9�5�A�Nk%Æ>{EN' (N, r,M) (r �I~ 2.2), b5e� (3.2), ;;

Shp
i =

∑

B∈Bi(M)

P (B)ShB
i (rB) =

∑

B∈Bi(M)

P (B)r({i}) =
∑

B∈Bi(M)

P (B) = wP ({i}).℄ 3.3 �k%Æ>{EN' (N, v,M), t�L^B B1 = {1, 2, 3}, B2 = {1, 2, 4},

B3 = {1, 3, 4}, �1℄b)>\VB P (B1) = 1/2, P (B2) = 1/3, P (B3) = 1/6. ;L^>��W�B
N/�> i ∈ N , v({i}) = 0, v(12) = 4, v(13) = 1, v(34) = 0,

v(23) = 12, v(14) = 9, v(24) = 15, v(134) = 3, v(123) = 22, v(124) = 18, �
Sh(vB1) = (ShB1

1 , ShB1
2 , ShB1

3 ) =
1

6
(25, 58, 49),

Sh(vB2) = (ShB2
1 , ShB2

2 , ShB2
4 ) =

1

6
(19, 37, 52),

Sh(vB3) = (ShB3
1 , ShB3

3 , ShB3
4 ) =

1

6
(30, 3, 27).b5e� (3.2), ShM

1 =
∑

B∈B1(M)

P (B)ShB
1 = 1

2 × 25
6 + 1

3 × 19
6 + 1

6 × 30
6 = 143

36 .;E;; ShM
2 = 248

36 , ShM
3 = 150

36 , ShM
4 = 131

36 .Oi 3.4 � (N,M) Bk%� P ∈ P (M) � B(M) Æ>x_\VW!�XN
X = {x1, x2, · · · , xn}, k%Æ>{EN' (N, v, M) v:N' (B, vB) >t`W�I~B

C(N, v,M) =
{

X :
∑

i∈N

xi =
∑

B∈B(M)

P (B)v(B),N�|> S ⊆ M,
∑

i∈S

xi ≥
∑

B∈B(M)

P (B)v(S ∩ B)
}

,

C(B, vB) =
{

Y :
∑

i∈B

yi = vB(B), N�|> S ⊆ B,
∑

i∈S

yi ≥ vB(S)
}

.O\ 3.5 � (N, v,M) Bk%Æ>{EN'�B ∈ B(M), XM
i =

∑

B∈Bi(M)

P (B)xB
i ,�N�x B ∈ B(M), XB = (xB

i )i∈B ∈ C(B, vB), e[ XM ∈ C(N, v,M).} � S ⊆ M, �
∑

i∈S

xM
i =

∑

i∈S

∑

B∈Bi(M)

P (B)xB
i =

∑

B∈B(M)
B∩S 6=∅

P (B)xB(S ∩ B)

≥
∑

B∈B(M)

P (B)v(S ∩ B),



60 � � # k k � 317t3A~x_ ���b5IE>8�;9A�;�
∑

i∈N

xM
i =

∑

i∈N

∑

B∈Bi(M)

P (B)xB
i =

∑

B∈B(M)

P (B)xB(N ∩ B)

=
∑

B∈B(M)

P (B)v(N ∩ B) =
∑

B∈B(M)

P (B)v(B).�Q XM ∈ C(N, v,M). G Z e f
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Monotonic Solution of Cooperative Games on Matroids
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Abstract The Shapley value for cooperative games on matroids is recalled and is char-
acterized by three axioms of strong monotonicity, substitution and probabilistic efficiency,
which are equivalent to the axioms of linearity, substitution to unanimity games, P-dummy
player property and probabilistic efficency. The structure of element of core for cooperative
games on matroids is presented.
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