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1 T*1>-��"<}��[ 1955 �b�b Ford � Fulkerson }2hG�����G}2/8`ddÆm��mgG2"�	*w
��s0?�{ [l$5�#Gq��Y�w
�Z`GK�0�P�v�n������}N Ford-Fulkersonqg�DB"Y�GK�qg�b��IHK�3�+�~��)J 1 �QK�d+
 D = (V, E), c(e) [QSv E FGK�ow�h�*�da, B! e = vivj , ��I5 c(e) � cij , !*��! e FG<u��w<u�h���R* D � (lg) daf
, 5� D = (V, E, c(e)). NK#�B D ��Qt�M�K�M*�dM�5� vs; {K�M*�aM�5� vt; ��� iGM*��9M�x*�FG��� WeZYX (lg) daf
.)J 2 LQSv E FG�h f = {fij} [=adMG<u�� D FGK�}�=� f � �dt��=�
(1) ℄:K! vivj ∈ E Xd 0 ≤ fij ≤ cij ;

(2) ℄:KM vi ∈ V \ {vs, vt} Xd ∑
vivj∈E

fij −
∑

vjvi∈E

fji = 0;x* f [K� _ib, * ∑
vsvj∈E

fsj −
∑

vjvs∈E

fjs �_3} f G ba, !5� υ(f).)J 3 �Q=adMG<u�� D = (V, E, c(e)). L X [ V GK��-�TD
vs ∈ X, vt /∈ X , O(X) [K�rE X l X �DMG��-�=� D − O(X) �"9v�� 2008 � 5 r 5 ;`A�2008 � 9 r 2 ;`A6|��
∗ �6�6\>*J (10671073) �E�℄�L>\>K��)Æ (B407).
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(vs − vt) ~���* O(X) [rl vs, vt GK� ^℄, * c(O(X)) � ^℄ O(X) Xda,:* ^a.)J 4 =���DBK�_3} f∗, /K�C- O(X∗), TD υ(f∗) = c(O(X∗)),�� f∗ R["<}�b O(X∗) [ D GudC-�<u"-GK��*� nh^℄.)8 1 ("<}"-C-Qm [1])) :K�=adMG<u����"<}G}uHh"-C-G<u�)8 2 (�h"<}Qm) v=adMG<u����Bud!G<uS[�h�x�Q9v�h"<} (0��!G}uS0�h	).L µ [ D �K� (vs − v)s����Q µ G�m+[7 vs B v. v���Q���
µ FG!�r�t$r�K$r![l µ G�m+m+&�G�5� µ+; K$r![l µ G�m+m+&iG�5� µ−. (µ+ l µ− �_�dK�[b-))J 5 L f [ D �GK�_3}� µ [K� (vs − v) s�B℄ µ FG:K�!
vivj , d

fij

{
< cij , vivj ∈ µ+,

> 0, vivj ∈ µ−,x* µ [ (Æh f G) K� (vs − v)m\`.)8 3 _3} f∗ = {f∗

ij} ["<}?+L? D �"9vÆh f∗ G (vs − vt) y�s���FdQm���_NDBK�-"<}G�P�7K�_3} f(o= f ≡ 0)2d��[ D �d�Æh f G (vs − vt)y�s�B�d�FGy�s�x f ["<}�Bd�FGy�s���_N℄ f N3N��DBK�0G_3} f ′,

f ′

ij =






fij + θ, vivj ∈ µ+,

fij − θ, vivj ∈ µ−,

fij , vivj /∈ µ, �� 0 < θ ≤ min
[

min
vivj∈µ+

(cij − fij), min
vivj∈µ−

fij

]
."�d"� f ′ G}u[<h f G}uG�℄ f ′ t�vFd�-��T�h"<}Qm��HudG!FG<uS[�h�"<}[dFHG (YSF��HS[dmh�U�_NÆ<u,F\?GU��$�4[�hG,2). U4�_Nvd##�-D"<}�b4_;�-"<}G��mg�Æ<vh=��[D�d�Æh_3}G (vs−vt)y�s��nIHK�`i3gB- (vs − vt) y�sGox�

(vs − vt) O39�/ L f [K�_3}�
(1) YU�| X(0) = {vs}.

(2) K�I�Ld X(k), v Φ(X(k)) =
{
(x, y) ∈ E(G) | x ∈ X(k), y ∈ V (G) − X(k)

} �
�d�x;!�v O(X(k)) �;T fij < cij G! vivj ; v I(X(k)) �;T fji > 0G! vjvi ��n vi ∈ X(k), vj /∈ X(k).

(3) Bv
K#�9v vt ∈ X(k), x��}BwK� (vs − vt) y�s�
~$�IHmg℄ f P3ND�7 | X(k) := X(k) + {vt}. Bv
K#� Φ(X(k)) ��_;!�b vt /∈ X(k), xk� D �"9v (vs − vt) y�s�bQm 2.3.3 _���RG
f ["<}�b�RG O(X(k)) �["-C-�
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�!℄���xFK�<u�)J 6 �QK�
 G, Æ G �G�K� vivj &�K℄m+&iG! vivj � vjvi,*uDGd+
�l G ℄ZG℄*d+
�5� −→
G .| −→

G ��!G<u� 1, 0 G GtM u,v r �a�dM�b4���DBwK�=adMGd+<u�� DG.�T Ford-Fulkerson qg�_N-2rl u, v G"-C- O(Xuv). =�"4!Gm+�zC-KQ℄Zh G �GK��-�+z�-KQ[ G �rlDM u, v G"Y��b4��_NDBK��G-� {
O(Xuv) | u ∈ V (G), v ∈ V (G)

}
,  7 �"YG��KQR[
 G G"Y��U4�-"Y�GqgR["<}qgGK����fU� Ford-Fulkerson qg[d.G (
`[ O(n2m3) 1 � � n l m r [
GDMhl�h), 7bN�E�� +p�)8 4 �QK�
G"Y�[_Nv`*W1R9�-GG�

2 LMN���IH Ford-Fulkersonqgv
�
�m�GK��HZ`�v
�
�ym�dN�C�	Y��
K�(GW�Mohar B l Thomassen C vv�G�z [2] ��% [3] ���8��`x��FB 1 [t9v`*Wqg`N-2K�'�
�GK�"Y_at3�FB 2 [t9v`*Wqg`N-2K�'�
�"Y_rl3�FB 3 [t9v`*Wqg`N-2K�'�
�"Yj'3�Y3��vm�Fd�MaGQS�o=�K�'�
�G�dVR[ "Y"_at3G)V�{Km��Thomassen C?pG 3-~�= [2] ���
G3b9G:K�b9NÆG"Y3S[<OGWG (0d`*Wqg); b�/�b9�$G"Y3��5[Qrg�G��1GT�"�d"�Fd 3 �	Y��S[�g` C.ThomassenG+�3mg [2] mgGWG��R[��GMauv�B�h����s` Ford-Fulkersonqg℄FdC���N3yz�7bD2$rE���IHK�
�
�GK/~��_%; [3].
 G G'�[K�d9℄ Π = (π, λ), �n π = {πv | v ∈ V (G)} [K� :���,0℄ ∀ v ∈ V (G), πv [
l v &ÆqG�G)� d(v) G�%Æ&� λ [K�Æh�Gu�℄J�0 ∀e ∈ E(G), λ(e) ∈ {1,−1}; �Q
 G GK�'� Π, * G [ Π '�G�v G GK� 2- �('� Π ��=�K�3Fd!h��
 λ 0	 −1, x��3*� >' G�tx*� j' G�v G GK� 2- �('� Π ��=�9vK�>'3�x* Π [ G vK� "_Q+/�FG'�; tx* Π [ G vK� _Q+/�FG'�.v G GK� 2- �('� Π F�L C = v0e1v1e2 · · · e + lvl [K�j'3�℄h:QG i = 1, 2, · · · , l, =� ei+1 = πki
vi

(ei), xud� πvi
(ei), π

2
vi

(ei), · · · , πki−1
vi

(ei) *�3 CG#'��ud�d3 C G#'�G C G)G!-*� C G #
, 5� Gl(C); inI�_NQS C G e
, 5� Gr(C). v G GK� 2- �('� Π F�=� C [j'3+ Gl(C) l Gr(C) �d	
��x* C v Π F[ _rl G�tx�* C v Π F "_rl. =� Gl(C) ∪C l Gr(C)∪C �dK�v Π FGf�� 0, x* C v Π F[ _at G�tx�* C v Π F "_at.)J 7 G [/� Π FGK� 2- �('��=�9v k ��, W1, · · · , Wk �s�TDx�G!��"_at3���Æ� Fd�=G"- k QS� G G�dV�5� fw(G, Π), :5� fw(G).
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 G GK� 2- �('� Π = (π, λ), _NQS &ZG3�℄�
 G∗/ &ZG'��� Π∗ = (π∗, λ∗) =��℄h
 G G���, f , Sd G∗ GOM f∗l�℄Z�℄h G G��� e, Sd G∗ G� e∗ l�℄Z� G∗ �OM f∗ � g∗ b� e∗rB�?+L? G �lOM f∗ � g∗ ℄ZG� f � g Sl e Æq�B f = e1e2 · · · ek �
G �G�,�x G∗ �l f ℄ZGOM f∗ G�%Æ&_QS� π∗

f∗ = (e∗1, e
∗

2, · · · , e
∗

k),  � e∗i r ℄Zh G �G ei (i = 1, 2, · · · , k). b4�DBw
 G∗ GK�:����{Æ����
 G∗ G3�QS�_QS u�℄J λ∗ � λ∗(e∗) = λ(e), �n e∗ � G∗ �G��l G �G� e &℄Z���FdQS���"�d"�=� G[v/� S FGK� 2-�('���� G∗I[ 2- �('�v/� S FG�i��P+p�U� G∗ v/� S FGG3�℄�
R[ G.�wm�";����pQ3�5�����=�{ k����R"t�dw�
(1) B W [ G �GK��,�xN w �X G∗ �l�, W &℄ZG��DM�
(2) B e [ G �GK���xN e∗ �X G∗ �l� e &℄ZG����
(3) B C [ G �GK��-�xN C∗ �X G∗ �udl C ��℄ZG�G4��K8 5 
 G = (V, E) � Π FG 2- �('�� G∗ = (V ∗, E∗) [ 3�℄�
� C[ G GK�3� C∗ �l C ℄ZG G∗ �G�-���� C [ G �G_rl3?+L? C∗ [ G∗ �G��s V[j bh C [ G �G Π-_rl3�xxKQ[j'G�+ Gl(C)l Gr(C)�d	
��"nL C = v0e1v1e2 · · · vl−1elvl,  � λ(ei) = 1, i = 1, · · · , l.��� G∗ �GDMr+t$r V ∗

l � V ∗

r ,  � V ∗

l �GM℄Zh G ��/�d
Gl(C) �G�G�,��m_QS V ∗

r . b4��d=�[C�,H V ∗

l ∩V ∗

r = ∅, 0℄h G�G:K�,�Gud�)���h Gl(C)∪C ��)���h Gr(C) ∪C ��8LE�"+p�x9v G �GK��, W , TD W ��R�� C G#
le
�G��| W = P1Q1 · · ·PkQk,  � Pi l C �d	
��b Qi� C GK��- (i = 1, 2, · · · , k). bh Pi ���v
K C )���b9v t ∈ {1, · · · , k}TD Pt ⊆ Gl(C), Pt+1 ⊆ Gr(C) (�QB Pk+1 = P1).L Pt = · · · elvp, Qt = vpep+1 · · · eqvq, Pt+1 = vqe
r · · ·,  � el ∈ Gl(C), er ∈ Gr(C).U4�d πvp

(el) = ep+1, πvq
(er) = eq. bh W [K��,�x�9v Qt �GK��

e �TD λ(e) = −1. {Km�� e [ C �GK��� u��� 1, U4DB�^�
4[CD��bNF[C_Nk� [V ∗

l , V ∗

r ] [ G∗ �GK���B�h�7�� C∗ = [V ∗

l , V ∗

r ] 0_�[� G∗ �G� e∗ = w1w2,  � w1, w2 r ℄Zh G ���� e G�, W1, W2.B e∗ ∈ [V ∗

l , V ∗

r ],x"nL w1 ∈ V ∗

l , w2 ∈ V ∗

r ,��W1 ⊆ Gl(C)∪C, W2 ⊆ Gr(C)∪C.bh Gl(C) l Gr(C) �d	
��U4 e ∈ C, 0 e∗ ∈ C∗. �b [V ∗

l , V ∗

r ] ⊆ C∗.i��B e∗ ∈ C∗, 0 e ∈ C. 8L W1 = W2 = u0eu1ẽ1u2ẽ2 · · ·ukẽku1eu0 · · ·  7�
{ẽ1, ẽ2, · · · , ẽk}"[ E(C)G�-�tx C "[3�"nL ẽs l ẽt r � {ẽ1, ẽ2, · · · , ẽk}�KK�l" K�"
h C G��bh3 C F�Gu�4� 1,h[Rd ẽs ∈ Gl(C)b
ẽt ∈ Gr(C),�l�$G[C&�^�U4W1 6= W2,t8LW1 lW2 �R��v C G#
� (e
�G,e_Ninz�). L�W1 = v0ev1e

1
1v

1
2e1

2 · · · v0, W2 = v0ev1e
2
1v

2
2e

2
2 · · · v0,+"nL e1

1 6= e2
1, txR[� e1

2 l e2
2. B�h�_Nr+N�m�,eN3z��;6 1 e1

1 ∈ C, e2
1 ∈ C. 7 e1

1 = e2
1, �l�$G8L�^�;6 2 e1

1 /∈ C, e2
1 /∈ C.
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��xd e1
1, e

2
1 ∈ Gl(C), U4 e1

1 =

e2
1 = πv1

(e), fD2�^�;6 3 e1
1 ∈ C � e2

1 /∈ C.�� π−1
v1

(e) = e1
1, πv1

(e) = e2
1. "nL e1

t [ e1
1, e

1
2, · · · �KK�"
h C G��bh C F�Gu�4� 1, �� π−1

v1
t

(e1
t−1) = e1

t , 0 e1
t ∈ Gr(C). b W1 ⊆ Gl(C) ∪ C, fl[C�^�;6 4 e1

1 /∈ C, e2
1 ∈ C.inh,e 3, �nR"tz�w�bhFdm�,eX"+p�Nbk� W1 l W2 "_��R��v C G#
)e
��uN e∗ ∈ [V ∗

l , V ∗

r ], �� C∗ ⊆ [V ∗

l , V ∗

r ]. 
4�/r5D��Ukj bh C∗ [
 G∗ G��x_| C∗ = [V ∗

1 , V ∗

2 ],  � V ∗

1 = V ∗ \V ∗

2 . U4 G�G�,�r+"&AGt$r F1 l F2,  � Fi �G�,℄Zh V ∗

i �GDM (i = 1, 2).| C = v1e1v2e2 · · · vlelv1b�������3 C [j'G�8L C [>'3� ��d e1 Gu�� -1. xb G∗ GQS_��λ∗(e∗1) = −1, λ∗(e∗i ) = 1, i = 2 · · · , l. L W1, W2 [ G��� e1 G�,�+r ℄Zh G∗ �GDM w1, w2, U4� e∗1 = w1w2. "nL w1 ∈ V ∗

1 , w2 ∈ V ∗

2 , ��W1 ∈ F1, W2 ∈ F2. bhW1 [�,�xW1 F�9vTl e1 G� ẽ1,TD λ(ẽ1) = −1,+ ẽ1 v W1 �L2"K5�| U1 [�� ẽ1 G{K��,� u1 [l�℄ZG G∗ �GDM�bh w1u1 = ẽ∗1, + λ∗(ẽ∗1) = −1, x u1 /∈ V ∗

2 , 0 u1 ∈ V ∗

1 , �b U1 ∈ F1.t℄ U1 �vFd�-���_NDBK�9x W1ẽ1U1ẽ2U2 · · ·,  � λ∗(ẽi) = −1,

Ui, Ui+1 ��� ẽi Gt��,�"�Z2�z9x�G�,Sv-� F1 ��bh G [d#
�x W2 �vz9x��h[d W2 ∈ F1. U4 F1 ∩F2 6= ∅, l�$G8L�^�uN C ��j'3� 5���H� C G#
le
�d	
��tx�0 Gl(C) � Gr(C) �GKZ~ P = x0e1x1e2 · · ·xk−1ekxk TD x0 l xk � C FGDM�+ e1 l ek r v3 C G#'le'�bh x1 /∈ C, ��udO�DM x1 G�,�� F1 ) F2 G�-�"nL� F1 G�-��m�"�Z2udO�DM x2, · · · , xk−1 G�,I4S��h F1 ��{ I���� ek G�,Iv F1 ��bh��� e1 G�,
h F1, b e1 v C G#'���_N��inGmk���3 C #'�G�,4
h F1. �m�bh ek v3 C Ge'�`�FGmg_Nk���3 C e'�G�,I4v F1 ���F���3 C F�G�,Sv F1 ���l�$ F1, F2 GQS�^�)8 6 Fd 3 ���vJ\��F'�
�d`*Wqg-G�s s` Ford-Fulkerson qg_N-2J\��FG:K�
 G G"-�� A, b
G vJ\��FG3�℄�
 G∗ �l A ℄ZG�- A∗ #�[ G∗ �"Y_rl3��R�QB�J\��F:K_rl3S[_atG�I[j'G�7bQmD���T/�F'�
Gm��?'�
G�dV/r<R�vS$k��R'(N��
G{���QB Thomassen GFdC���v�� (�J\��) FSd`*Wqg-G�U4�_N',B�=�vK�/�F���'�
G�dV\?7<�xZz'�"2��E�{�h�+h��l'���dN�GE��)8 7 G � Π FG 2- �('�� G∗ [ 3�℄�
�=� G G�dV<h G∗G�r�V���R9v`*Wqg-2 G v Π FG"Y_at3�s �7���=� C∗ [ G∗ �G"Y���� C [ G�G_at3�b������� G(C) �KQ�dV� 1GDM�8L9v v TD dG(C)(v) = 1. LM v 3G�%��� πv = (e0, e1, · · · , ek) ( � e0 ∈ G(C)), M v 3G�,� Wi = · · · eivei+1 · · · , i =

0, 1, · · ·k (5 ek+1 = eo). b4�D G∗ �l�, Wi ℄ZGDM wi _N�+K�3
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w0e
∗

1w1e
∗

2 · · · e
∗

kwke∗0w0. bh C∗ [K�rlDM w0 l wk GK���xKQ9v t ∈

{1, 2, · · ·k} TD e∗t ∈ C∗, 0 et ∈ C. �bl dG(C)(v) = 1 �^�U4�8L"+p�
G(C) �KQdK�3�7 ���_N�� G(C) �G3 X KQ_at�8L X [K�"_at3�x
fw(G) ≤ ℓ(X) ≤ ℓ(C), �lL�G G G�dV<h G∗ G�r�V&�^�U4 C �KQ�d_at3�i��bh_at3 X KQ_rl�xbVm 5 D� X∗ � G∗ GK���b C∗G"Y5�_� C �_at3�+��"YG�:K_at3X_rl�U4 C I[
G �G_rl3�!+KQ"Y�txl C∗ ["Y��^�& 5 E G
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Ford-Fulkerson Algorithm and Short Cycles in Embedded Graphs

ZHANG Yan REN Han

(Mathematics Department of East China Normal University, Shanghai 200062)

(E-mail: hren@math.ecnu.edu.cn)

Abstract It is Thomassen who firstly asked if there is a polynomial bounded algorithm
for finding a shortest contractible cycle, a shortest separating cycle and a shortest two sided
cycle in an embedded graphs.By an improved Ford-Fulkerson algorithm, we obtain a poly-
nomially bounded algorithm for finding the shortest co-cycle. This implies the existence of a
polynomially bounded algorithm to find a shortest contractible cycle, a shortest separating
cycle, and shortest cycle in an embedded graph in the projective plane and answers the
open problems raised by Mohar and Thomassen in the case of projective plane embedded
graph. We also show that for a fixed surface S, if the face-width of an embedded graph G
in S is large enough, then there exists a polynomially bounded algorithm to find a shortest
contractible cycle in G.

Key words co-cycle; separating cycle; contractible cycle; twosided cycle
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