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1972 
� Walsh � Lehman F�0Tn'6^~Z℄�!�2E�Uj (EXUj) Q�℄�P�PR`P��a!�s&
� Didier Arquès, Alain Giorgetti, '� [8],�*� [9], dW� [10] RRTa�<�E�Uj( g- �hUjH����P[z���Q%Z℄�!�2�"Mn APHV�FB���aDZ�Uj`PL#0T���Q%Z℄�!�2�ooo)*iQ�^~!�2(YBe�B-�*P (�P) P�[��d�B��?iV��xi�z�<!�^~℄y�)D [11]iPB���2n��<QZ℄� (^~ 2,

3)+%Z℄� (^~ 5) !�2P0P�?�AD�<GE�Uja7B--a;P�77�Z1`K
a;PE�Uj (g- �hUj) ng�UjPP��aD��K 2- ℄UUj�4<��2Ke�oUj��*� [9] �dW�o aaH�n[z�FTB?PMYPC~lh�Q7�z�e�f�Q'6^~!�2K 2- ℄UUjG�<a7P-l
��e�-� 9EPw�P<eYi�Q-��f?��<PB��
;P!�2 (|&�9E) K 2- ℄UUjPP�4Z1M2���/BB��r9AbÆ�Q7�z�.$#� [11] iPq�1h�r Op � Nq o rZ℄�!� Op �%Z℄�!� Nq 2WB��<P*��Y�P0P�Po r	
gp(x, y) =

∑

M∈Op

xm(M)yn(M) =
∑

m,n≥0

Gp
m,nxmyn;

fq(x, y) =
∑

M∈Nq

xm(M)yn(M) =
∑

m,n≥1

F q
m,nxmyn.�i� p ≥ 0, q ≥ 1, m(M) � n(M) o rUj M P��8��P�"��r Dp

i (p ≥ 0) � Lq
i (q ≥ 1) o rZ℄�!� Op �%Z℄�!� Nq 2WBB i (i ≥ 0) ���:n����<P*��1 i ≥ 1 9�

z = (z1, z2, · · · , zi), z̃ = (z1, · · · , zi, zi+1),1+
ż = (z1, · · · , zj−1, zj+1, · · · , zi).

Dp
i � Lq

i (i ≥ 1) P0P�Po r	
D

p
i (x, y, z) =

∑

M∈Dp

i

xm(M)yn(M)zk(M) =
∑

m,n,k≥0

d
p
m,n,kxmynzk;

L
q
i (x, y, z) =

∑

M∈Lq

i

xm(M)yn(M)zk(M) =
∑

m,n,k≥1

l
q
m,n,kxmynzk,�i� d

p
m,n,k � l

p
m,n,k o r��<Q*� Dp

i � Lq
i i��8r m, �P n 1+W j���:n��8r kj (j = 1, · · · , i) PUjP��

[11] io)B�oP,�	r
γq =

{
1, q r�P;

0, q r�P.



838 8 = M � � � 31S�� 1 0P�P D
p
i (x) = D

p
i (x, y, z) (p ≥ 0), i = p = 0 3n�{u,�l/	

(1 − x + x2y)Dp
i (x) =xyD

p∗

i + (1 − x)
i∑

j=1

xyzjδzj ,x(uD
p
i−1(u))

+ (1 − x)x3y
∂D

p−1
i+1

∂zi+1
(x, x), (1)�i�

D
p∗

i = D
p
i (1), δzj ,x(uD

p
i−1(u)) =

zjD
p
i−1(zj , y, ż) − xD

p
i−1(x, y, ż)

zj − x

(:x� [2] i? (1.6.7)).�� 2 0P�P L
q
i (x) = L

q
i (x, y, z) (q ≥ 1) {u,�l/	

(1 − x + x2y)Lq
i (x) = xyL

q∗

i + (1 − x)

i∑

j=1

xyzjδzj,x(uL
q
i−1(u))

+ (1 − x)x2y[(xL
q−1
i (x))′ + γq(xD

q−1

2

i (x))′]

+ (1 − x)x3y[2
∂L

q−2
i+1

∂zi+1
(x, x) + γq+1

∂D
q

2
−1

i+1

∂zi+1
(x, x)] (2)�i� L

q∗

i = L
q
i (1), δzj ,x(uL

q
i−1(u)) =

zjL
q
i−1(zj , y, ż) − xL

q
i−1(x, y, ż)

zj − x
.

2 
{�4	����!aD0P�P g1(x, y), [11] i/�2�*P�??,�	




η = y(η + 1)2, g∗1 =
η2(η + 1)

(1 − η)5
, x = β(η + 1);

D0
1 =

βζη

(1 − ζη)(1 − η)(1 − βη)2
;

g1 =
βη3

(1 − η)5(1 − β)(1 − βη)
+

β4η2[1 − β(η + 1)]

(1 − η)(1 − β)(1 − βη)5
.

(3)Q7��H-&�)Dl/ (1), G p = 0, 1, 2 a; i = 2, 1, 0 9�PA? (3), Z�M*P�??,�	





η = y(η + 1)2, g∗2 =
η4(η + 1)(21η2 + 63η + 21)

(1 − η)11
, x = β(η + 1);

g2 =
βη4

(1 − η)4(1 − βη)4

[ (8η2 + 54η + 33)β4η

(1 − η)3(1 − βη)2
+

(16η2 + 63η + 26)β3η

(1 − η)4(1 − βη)

+
21(η2 + 3η + 1)η[(1 + β)(1 − 3βη) + β2(1 + 3η2)]

(1 − η)7

+
3(12η + 13)β5η

(1 − η)2(1 − βη)3
+

49β6η

(1 − η)(1 − βη)4
+

21β7

(1 − βη)5

]
.

(4)



5� �%�x\|��0ShN.M 8391
Am,n(p, q, λ) =

n−m−p∑

i≥0

(i + q)!λ(i)

q!i!

(
2n − m − 1

n − m − p − i

)
.�� 3 Q&�2��8r m ��Pr n P��<P�r G2

8,4 = 21

G2
m,n = 21mAm,n(6, 9, 1) +

m

2
Am,n(5, 8, λ1) +

m

48
Am,n(4, 7, λ2)

+
m!

48(m − 2)!
Am,n(3, 6, λ3) +

m!

240(m− 3)!
Am,n(2, 5, λ4)

+
m!

6!(m − 4)!
Am,n(1, 5, λ5) +

m!

600(m− 5)!
Am,n(0, 4, λ6)

+
39m!

6!(m − 6)!
Am,n(−1, 4, 1) +

49m!

7!(m − 7)!
Am,n(−2, 3, 1)

+
21m!

8!(m − 8)!
Am,n(−4, 2, 1), (5)�i�






λ1(i) = 21m + 14i + 105;

λ2(i) = 168m2 + 14i2 + 189im + 1008m + 49i − 168;

λ3(i) = 9(i + 7)(i + 8) + 72(i + 7)(m − 2) + 32(m − 2)(m − 3);

λ4(i) = 20(i + 6)(i + 7) + 105(m− 3)(i + 6) + 16(m − 4)(m − 3);

λ5(i) = 130i + 324m− 516;

λ6(i) = 33i + 30m + 15.*� 1 Q&�2RB n 
�P��< ((E�Uj) P�r
n−6∑

i≥0

21(i + 9)!(2n)!(5n2 − i2 + 8n − 10i − 22)

i!9!(n + i + 6)!(n − i − 4)!
+

21(n + 4)!(2n2 − 4n − 7)

(n − 4)!9!
. (6)A? (5), ��z��2 n ≤ 8 9P���

G2
.,4(x) = 21x8;

G2
.,5(x) = 21x + 21x2 + 21x3 + 26x4 + 33x5 + 39x6 + 49x7 + 84x8 + 189x9;

G2
.,6(x) = 483x + 483x2 + 462x3 + 511x4 + 580x5 + 624x6 + 665x7 + 770x8

+ 945x9 + 945x10;

G2
.,7(x) = 6468x + 6468x2 + 5985x3 + 6132x4 + 6440x5 + 6489x6 + 6349x7

+ 6300x8 + 6300x9 + 5670x10 + 3465x11;

G2
.,8(x) = 66066x + 66066x2 + 59598x3 + 57750x4 + 57225x5 + 54873x6

+ 50813x7 + 46459x8 + 41895x9 + 35175x10 + 24255x11 + 10395x12.)Dl/ (1), " p = 0 ∼ 3 a; i = 3 ∼ 0, g(ZMJ-�ol/�AZ�l/�z�Z1MJ g3(x, y) W{uP*P�??�7��DiV�Q7e�2 g∗3 P*P�
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η = y(η + 1)2, g∗3 =

η6(η + 1)(1485η4 + 12078η3 + 22924η2 + 12078η + 1485)

(1 − η)17
.�� 4 ^~r 3 PZ℄�!�2RB n 
�P��<P�r

n−10∑

i≥0

11(i + 15)!(2n)!σi(n)

i!15!(n − i − 8)!(n + i + 10)!

+

n−7∑

i≥0

99(i + 15)!(2n)!(137n− 107i− 627)

i!15!(n− i − 6)!(n + i + 7)!

+
22(n + 6)!(2084n2 − 15081n + 2902)

(n − 8)!15!
+

1485(n + 9)!

(n − 6)!15!
, (7)�i� σi(n) = 3317n2 + 1121i2 + 3898in + 39497n + 22127i + 109440.A? (7) +2'^�

g3(1, y) = 1485y6 + 56628y7 + 1169740y8 + 1745580y9 + 211083730y10 + · · · .���2 n ≤ 8 9�^~r 3 PZ℄�!�2��8r m P��<R`P�	
G3

.,6(x) = 1485x12;

G3
.,7(x) = 1485x + 1485x2 + 1485x3 + 1674x4 + 1905x5 + 2115x6 + 2385x7

+ 2820x8 + 3429x9 + 4185x10 + 5445x11 + 8910x12 + 19305x13;

G3
.,8(x) = 56628x + 56628x2 + 55143x3 + 58971x4 + 63765x5 + 67509x6

+ 71554x7 + 77454x8 + 84798x9 + 92190x10 + 100485x11 + 114345x12

+ 135135x13 + 135135x14.)Dl/ (2), q = 5, 3, 1 a; i = 0, 1, 2 9�ZM f5(x, y) W{uP-�ol/�f? [11] iP-�/`B��e�-�oOT�z�Z1MJ
f∗
5 =

η5(η + 1)(1680η4 + 26667η3 + 74510η2 + 52754η + 8229)

(1 − η)14
.f? Lagrangianj$
?�B�� 5 ^~r 5 P%Z℄�!�2RB n 
�P��< ((E�Uj) P�r

n−9∑

i=0

(i + 12)!(2n)!σ
′

i(n)

i!12!(n + i + 9)!(n − 8 − i)!

+

n−7∑

i=0

(i + 12)!(2n)!σi(n)

i!12!(n + i + 7)!(n − 5 − i)!

+
2(n + 4)!λ(n)

12!(n − 5)!
, (8)
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



λ(n) = 8229n4 + 93199n3 − 213405n2 − 26839n− 5892540;

σi(n) = 135493n2 − 132562in− 607125n + 29985i2 + 293539i + 734528;

σ
′

i(n) = 28347n + 24987i + 226563.A? (8), Z1'^	
f5(1, y) = 8229y5 + 258479y6 + 4494224y7 + 57462482y8 + 604251858y9 + · · · .���2 n ≤ 7 9�^~r 5 P%Z℄�!�2��8r m P��<R`P�	

G5
.,5(x) = 8229x10;

G5
.,6(x) = 8229x + 8229x2 + 9247x3 + 10330x4 + 11905x5 + 13807x6

+ 16667x7 + 20660x8 + 27741x9 + 41145x10 + 90519x11;

G5
.,7(x) = 258479x + 258479x2 + 274536x3 + 290870x4 + 312430x5

+ 335223x6 + 363503x7 + 395732x8 + 435609x9 + 483135x10

+ 543114x11 + 543114x12.Q7�Wo2PZ℄���< (^~r 2, 3)+%Z℄���< (^~ 5)Q�℄�P
n, ��8 m = 1 9PP
�MaX^G [12] i� I �2PRB e = n− 1 
�E�UjP�g�)D12"Nf����a��<(=Q-�
M�H-&Z[Py^	A��WJ�^~ 1-5 P%Z℄�!�2��< (1�Pr*P9) P0P�P
f∗

q = fq(1, y) W{uP*P�??,�	
f∗
1 =

η(η + 1)

(1 − η)2
; f∗

2 =
η2(η + 1)(2η + 4)

(1 − η)5
; f∗

3 =
η3(η + 1)(12η2 + 75η + 41)

(1 − η)8
;

f∗
4 =

η4(η + 1)(120η3 + 1272η2 + 1900η + 488)

(1 − η)11
;

f∗
5 =

η5(η + 1)(1680η4 + 26667η3 + 74510η2 + 52754η + 8229)

(1 − η)14aDZ℄���<�z�B
g∗1 =

η2(η + 1)

(1 − η)5
; g∗2 =

η4(η + 1)(21η2 + 63η + 21)

(1 − η)11
;

g∗3 =
η6(η + 1)(1485η4 + 12078η3 + 22924η2 + 12078η + 1485)

(1 − η)17AZ��??�Æ,��x s$'f��a'6^~%Z℄� (Z℄�) !�2��<BpB,�*P�??.h�
f∗

q =
ηq(η + 1)σ(η)

(1 − η)3q−1
; g∗p =

η2p(η + 1)φ(η)

(1 − η)6p−1
(9)�i� σ(η) � φ(η) o B8Pr q − 1 � 2(p − 1) P η P

?�
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3 ��!� 2-85�'rMg r^~ g P!�2WBK 2- ℄UUjP*��Ze� M0 ,r�� ((��) 2K 2- ℄UUjP*����o)XwP0P�P,�	

hg =
∑

M∈Mg

x2s(M)yl(M); h0 =
∑

M∈M0

x2s(M)yl(M)zm(M),�i� s(M), l(M) � m(M) o r M P�X8�n��XP+��8�
3.1 �}$-��� 2- 96�)AD����< (&L) P0P�?/` [13], Q7�z�e�!���K 2- ℄UUjG�<a7P-l
���2n/�*P�7`UjP0P�?��� 6 G s, l, m ≥ 0 9�rM0(s, l, m)� L0(s, m)o rWB�X8 2s,��8 m�B l �n��XPK 2- ℄UUj�WB�X8 2s ���8 m P���<P*���}�aD 0 ≤ i ≤ l B

|M0(s, l, m + i)| =

(
s + l − m − i − 1

l − i

)(
m + i − 1

i

)
|L0(s, m)|.h�� a'- M ∈ M0(s, l, m + i), <�WB8r 2 P�Xya%0�Z1p-MJ-��< L ∈ L0(s, m). $d�a'- L ∈ L0(s, m), b4 l ���X�z�VB
3�K 2- ℄UUjGaa;�F��.<7 l ��XmgD L P s − m 
%HD��P�2�UZ1MJ (

s+l−m−1
l

) �HD*� M0(s, l, m) PUj�PY�.<�i 1 ��XmQ���D2��E l− 1 ��XmD%HD��P�2�UB (
m
1

)(
s+l−m−2

l−1

) �HD*�M0(s, l, m + 1) PUj�MJ�.7`k�Z1`KB (
s+l−m−i−1

l−i

)(
m+i−1

i

) �HD
M0(s, l, m + i) PK 2- ℄UUjG L 
a;�A7�t℄
M^�)D℄
 6, 2'^��B�.h��� 7 Q1�X8�n��XP���8r*P����K 2- ℄UUjP0P�?,�	

h0 =
∑

s,l≥0

s∑

m=0

l∑

i=0

(
s + l − m − i − 1

l − i

)(
m + i − 1

i

)
m(2s − m − 1)!

(s − m)!s!
x2sylzm+i.

3.2 � 2- 96�)3|�:���,�� 8 G s, l ≥ 0 9�r Mg(s, l) � Lg(s) o r^~r g P!�2WB�X8
2s, �B l �n��XPK 2- ℄UUj�WB�X8 2s P�<P*��UB

|Mg(s, l)| =

(
s + l − 1

l

)
|Lg(s)|.h�� a'- M ∈ Mg(s, l), g(�#y�WB�X8r 2 Pn��X�Z1p-MJ-��< L. 2` L ∈ Lg(s). q-l��a'- L ∈ Lg(s), Q� s 
�2b4 l ���X�z�Z1MJ-��PUj M ∈ Mg(s, l), �$��B (

s+l−1
l

) ll?mg7 l ��



5� �%�x\|��0ShN.M 843�X (mrw�y^). 9d�a'- L ∈ Lg(s), ZeB (
s+l−1

l

) �HD*� Mg(s, l) PUjZ1�MJ�A7�`7℄
.h�g(U�aDk`\GK 2- ℄UUj (|&�9EK 2- ℄UUj), `SD℄
 8,ZB,�Bz��i�-�Uj-rB9EP, ,�YP)qj�2|s&C|m��*Z1R�9EUjOB|m�P|&Uj��� 9 G s, l ≥ 0 9�r Ng(s, l) � Lg(s) o r^~r g P!�2WB�X8 2s,�B l �n��XP|&K 2- ℄UUj�WB�X8 2s P�<P*��UB
|Ng(s, l)| =

(
l − 1

l − s

)
|Lg(s)|.h�� *X℄
 8 i^�lh�eBp6�a'- L ∈ Lg(s), GQ L P s 
�2mg

l ��X9�)#�7 s 
�i~-
�2f3mB-��X�77�Z`�B (
l−1
l−s

) lmgl?�℄
M^��� 10 G s, l ≥ 0 9�r Sg(s, l) � Lg(s) o r^~r g P!�2WB�X8
2s, �B l �n��XP9EK 2- ℄UUj�WB�X8 2s P�<P*��UB

|Sg(s, l)| =

(
l − s − 1

s − 1

)
|Lg(s)|.h�� (*X℄
 8 i^�lh�79�a'- L ∈ Lg(s), GQ L P s 
�2mg l��X9�)#�7 s 
�i~-
�2f3mBk��X (1�^|m�), 77�Z`�B (

l−s−1
s−1

) lmgl?�7℄
M^�A7�z�Z1M2�℄^~!�2 (|&�9E) K 2- ℄UUjP-�o�?�Q7O%--o2n�;/ zYj�w�6{%℄2P���v6:�} � + .
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Counting Two Kinds of Maps on Surfaces
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(Department of Mathematics, Tianjin Polytechnic University, Tianjin 300160)

(E-mail: xu yanr@163.com)

Abstract In this article, we obtain some explicit expressions about rooted petal bundles
on the orientable surfaces (genus 2 and 3) and the nonorientable surfaces (genus 5) with
the size as a parameter. Meanwhile, we consider a kind of maps: nearly 2-regular maps,
topologically equivalent to petal bundles. By a combinatorial method, an explicit expression
of rooted nearly 2-regular maps on the sphere with three parameters and the number of 2-
regular maps on the surfaces with given genus are derived.
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