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1 $ �Æ�*!����NN3Z;�C��FEV�V�;N3℄;e��G; 2-��) �4[� G, B� v );�;+k&"
 v ; '; N.2ZB�)℄C2Z'O℄#� G ; �. CE�;EVC'
C�' ρv �d v ;F�9* G D ∏
v∈V (G)

(ρv − 1)! ZEV�' gi(G) �d G N�Y
 i ;N3Z;EV;p7�O� G ; �{xn[1] 
�
g0(G), g1(G), g2(G), · · · .

G ;�YH�
�
fG(x) = g0(G) + g1(G)x + g2(G)x2 + · · · .C� G ;EV;p7�zKB�YR�;�:$F�4[2Z� G0, Nw;R7#~�\w}t n Z�!�u87;� "
C G0_#; ��Gn. ,�T04�K&%r�{�;�YR�;��0��|T��

McGeoch K&% circular ladders e Möbius ladders ;�YR� [2]; Furst, Gross and
Statman 87% closed-end ladders ;�YR� [3]; Tesar 87% Ringel ladders ;�YR� [4]. �Æ�*2Æ{�;�YR��N l [5] ;n(Z��bKBN3R�M [6], �w0;�YR�bj
2�N3p;�YR���b�BV�N3p;�YR�;��0�JK&{�;�YR��i
x���4Dr�{�;�YR�y4;�& [7]. �3�\�ÆuB;U=e:����� [8] X = abc · · · z eCd6℄#;+kGD a ≺ b ≺ c · · · ≺ z. ∅ �d�&&� X ; t�� s
 X̂ = z · · · cba. X ; )���� 
 X ′ = a−b−c− · · · z−. 2Z+� 2008 < 5 I 1 Sg6�2008 < 7 I 23 Sg6$TV�



5A �"��0�y�9�WP� 807k S T`GE S _;R72Zd6 a, a e a− DN S _Cd&�2+�O" S e �s��}. CE.2Z�C�N3�5C>� 	S2C;N�Q��D��d6;G� #�Q=�2ZN3�5�#2Z�C�+k�
%KN3 S ;�Y γ(S), 2ZC8NN3p S Z;<v^� ∼ (�T� z [8] ;? 1 R) T��Kt 1. AB ∼ (Ae)(e−B).Kt 2. Ae1e2Be
−
2 e

−
1 ∼ AeBe− = Ae−Be.Kt 3. Aee−B ∼ AB, V� AB 6= ∅.B_� AB eN3G e /∈ AB.�bKBZi<v^��.2ZN3D�j
�3 a0a

−
0 e�Y
 i (i ≥ 1) ;N3 i∏

k=1

akbka
−
k b

−
k \2 (�T� z [8] _ (1.5.2)).%� 1.1 ([5] _C� 1.6) ' S1 e S2 eN3�W S1 ∼ S2aba

−b−(a, b /∈ S2), O
γ(S1) = γ(S2) + 1.%� 1.2 ([8] _ (1.5.3)) ' A,B,C,D e E e�#&G ABCDE N3�O

AaBbCa−Db−E ∼ ADCBEaba−b−.B_ a, b /∈ ABCDE.%� 1.3 ' A,B,C e D �#&G ABCD eN3�O
(i) ([6] _:� 2.3) aABa−CD ∼ aBAa−CD ∼ aABa−DC;

(ii) ([6] _�+ 2.4) AaBa−bCb−cDc− ∼ aBa−AbCb−cDc− ∼ aBa−bCb−AcDc−;

(iii) ([6] _:� 2.5) AaBa−bCb−cDc− ∼ BaAa−bCb−cDc− ∼ CaAa−bBb−cDc− ∼
DaAa−bBb−cCc−.B_ a 6= b 6= c 6= a− 6= b− 6= c− G a, b, c /∈ ABCD.' T e� G ;2ZZ!l�� G ;.2ZZl� a R#R�2Dd6 a e a− ;#Z���C T eV��� #;� "
 G ;2Z �Æ. ' σ e G ;'� Gσ, T̃σe Pσ

T̃
R��d�=;EV� leEVN3�OD%� 1.4 ([5] ;? 1 R) ' σ1 e σ2 e� G ;#Z��;'�OEV Gσ1

e Gσ2
,q l T̃σ1

e T̃σ2
��?�%� 1.5 ([5];?2R) ' T e T 1 e G;#Z��;Z!l�Σ e G;'p�8-.N- (Σ, T̃ ) 7 (Σ, T̃ 1) ;q℄�B_ (Σ, T̃ ) = {T̃σ|σ ∈ Σ} q (Σ, T̃ 1) = {T̃ 1

σ | σ ∈ Σ}.

2 
~ Sn
j q�yvl' gi(M)N3pM_�Y
 i;N3;p7�8-M;�YR�e�3;&&�

g0(M), g1(M), g2(M), · · · .

M ;�YH�e fM(x) =
∑
i≥0

gi(M)xi.^ n eXWpGGR7XWp l, al e��;d6�' Rn
1 = ak1

ak2
ak3

· · · akr
, Rn

2 =

akr+1
akr+2

akr+3
· · · akn

, Rn
3 = a−t1a

−
t2
a−t3 · · · a

−
ts
q Rn

4 = a−ts+1
a−ts+2

a−ts+3
· · ·a−tn

, B_ n ≥
k1 > k2 > k3 > · · · > kr ≥ 1, 1 ≤ kr+1 < kr+2 < kr+3 < · · · < kn ≤ n, n ≥ t1 > t2 > t3 >

· · · > ts ≥ 1, 1 ≤ ts+1 < ts+2 < ts+3 < · · · < tn ≤ n, 0 ≤ r, s ≤ n GGE p 6= q D kp 6= kqq tp 6= tq. GE 1 ≤ j ≤ 11 N3p Sn
j C8T��

Sn
1 = {Rn

1R
n
2R

n
3R

n
4} Sn

2 = {Rn
1R

n
2R

n
4R

n
3 } Sn

3 = {Rn
1R

n
3R

n
2R

n
4 }

Sn
4 = {aRn

1R
n
2a

−Rn
3R

n
4 } Sn

5 = {aRn
1R

n
3a

−Rn
2R

n
4}
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Sn

6 = {aRn
1R

n
4a

−Rn
2R

n
3 } Sn

7 = {aRn
1a

−Rn
3R

n
2R

n
4}

Sn
8 = {Rn

1R
n
2aR

n
3a

−bRn
4 b

−} Sn
9 = {Rn

1R
n
3aR

n
2a

−bRn
4 b

−}

Sn
10 = {Rn

1R
n
4aR

n
2a

−bRn
3 b

−} Sn
11 = {Rn

1aR
n
2a

−bRn
3 b

−cRn
4 c

−}.^ Rn
k (1 ≤ k ≤ 4) TZC8�'

Hn
1 = an+1−kr+1

an+1−kr+2
an+1−kr+3

· · · an+1−kn
,

Hn
2 = an+1−k1

an+1−k2
an+1−k3

· · · an+1−kr
,

Hn
3 = a−n+1−ts+1

a−n+1−ts+2
a−n+1−ts+3

· · · a−n+1−tn
,

Hn
4 = a−n+1−t1

a−n+1−t2
a−n+1−t3

· · ·a−n+1−ts
,

Jn
1 = at1at2at3 · · · ats

,

Jn
2 = ats+1

ats+2
ats+3

· · · atn
,

Jn
3 = a−k1

a−k2
a−k3

· · ·a−kr
,

Jn
4 = a−kr+1

a−kr+2
a−kr+3

· · ·a−kn
,

S = {ARn
l1
BRn

l2
CRn

l3
DRn

l4
| ABCDE eN3, Rn

l1
, Rn

l2
, Rn

l3
, Rn

l4
= {Rn

1 , R
n
2 , R

n
3 , R

n
4}}.
%�3Y4;%.�C8>℄ ψt (1 ≤ t ≤ 3) a8GR7 S ∈ S D

ψ1(S) = Ŝ,

ψ2(AR
n
l1
BRn

l2
CRn

l3
DRn

l4
) = AHn

m1
BHn

m2
CHn

m3
DHn

m4a8 Rn
1 , Rn

2 , Rn
3 e Rn

4 R��=E Hn
2 , Hn

1 , Hn
4 e Hn

3 q
ψ3(AR

n
l1
BRn

l2
CRn

l3
DRn

l4
) = AJn

m5
BJn

m6
CJn

m7
DJn

m8a8 Rn
1 , Rn

2 , Rn
3 e Rn

4 R��=E Jn
3 , Jn

4 , Jn
1 e Jn

2 . V� {m1,m2,m3,m4} =

{m5,m6,m7,m8} = {1, 2, 3, 4}.�Q ψt eq℄GD�3�+�%� 2.1 ' S e ψt(1 ≤ t ≤ 3) TZC8�OGR7;N3 S ∈ S D
γ(ψt(S)) = γ(S) G ψ2

t (S) = S.%� 2.2 ^ a e a− �d��;d6�GE[C;hH� 3 Zd6;N3
A1A2A3A4 a8 A1A2A3A4 = ∅ l γ(A1A2A3A4) = 0. '

Un = {A1R
n
l1
A2R

n
l2
A3R

n
l3
A4R

n
l4
|Rn

k TZC8, 1 ≤ k ≤ 4, {l1, l2, l3, l4} = {1, 2, 3, 4}},O.NN3p Sn
j , a8 fSn

j
(x) = fUn(x).- ^ A1A2A3A4 = ∅. CE Rn

l1
Rn

l2
Rn

l3
Rn

l4
e+k�9*�O^ Rn

l1
Rn

l2
Rn

l3
Rn

l4
=

Rn
1R

n
l2
Rn

l3
Rn

l4
. T` lk (k = 2, 3, 4) ,e�&~{\2��+�Q#��

(1) l2 = 2, l3 = 3, l4 = 4;

(2) l2 = 2, l3 = 4, l4 = 3;

(3) l2 = 3, l3 = 2, l4 = 4.' Un
1 = {Rn

1R
n
4R

n
3R

n
2 |1 ≤ m ≤ 4, Rn

m TZC8}, Un
2 = {Rn

1R
n
3R

n
4R

n
2 |1 ≤ m ≤

4, Rn
m TZC8}, Un

3 = {Rn
1R

n
4R

n
2R

n
3 |1 ≤ m ≤ 4, Hn

m TZC8}, GR7[C;N3
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Rn
1R

n
4R

n
3R

n
2 ∈ Un

1 , Rn
1R

n
3R

n
4R

n
2 ∈ Un

2 e Rn
1R

n
4R

n
2R

n
3 ∈ Un

3 , OD
ψ2(R

n
1R

n
4R

n
3R

n
2 ) = Hn

2H
n
3H

n
4H

n
1 = Hn

1H
n
2H

n
3H

n
4 ,

ψ2(R
n
1R

n
3R

n
4R

n
2 ) = Hn

2H
n
4H

n
3H

n
1 = Hn

1H
n
2H

n
4H

n
3e ψ3(R

n
1R

n
4R

n
2R

n
3 ) = Jn

3 J
n
2 J

n
4 J

n
1 = Jn

1 J
n
3 J

n
2 J

n
4 . C:� 2.1 [�

fUn
1
(x) = fSn

1
(x), fUn

2
(x) = fSn

2
(x) e fUn

3
(x) = fSn

3
(x).9*5 A1A2A3A4 = ∅ `��+#���s=��bKB ψt q:� 2.1 Bw;I /#��%� 2.3 ' gij

(n) �d Sj
n _�Y
 i ;N3;p7�B_ 1 ≤ j ≤ 11, n ≥ 0. '

fS0
j
(x) = 1. 8-

gij
(n) =





2gi1(n− 1) + 8g(i−1)1(n− 2),5 j = 1, 0 ≤ i ≤
[n
2

]
, n ≥ 2;

4gi7(n− 1), 5 j = 2, 0 ≤ i ≤
[n
2

]
, n ≥ 1;

gi3(n− 1) + gi6(n− 1) + 2gi7(n− 1),5 j = 3, 0 ≤ i ≤
[n
2

]
, n ≥ 1;

4g(i−1)1(n− 1), 5 j = 4, 1 ≤ i ≤
[n+ 1

2

]
, n ≥ 1;

2g(i−1)3(n− 1) + 2gi9(n− 1),5 j = 5, 0 ≤ i ≤
[n+ 1

2

]
, n ≥ 1;

2g(i−1)1(n− 1) + 2gi6(n− 1),5 j = 6, 0 ≤ i ≤
[n+ 1

2

]
, n ≥ 1;

2g(i−1)3(n− 1) + 2gi10(n− 1),5 j = 7, 0 ≤ i ≤
[n+ 1

2

]
, n ≥ 1;

4g(i−1)7(n− 1), 5 j = 8, 1 ≤ i ≤
[n
2

]
+ 1, n ≥ 1;

g(i−1)5(n− 1) + 2g(i−1)7(n− 1) + gi11(n− 1),5 j = 9, 1 ≤ i ≤
[n
2

]
+ 1, n ≥ 1;

g(i−1)6(n− 1) + 2g(i−1)7(n− 1) + gi10(n− 1),5 j = 10, 0 ≤ i ≤
[n
2

]
+ 1, n ≥ 1;

2g(i−1)9(n− 1) + 2g(i−1)10(n− 1),5 j = 11, 1 ≤ i ≤
[n+ 1

2

]
+ 1, n ≥ 1;

0, SO�Y CEY4NMe�s;��0|Y4 j = 7, n ≥ 1, 0 ≤ i ≤ [(n+1)/2];I �BF;I�([ETx-�\� Sn
7 ;C8[ Sn−1

7 = {aRn−1
1 a−Rn−1

3 Rn−1
2 Rn−1

4 },B_ Rn−1
1 , Rn−1

2 , Rn−1
3 , Rn−1

4TZC8�O
Sn

7 = {aRn−1
1 a−a−nR

n−1
3 Rn−1

2 anR
n−1
4 , aRn−1

1 a−Rn−1
3 Rn−1

2 anR
n−1
4 a−n ,

aanR
n−1
1 a−a−nR

n−1
3 Rn−1

2 Rn−1
4 , aanR

n−1
1 a−Rn−1

3 Rn−1
2 Rn−1

4 a−n }.
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aanR

n−1
1 a−a−nR

n−1
3 Rn−1

2 Rn−1
4 ∼ Rn−1

1 Rn−1
3 Rn−1

2 Rn−1
4 aana

−a−n ,

aanR
n−1
1 a−Rn−1

3 Rn−1
2 Rn−1

4 a−n ∼ Rn−1
1 Rn−1

3 Rn−1
2 Rn−1

4 aana
−a−n .C:� 1.3(i) �8

aRn−1
1 a−a−nR

n−1
3 Rn−1

2 anR
n−1
4 ∼ aRn−1

1 a−a−nR
n−1
2 Rn−1

3 anR
n−1
4

∼aRn−1
1 a−anR

n−1
4 a−nR

n−1
2 Rn−1

3

=Rn−1
2 Rn−1

3 aRn−1
1 a−anR

n−1
4 a−n ,

aRn−1
1 a−Rn−1

3 Rn−1
2 anR

n−1
4 a−n = aRn−1

1 a−a−nR
n−1
3 Rn−1

2 anR
n−1
4

∼aRn−1
1 a−a−nR

n−1
2 Rn−1

3 anR
n−1
4

∼aRn−1
1 a−anR

n−1
4 a−nR

n−1
2 Rn−1

3

=Rn−1
2 Rn−1

3 aRn−1
1 a−anR

n−1
4 a−n .' Sn

12 = {Rn−1
2 Rn−1

3 aRn−1
1 a−anR

n−1
4 a−n }. KB>℄ ψ1, Kt 2 q:� 1.3(i) �8

ψ1(R
n−1
2 Rn−1

3 aRn−1
1 a−anR

n−1
4 a−n ) = a−nH

n−1
3 ana

−Hn−1
2 aHn−1

4 Hn−1
1

∼ Hn−1
1 Hn−1

4 a−nH
n−1
2 ana

−Hn−1
3 a,B_� Hn−1

1 = R̂n
2 , H

n−1
2 = R̂n

1 , H
n−1
3 = R̂n

4 , H
n−1
4 = R̂n

3 . 6[ ψ1 e Sn
12 7 Sn

10 ;q℄�C:� 1.1 [ gi7(n) = 2g(i−1)3(n− 1) + 2gi10(n− 1).�3�0KN3p Sn
j (1 ≤ j ≤ 11) ;�YR�;��0�s� 2.4 '

Cn(i) =

(
n− 2 − i

i

)
.8-

gi1(n) = 2n+i 2n− 3i

n− i
Cn+2(i),B_ 0 ≤ i ≤

[n
2

]
, n ≥ 1.- G n �!_9�C:� 2.3 6[5 n = 1, 2 `�+#��u^�+G�E n ;Wp k #��B_� n > 2. ' En(i) =

i−2∏
k=0

(n− i− 1 − k). C:� 2.3 e_9u^5 k = n, 0 ≤ i ≤
[

n
2

] `�
gi1(n) = 2gi1(n− 1) + 8g(i−1)1(n− 2)

= 2n+i 2n− 3i− 2

n− i− 1
Cn+1(i) + 2n+i 2n− 3i− 1

n− i− 1
Cn(i− 1)

= 2n+i En(i)

i!(n− i− 1)

(
(n− 2i)(2n− 3i− 2) + i(2n− 3i− 1)

)

= 2n+i 2n− 3i

n− i
Cn+2(i).-J�+#��
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(1) = 2, g15

(1) = 2, g05
(2) = 2, g15

(2) = 14, g07
(1) = 2,

g17
(1) = 2, g09

(1) = 1, g19
(1) = 3, g19

(2) = 10, g29
(2) = 6, g19

(3) = 10, g29
(3) = 54,

g010
(1) = 1, g110

(1) = 3, g111
(1) = 4, g111

(2) = 4, g211
(2) = 12, An(i) =

2n− 3i− 2

n− 2i− 1
,

Bn(i) =
n− i− 1

n− 2i
, Cn(i) =

(
n−2−i

i

)
, Dn(i) = n

i
2i. 8- gij

(n)=

2n + 4n− 2, 5 j = 3, i = 0, n ≥ 1;

Cn+2(i+ 1)
(
23i+1An+2(i+ 1) + (2n+i−1 − 23i−2)

(i+ 1)An+2(i)Bn+2(i+ 1)

n− 2i− 1

)
,5 j = 3, 1 ≤ i ≤

[n
2

]
− 1, n ≥ 2;

Cn+1(i)
(
23i+1 + (2n+i−1 − 23i−2)An+2(i)Bn+2(i+ 1)

)
,5 j = 3,

[n
2

]
− 1 < i ≤

[n− 1

2

]
, n ≥ 2;

(2n+i−1 − 23i−2)An+2(i)Cn+2(i),5 j = 3,
[n− 1

2

]
< i ≤

[n
2

]
, n ≥ 2;

2n + 8n+ 8, 5 j = 5, i = 1, n = 3, 4;

2n + 8n, 5 j = 5, i = 1, n ≥ 5;

(2n − 22i−2)Cn(i− 2)Dn(i− 1) + 22iCn(i− 1)Dn(i),5 j = 5, 2 ≤ i <
n

2
− 1, n ≥ 5;

(2n − 22i−2)Cn(i− 2)Dn(i− 1) + 22iCn(i− 1)Dn(i) + 2n−1,5 j = 5, i =
n

2
− 1, n ≥ 5;

(2n − 22i−2)Cn(i− 2)Dn(i− 1) + 22iCn(i− 1)Dn(i) + 2n,5 j = 5,
n

2
− 1 < i ≤

n− 1

2
, n ≥ 4;

(2n − 22i−2)Cn(i− 2)Dn(i− 1) + 2
3n
2

+1 − 3 · 2n−1,5 j = 5,
n− 1

2
< i ≤

n

2
, n ≥ 4;

(2n − 22i−2)Cn(i− 2)Dn(i− 1),5 j = 5,
n

2
< i ≤

n+ 1

2
, n ≥ 3;

2n+i−1 2n− 3i+ 2

n− i+ 1
Cn+3(i), 5 j = 6, 0 ≤ i ≤

[n+ 1

2

]
, n ≥ 1;

2, 5 j = 7, i = 0, n ≥ 2;

2n+1 + 16n− 26, 5 j = 7, i = 1, n ≥ 2;

Cn+1(i)
(
23iAn+1(i) + (2n+i−1 − 23i−3)

iAn+1(i− 1)Bn+1(i)

n− 2i

)
,5 j = 7, 2 ≤ i ≤

[n− 1

2

]
, n ≥ 2;

Cn(i− 1)
(
23i + (2n+i−1 − 23i−3)An+1(i− 1)Bn+1(i)

)
,5 j = 7,

[n− 1

2

]
< i ≤

[n
2

]
, n ≥ 3;
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(2n+i−1 − 23i−3)An+1(i− 1)Cn+1(i− 1),5 j = 7,

[n
2

]
< i ≤

[n+ 1

2

]
, n ≥ 2;

6, 5 j = 9, i = 1, n ≥ 4;

3 · 2n + 48n− 86, 5 j = 9, i = 2, n = 4, 5;

3 · 2n + 48n− 102, 5 j = 9, i = 2, n ≥ 6;

3Cn(i− 1)
(
23i−2Bn+1(i)

+ (2n+i−2 − 23i−5)
(i− 1)Bn(i− 1)Bn+1(i− 1)

n− 2i+ 1

)
,5 j = 9, 3 ≤ i <

n− 1

2
, n ≥ 6;

3Cn(i− 1)
(
23i−2Bn+1(i)

+ (2n+i−2 − 23i−5)
(i− 1)Bn(i− 1)Bn+1(i− 1)

n− 2i+ 1

)
+ 2n−1,5 j = 9, i =

n− 1

2
, n ≥ 7;

3Cn(i− 1)
(
23i−2Bn+1(i)

+ (2n+i−2 − 23i−5)
(i− 1)Bn(i− 1)Bn+1(i− 1)

n− 2i+ 1

)
+ 2n,5 j = 9,

n− 1

2
< i ≤

n

2
, n ≥ 6;

Cn−1(i− 2)
(
23i−2 + 3(2n+i−2 − 23i−5)Bn(i− 1)Bn+1(i− 1)

)

+ 2
3n+1

2 − 3 · 2n−1,5 j = 9,
n

2
< i ≤

n+ 1

2
, n ≥ 5;

3(2n+i−2 − 23i−5)Bn+1(i− 1)Cn(i− 2),5 j = 9,
n+ 1

2
< i ≤

n

2
+ 1, n ≥ 4;

1, 5 j = 10, i = 0, n ≥ 2;

2n + 4n− 3, 5 j = 10, i = 1, n ≥ 2;

Cn+2(i)
(
23i−2An+2(i) + (2n+i−2 − 23i−5)

iAn+2(i− 1)Bn+2(i)

n− 2i+ 1

)
,5 j = 10, 2 ≤ i ≤

[n
2

]
, n ≥ 2;

Cn+1(i− 1)
(
23i−2 + (2n+i−2 − 23i−5)An+2(i− 1)Bn+2(i)

)
,5 j = 10,

[n
2

]
< i ≤

[n+ 1

2

]
, n ≥ 3;

(2n+i−2 − 23i−5)An+2(i− 1)Cn+2(i− 1),5 j = 10,
[n+ 1

2

]
< i ≤

[n
2

]
+ 1, n ≥ 2;

2, 5 j = 11, i = 1, n ≥ 3;
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2n + 8n+ 6, 5 j = 11, i = 2, n = 3, 4;

2n + 8n− 2, 5 j = 11, i = 2, n ≥ 5;

(2n − 22i−4)Cn(i− 3)Dn(i− 2) + 22i−2Cn(i− 2)Dn(i− 1),5 j = 11, 3 ≤ i <
n

2
;

(2n − 22i−4)Cn(i− 3)Dn(i− 2) + 22i−2Cn(i− 2)Dn(i− 1) + 2n−1,5 j = 11, i =
n

2
, n ≥ 5;

(2n − 22i−4)Cn(i− 3)Dn(i− 2) + 22i−2Cn(i− 2)Dn(i− 1) + 2n,5 j = 11,
n

2
< i ≤

n+ 1

2
, n ≥ 4;

(2n − 22i−4)Cn(i− 3)Dn(i− 2) + 2
3n
2

+1 − 3 · 2n−1,5 j = 11,
n+ 1

2
< i ≤

n

2
+ 1, n ≥ 4;

(2n − 22i−4)Cn(i− 3)Dn(i− 2),5 j = 11,
n

2
+ 1 < i ≤

n+ 1

2
+ 1, n ≥ 3;

0, SO�- �3|G j = 6 `G n �!_9�Bw;I ��s=Y4�C:� 2.3 68
g06

(1) = 2, g16
(1) = 2. r5 n = 1 `�+#��u^�+GE n− 1 #��C:� 2.3 8
gi6(n) = 2g(i−1)1(n− 1) + 2gi6(n− 1), 5 0 ≤ i ≤

[
n+ 1

2

]
.GE n 5 0 ≤ i ≤

[
n+1

2

] `�KB:� 2.4 q_9u^�
gi6(n) =2n+i−1 2(n− 1) − 3(i− 1)

n− 1 − (i− 1)
Cn+1(i− 1) + 2n+i−1 2(n− 1) − 3i+ 2

n− i
Cn+2(i)

=
2n+i−1

n− i

(2n− 3i+ 1

(i− 1)!
En+1(i) +

(2n− 3i)(n− 2i+ 1)

i!
En+1(i)

)

=2n+i−1 Cn+3(i)

(n− i)(n− i+ 1)

(
i(2n− 3i+ 1) + (2n− 3i)(n− 2i+ 1)

)

=2n+i−1 2n− 3i+ 2

n− i+ 1
Cn+3(i).9*5 j = 6 `�+#���	 2.4 4[ g02

(1) = 4, g12
(2) = 8, g14

(1) = 4, g18
(1) = 4, g28

(2) = 8, An(i) =
2n−3i−2
n−2i−1 , Bn(i) = n−i−1

n−2i
, Cn(i) =

(
n−2−i

i

)
, Dn(i) =

n

i
2i. 8- gij

(n) =

8, 5 j = 2, i = 0, n ≥ 2;

8, 5 j = 2, i = 1, n = 2;

2n+2 + 64n− 168, 5 j = 2, i = 1, n ≥ 3;

Cn(i)
(
23i+2An(i) + (2n+i − 23i−1)

iAn(i− 1)Bn(i)

n− 2i− 1

)
,



814 ; ? m ( ( � 31	5 j = 2, 2 ≤ i ≤
[n
2

]
− 1, n ≥ 3;

Cn−1(i− 1)
(
23i+2 + (2n+i − 23i−1) iAn(i− 1)Bn(i)

)
,5 j = 2,

[n
2

]
− 1 < i ≤

[n− 1

2

]
, n ≥ 4;

(2n+i − 23i−1)An(i− 1)Cn(i− 1),5 j = 2,
[n− 1

2

]
< i ≤

[n
2

]
, n ≥ 3;

2n+i 2n− 3i+ 1

n− i
Cn+1(i− 1), 5 j = 4, 1 ≤ i ≤

[n+ 1

2

]
, n ≥ 2;

8, 5 j = 8, i = 1, n ≥ 2;

2n+2 + 64n− 168, 5 j = 8, i = 2, n ≥ 3;

Cn(i− 1)
(
23i−1An(i− 1)

+ (2n+i−1 − 23i−4)
(i− 1)An(i− 2)Bn(i− 1)

n− 2i+ 1

)
,5 j = 8, 3 ≤ i ≤

[n
2

]
, n ≥ 3;

Cn−1(i− 2)
(
23i−1 + (2n+i−1 − 23i−4)An(i− 2)Bn(i− 1)

)
,5 j = 8,

[n
2

]
< i ≤

[n+ 1

2

]
, n ≥ 4;

(2n+i−1 − 23i−4)An(i− 2)Cn(i− 2),5 j = 8,
[n+ 1

2

]
< i ≤

[n
2

]
+ 1, n ≥ 3;

0, SO�- �0�G j = 4, n ≥ 2, 1 ≤ i ≤
[n+ 1

2

] `;I [&Y4�C:� 2.3, 5
1 ≤ i ≤

[
n+1

2

]
, gi4(n) = 4g(i−1)1(n− 1).KB:� 2.4,

gi4(n) = 2n+i 2(n− 1) − 3(i− 1)

n− 1 − (i− 1)
Cn+1(i− 1) = 2n+i 2n− 3i+ 1

n− i
Cn+1(i− 1).BwI ��s=Y4�

3 "j��q�yvl4[� G0 = (V,E), ' n eXWp�N G0 ;� u0u e v0v ZR�3+DPt n ZB� u1, u2, u3, · · · , un, e v1, v2, v3, · · · , vn GPt� ulvl, �d
 al a8 al e�!��B_� 1 ≤ l ≤ n. -J87{� Gn.s� 3.1 4[ Gn eZi{��' gi(Gn) e ghj
(n) R��d Gn _�Y
 i ;EV;p7eN3p Sn

j _�Y
 h ;N3;p7�8- gi(Gn) e ghj
(n) ;�#gg�B_ 1 ≤ j ≤ 11, 0 ≤ h ≤ i, n ≥ 1.- ' Tn e Gn ;Z!la8 al eZl�G u0u1, unu, v0v1, vnv el��B_�

1 ≤ l ≤ n. O�87 Gn ;2Z l T̃n. -J Gn ;EVN3p
 {ARn
1BR

n
2CR

n
3DR

n
4 }.



5A �"��0�y�9�WP� 815B_� Rn
1 , R

n
2 , R

n
3 , Rn

4 T? 2 ~_C8�N T̃n _PA uk, vk (1 ≤ k ≤ n) 5qew0^ ;��e�L}t� u0u, v0v  #2Z l�s
 T̃ . �Q T̃ e G0 ;2Z l�9* {ABCD} e G0 ;N3p�^ γ(ABCD) = α, O
γ(ARn

1BR
n
2CR

n
3DR

n
4 ) = γ(A0R

n
l1
B0R

n
l2
C0R

n
l3
D0R

n
l4

) + α,B_ γ(A0B0C0D0) = 0G {Rn
l1
, Rn

l2
, Rn

l3
, Rn

l4
} = {Rn

1 , R
n
2 , R

n
3 , R

n
4}. �YN Sn

j (1 ≤ j ≤ 11)_.N S a8 A0R
n
l1
B0R

n
l2
C0R

n
l3
D0R

n
l4

∼ S. G A0B0C0D0 ;d6p m �!_9�'
F = A0R

n
l1
B0R

n
l2
C0R

n
l3
D0R

n
l4

. CEW a ∈ A0B0C0D0, O a− ∈ A0B0C0D0, 9*N�3;Y4_� a e a− f
�2Zd6�C:� 2.1 5 m = 0, 1, 2, 3 `��+#��u^G k(k < m) �+#���* m `;I �W.N a a8 aa− l a−a N A0,

B0, C0, D0 _\2�KBKt 3, F ∼ A1R
n
l1
B1R

n
l2
C1R

n
l3
D1R

n
l4
, a8 A1B1C1D1 D m− 1Zd6�SO�\��N A0, B0, C0, D0 _;d6p�R
X`I T���O^

a 6= b 6= c 6= d:
(1) .N5Z�#&^[� 4 Zd6��O^ abcd ∈ A0. 8- b−a−, c−b− l d−c− hE F . 9*KBKt 2, ab, bc l cd�5B2Zd6O3�
(2) .2Z�#&�[E 4 Zd6G.N2Z�#&� 3 Zd6��O^ abc ∈ A0. T` a−, b−, c− _D#Zd6�hE2Z�#&�8-�+#��SO� F  T

abcRn
l1
c−B1R

n
l2
C1b

−C2R
n
l3
D1a

−Rn
l4
.W B1 6= ∅, O F  T

abcRn
l1
c−dB2R

n
l2
C3d

−b−C2R
n
l3
D1a

−Rn
l4
.KB:� 1.3 qKt 2 �8

abcRn
l1
c−dB2R

n
l2
C3d

−b−C2R
n
l3
D1a

−Rn
l4

= bcRn
l1
c−dB2R

n
l2
C3d

−b−C2R
n
l3
D1a

−Rn
l4
a

∼ bd−cRn
l1
c−dB2R

n
l2
C3b

−C2R
n
l3
D1a

−Rn
l4
a

∼ bcRn
l1
c−B2R

n
l2
C3b

−C2R
n
l3
D1a

−Rn
l4
aB_� bcc−B2C3b

−C2D1a
−a D m− 1 Zd6�SO�W C2 6= ∅, O F  T
abcRn

l1
c−Rn

l2
b−dC3R

n
l3
D2d

−a−Rn
l4
.KB:� 1.3 qKt 2 �8

abcRn
l1
c−Rn

l2
b−dC3R

n
l3
D2d

−a−Rn
l4

∼ ad−bcRn
l1
c−Rn

l2
b−dC3R

n
l3
D2a

−Rn
l4

∼ abcRn
l1
c−Rn

l2
b−C3R

n
l3
D2a

−Rn
l4B_� abcc−b−C3D2a

− � m− 1 Zd6�
(3) .2Z�#&� 2 Zd68- F  T

abRn
l1
b−cRn

l2
c−dRn

l3
d−a−Rn

l4
,

abRn
l1
b−a−Rn

l2
cdRn

l3
d−c−Rn

l4
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abRn

l1
cdRn

l2
d−c−Rn

l3
b−a−Rn

l4
.C:� 1.3,

abRn
l1
b−cRn

l2
c−dRn

l3
d−a−Rn

l4
∼ ad−bRn

l1
b−cRn

l2
c−dRn

l3
a−Rn

l4
.�bKB? (2) `I ��+#��CKt 2,

abRn
l1
b−a−Rn

l2
cdRn

l3
d−c−Rn

l4
∼ aRn

l1
a−Rn

l2
cRn

l3
c−Rn

l4
,

abRn
l1
cdRn

l2
d−c−Rn

l3
b−a−Rn

l4
∼ aRn

l1
cRn

l2
c−Rn

l3
a−Rn

l4
.9*C_9M�+#�� o � � �
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Abstract In this paper, expressions of the genus distribution for certain sets of surfaces
are provided. Based on joint trees, the genus distribution of general ladders can be obtained
by using the surface sorting method.
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