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x′′(t) + f(x(t))x′(t) + g(t, x(t − τ (t))) = p(t).
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1 . /
������0� Liénard �� 

x′′(t) + f(x(t))x′(t) + g(t, x(t − τ(t))) = p(t), (1.1)

�1 f, τ , p : R → R ! g : R × R → R ���"�# τ ! p � T - 2��# g $3 t � T -
2��# T > 0. 4%!"#5$� (1.1) 2�&#$�%'&(')()*+,�-.
(/*+ [1–7] ). ,0#&5�Æ-*+126��� (1.1) 2�&�37.#05$� 
(1.1) 2�&378/0.41/*+52%'#Æ63)7�%'����0� Liénard �
� 2�&�378/0.854567958967:

;*9:!;<=

|x|k =
( ∫ T

0

|x(t)|kdt
) 1

k

, |x|∞ = max
t∈[0,T ]

|x(t)|.

X = {x|x ∈ C1(R, R), x(t + T ) = x(t), ∀ t ∈ R},>7?�� ‖x‖X = max{|x|∞, |x′|∞},
Y = {x|x ∈ C(R, R), x(t + T ) = x(t), ∀ t ∈ R},>7?��‖x‖Y = |x|∞.

* @A:<��BC (10801047) D;E=F<>:<��BC (20070605) =>G?H
@IABJ2007-03-12.
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@ X, Y M� Banach EN:7 X F>7G.HA
L : D(L) ⊂ X −→ Y, Lx = x′′, D(L) = {x|x ∈ X, x′′ ∈ C(R, R)}, (1.2)

>7OG.HA N : X −→ Y,

Nx = −f(x(t))x′(t) − g(t, x(t − τ(t))) + p(t). (1.3)

I)

KerL = R,  ImL =
{

x|x ∈ Y,

∫ T

0

x(s)ds = 0
}
.

JP L KBÆ�Æ� Fredholm HA:LMNHA P : X −→ KerL ! Q : Y −→ Y/ImL �

Px(t) = x(0) = x(T ), Qx(t) =
1
T

∫ T

0

x(s)ds.

@ ImP = KerL  KerQ = ImL. L LP = L|D(L)∩KerP , IC LP KQO�# �O�

L−1
P : ImL −→ D(L) ∩ KerP, L−1

P y(t) = − t

T

∫ T

0

(t − s)y(s)ds +
∫ t

0

(t − s)y(s)ds. (1.4)

�(�R#PQ9:;R�SS:

(A0) TT37OUV� C1 ! C2 3)

|f(x1) − f(x2)| ≤ C1|x1 − x2|, |f(x)| ≤ C2, ∀x1, x2, x ∈ R.

2 DE.F
U (1.3) ! (1.4) IG#HA� Lx = λNx 8;V� WX

x′′ + λ[f(x(t))x′(t) + g(t, x(t − τ(t)))] = λp(t). (2.1)λ

HI 2.1 (Mawhin WX>4)[3] T X , Y M� Banach EN# L : D(L) ⊂ X −→ Y KB
Æ�Æ� Fredholm HA# N : Ω −→ Y 7 Ω FK L- Y�# Ω � X 1�5Z[\#9T
T;VSS]Y

1) Lx 	= λNx, ∀x ∈ ∂Ω ∩ D(L), ∀λ ∈ (0, 1);
2) Nx 	∈ ImL, ∀x ∈ ∂Ω ∩ KerL;
3) deg{QN, Ω ∩ KerL, 0} 	= 0;

@� Lx = Nx 7 Ω ∩ D(L) 1JZ50&:
HI 2.2 (Wirtinger ^W[)[2,8] T x ∈ C2(R, R)  x(t + T ) = x(t), @

|x′(t)|22 ≤
(

T

2π

)2

|x′′(t)|22. (2.2)

HI 2.3 TT37V� d > 0 3);VSSK0]Y
(A1) x(g(t, x) − p(t)) < 0, ∀ t ∈ R, |x| ≥ d;
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(A2) x(g(t, x) − p(t)) > 0, ∀ t ∈ R, |x| ≥ d.
9T x(t) �� (2.1)λ �`6 T - 2�&#@5

|x|∞ ≤ d +
1
2

√
T |x′|2. (2.3)

L T x(t) �� (2.1)λ �`0 T - 2�&:U 0 a T bc (2.1)λ 5
∫ T

0

[g(t, x(t − τ(t))) − p(t)]dt = 0.

d037 ξ ∈ [0, T ] 3)
g(ξ, x(ξ − τ(ξ))) − p(ξ) = 0.

JP#-e (A1)(f (A2)), PQ5
|x(ξ − τ(ξ))| < d.

L ξ − τ(ξ) = mT + t0, �1 t0 ∈ [0, T ]  m �0gM�:aI)a

|x(t)| =
∣∣∣x(t0) +

∫ t

t0

x′(s)ds
∣∣∣ ≤ d +

∫ t

t0

|x′(s)|ds, t ∈ [t0, t0 + T ],

 

|x(t)| = |x(t − T )| =
∣∣∣x(t0) −

∫ t0

t−T

x′(s)ds
∣∣∣ ≤ d +

∫ t0

t−T

|x′(s)|ds, t ∈ [t0, t0 + T ].

-eFRb[h Schwarz ^W[#PQQ!)a

|x|∞ = max
t∈[t0, t0+T ]

|x(t)| ≤ max
t∈[t0, t0+T ]

{
d +

1
2

(∫ t

t0

|x′(s)|ds +
∫ t0

t−T

|x′(s)|ds
)}

≤ d +
1
2

√
T |x′|2.

94 2.3 Ci:
HI 2.4 TT (A0) ! (A1) (f (A2)) ]Y:9TT;VSS]Y
(A3) 37OUV� b 3)

C2
T

2π
+ b

T 2

4π
< 1,  |g(t, x1) − g(t, x2)| ≤ b|x1 − x2|, ∀ t, x1, x2 ∈ R;

c x(t) �� (1.1) �`0 T - 2�&#@5

|x′|∞ ≤ 1
2

[bd + max{|g(t, 0)| : 0 ≤ t ≤ T } + |p|∞]T
1 − (C2

T
2π + bT 2

4π )
:= D. (2.4)

L T x(t) �� (1.1) �`0 T - 2�&:-eSS (A1) (f (A2)), PQU94 2.3 �
Cd�jaI)a (2.3) e,]Y:k (1.1) blfm! x′′(t) nd 0 a T bc#U (2.2),
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(2.3), (A3) ! Schwarz ^W[#PQ5

|x′′|22 ≤ C2
T

2π
|x′′|22 +

∫ T

0

[|g(t, x(t − τ(t))) − g(t, 0)| + |g(t, 0)| + |p(t)|] · |x′′(t)|dt

≤ C2
T

2π
|x′′|22 + b|x|∞

√
T |x′′|2 + [max{|g(t, 0)| : 0 ≤ t ≤ T } + |p|∞]

√
T |x′′|2

≤
(
C2

T

2π
+ b

T 2

4π

)
|x′′|22 + [bd + max{|g(t, 0)| : 0 ≤ t ≤ T } + |p|∞]

√
T |x′′|2. (2.5)

-e (2.5) ! (A3) 5

|x′′|2 ≤ [bd + max{|g(t, 0)| : 0 ≤ t ≤ T } + |p|∞]
√

T

1 − (C2
T
2π + bT 2

4π )
. (2.6)

U x(0) = x(T ) QG#37V� ζ ∈ [0, T ] 3)

x′(ζ) = 0.

N6a x′(t) � T - 2��#gh3 (2.3) [�Cdo PQ5

|x′|∞ ≤ 1
2

√
T |x′′|2. (2.7)

JP#U (2.6) ! (2.7) Q)

|x′|∞ ≤ 1
2

[bd + max{|g(t, 0)| : 0 ≤ t ≤ T } + |p|∞]T
1 − (C2

T
2π + bT 2

4π )
:= D.

94 2.4 Ci:
HI 2.5 TT (A1) (f (A2)) ]Y:9TT;VSS]Y
(A4) TT (A0) ]Y# g(t, x) $3 x �ipqr"�# 37OUV� b 3)

C1D
T 2

4π
+ C2

T

2π
+ b

T 2

4π
< 1,  |g(t, x1) − g(t, x2)| ≤ b|x1 − x2|, ∀ t, x1, x2 ∈ R.

@� (1.1) J2370g T - 2�&:
L T x1(t) ! x2(t) �� (1.1) �bg T - 2�&:L Z(t) = x1(t) − x2(t), PQ5

Z ′′(t) + (f(x1(t))x′
1(t) − f(x2(t))x′

2(t)) + (g(t, x1(t − τ(t))) − g(t, x2(t − τ(t)))) = 0. (2.8)

N6a x1(t) ! x2(t) � T - 2�&#U 0 a T bc (2.8) 5∫ T

0

(g(t, x1(t − τ(t))) − g(t, x2(t − τ(t))))dt = 0.

JP#Ubc1O>4QG#37V� γ ∈ [0, T ] 3)

g(γ, x1(γ − τ(γ))) − g(γ, x2(γ − τ(γ))) = 0. (2.9)

L γ − τ(γ) = nT + γ̃, �1 γ̃ ∈ [0, T ]  n �M�:-e (2.9) ! (A4) QG#37V�
γ̃ ∈ [0, T ] 3)

Z(γ̃) = x1(γ̃) − x2(γ̃) = x1(γ − τ(γ)) − x2(γ − τ(γ)) = 0. (2.10)
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N6a Z(t) � T - 2��#gh3 (2.3) [�Cdo PQ5

|Z|∞ ≤ 1
2

√
T |Z ′|2. (2.11)

k (2.8) blfm! Z ′′(t) nd 0 a T bc#U (2.2), (2.11) ! Schwarz^W[#PQ5
|Z ′′|22 ≤ C2|Z ′|2|Z ′′|2 + C1D|Z|∞

√
T |Z ′′|2 + b|Z|∞

√
T |Z ′′|2,

3K
|Z ′′|22 ≤

(
C1D

T 2

4π
+ C2

T

2π
+ b

T 2

4π

)
|Z ′′|22. (2.12)

N6a Z(t), Z ′(t) ! Z ′′(t) � T - 2����"�#st (A4), (2.10) ! (2.12) 5
Z(t) ≡ Z ′(t) ≡ Z ′′(t) ≡ 0, ∀ t ∈ R.

JP# x1(t) ≡ x2(t), ∀ t ∈ R. JP#� (1.1) J2370g T - 2�&:94 2.5 Ci:

3 PQRS
TI 3.1 T (A1) (f(A2)) ]Y:9TTSS (A4) ]Y:@ (1.1) 37j0� T - 2�

&:

L U94 2.5 QG# (1.1) J2370g T - 2�&:JP#PQ6kCd (1.1) T - 2
�&�37.:�P#PQklmWX>4Cd (1.1) JZ370g T - 2�&:noCd
(2.1)λ p5 T - 2�&U]�\e�5Z\:

T x(t) � (2.1)λ �`0 T - 2�&:k� (2.1)λ blfm! x′′(t) nd 0 a T bc#

-e (2.2), (2.3), (A4) ! Schwarz ^W[#gh3 (2.5), PQ5

|x′′|22 = −λ

∫ T

0

f(x(t))x′(t)x′′(t)dt − λ

∫ T

0

g(t, x(t − τ(t)))x′′(t)dt + λ

∫ T

0

p(t)x′′(t)dt

≤
(
C2

T

2π
+ b

T 2

4π

)
|x′′|22 + [bd + max{|g(t, 0)| : 0 ≤ t ≤ T } + |p|∞]

√
T |x′′|2. (3.1)

U (A4) QG#37VV� D1 ! D2 3)

|x′′|2 < D1, (3.2)

 
|x′|2 < D2, |x|∞ < D2. (3.3)

U x(0) = x(T ) QG#37V� ζ ∈ [0, T ] 3)

x′(ζ) = 0, |x′(t)| =
∣∣∣x′(ζ) +

∫ t

ζ

x′′(s)ds
∣∣∣ ≤ √

T |x′′|2 <
√

TD1, ∀ t ∈ [0, T ]. (3.4)

JP#-e (3.3)  (3.4) Q)#37V� M1 >
√

TD1 + D2 3)

‖x‖X ≤ |x|∞ + |x′|∞ < M1.
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c x ∈ Ω1 = {x|x ∈ KerL ∩ X,  Nx ∈ ImL}, @37V� M2 3)

x(t) ≡ M2,  

∫ T

0

[g(t, M2) − p(t)]dt = 0, (3.5)

JP
|x(t)| ≡ |M2| < d, ∀ x(t) ∈ Ω1. (3.6)

L M = M1 + d + 1. T

Ω = {x|x ∈ X, |x|∞ < M, |x′|∞ < M}.

U (1.3) ! (1.4) IG N 7 Ω FK L- Y�:st (3.5), (3.6) ! M > max{M1, d} QG94
2.1 1�SS 1) ! 2) ]Y:

50#>7��"� H1(x, µ) ! H2(x, µ) �

H1(x, µ) = (1 − µ)x − µ · 1
T

∫ T

0

[g(t, x) − p(t)]dt, µ ∈ [0 1],

H2(x, µ) = −(1 − µ)x − µ · 1
T

∫ T

0

[g(t, x) − p(t)]dt, µ ∈ [0 1].

U (A1) f (A2) ]Y#-efq^�.aIrC94 2.1 1�SS 3) ]Y:
WeFR�s5#UWX>4QG (1.1) JZ370g T - 2�&:d0>4 3.1 )C:
X 3.1 *+ [6] �Yt-5K7uY;V^W[

|x|∞ ≤ d +
√

T |x′|2

�vwFx)�#Æ0^W[u,tv3;*941� (2.3) [:JP#*+ [6] 1�p5-
5yQ!z-�;*�wxyz:

4 Z[\]
^ 4.1 T g(t, x) = 1

3π x, ∀t, x ∈ R. @ Liénard � 

x′′(t) +
1
8
(cosx(t))x′(t) + g(t, x(t − cos2 t)) =

1
3π

esin t−1 (4.1)

37/0� 2π- 2�&:
L U (4.1),PQ5 d = 1, b = 1

3π , C1 = C2 = 1
8 , τ(t) = cos2 t, T = 2π p(t) = 1

3π esin t−1,
3K

1
2

[bd + max{|g(t, 0)| : 0 ≤ t ≤ T } + |p|∞]T
1 − (C2

T
2π + bT 2

4π )
:= D =

[ 1
3π + 1

3π ] × π

1 − 1
8 − 1

3

=
8
13

,

C1D
T 2

4π
+ C2

T

2π
+ b

T 2

4π
<

239
312

< 1.

aIrC (A2) ! (A4) ]Y:JP#U>4 3.1 QG� (4.1) 37/0� 2π- 2�&:
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X 4.1 (4.1) KOV{q�0g Liénard � :U3 f(x) = 1
8 cosx  τ(t) = cos2 t. J

P#&5*+ [1–7]h�|�*+1�-5^{m"|>� (4.1) 37/0� 2π- 2�&:
d0;*�-5}5!}~(&5*+�)~-5:

_ ` a b
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EXISTENCE AND UNIQUENESS OF PERIODIC SOLUTIONS

FOR A KIND OF LIÉNARD-TYPE EQUATIONS

WITH A DEVIATING ARGUMENT

LIU Bingwen

(College of Mathematics and Information Science, Jiaxing University, Jiaxing 314001)

Abstract In this paper, by using the coincidence degree theory, new results are obtained
for the existence and uniqueness of periodic solutions of the following Liénard-type equation
with a deviating argument:

x′′(t) + f(x(t))x′(t) + g(t, x(t − τ(t))) = p(t).

Some existing related results in the literature are improved and extended.

Key words Liénard-type equation, deviating argument, periodic solution, coincidence
degree.
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