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1 0 1
��2����� �!"�3#$4�� 5%&'

(BVP)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(E) u′′′(t) + λq(t)f(u(t), u′(t)) = 0, t ∈ (0, 1),

(BC)

⎧⎪⎪⎨
⎪⎪⎩

u(0) = 0,

αu′(0) − βu′′(0) = 0,

γu′(1) + δu′′(1) = 0,

(6!) λ > 0, α, β, δ, γ ≥ 0 *7 βγ + αγ + αδ > 0, + q ∈ C((0, 1), (0, +∞)). "&#$%
q 8,5 t = 0 & (') t = 1 !"(

!-)*+��3#$!.,/0-1�2./32&0456(91%237��8
 ��3#$ [1−15] 4568&94�� 5'78%9:::4�� 5%&';;<Æ
7��(��<.=>?@=;�ABCD. (E [16–20]), FG �!"�3#$4�� 
5%&'78(

2 <=>?
> P : Banach HI E 6�&J4K@% e ∈ P *7 ‖e‖ ≤ 1, e �= θ. D?

Qe = {x ∈ P |x �= θ,  5!) m, M > 0 @5 m e ≤ x ≤ M e}.
* ������ABLM (Nos.y070815) CDABN
EOFGP2007-09-12, EQHROFGP2008-07-07.
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DE 2.1[19] UM A : Qe × Qe → Qe. N8 A(x, y) :: x :?@AV�%:: y :?

@AF�%WXN8 x1 ≤ x2(x1, x2 ∈ Qe), GYOP� y ∈ Qe, Q A(x1, y) ≤ A(x2, y); 4+
N8 y1 ≤ y2(y1, y2 ∈ Qe) GYOP� x ∈ Qe %Q A(x, y1) ≥ A(x, y2), RSZ A :&J=>

?@=;(N8 5 x∗ ∈ Qe %@5 A(x∗, x∗) = x∗, GZ x∗ : A �&JABC(

DH 2.1[16] UM A : Qe ×Qe → Qe :&J=>?@=;+ 5&J!) θ, 0 ≤ θ < 1
@5

A
(
tx,

1
t
y
)
≥ tθA(x, y), ∀x, y ∈ Qe, 0 < t < 1, (1)

G A  5%&�ABC x∗ ∈ Qe. 4+%YOP� (x0, y0) ∈ Qe × Qe,

xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n = 1, 2, · · ·

*7
xn → x∗, yn → x∗,

(6
‖xn − x∗‖ = o(1 − rθn

), ‖yn − x∗‖ = o(1 − rθn

),

0 < r < 1, r :&JI x0, y0 Q:�!)(

DH 2.2[16,19] UM A : Qe ×Qe → Qe :&J=>?@=;+ 5&J!) θ ∈ (0, 1)
@5 (1) [T(N x∗

λ :*+
A(x, x) = λx, λ > 0

5 Qe 6�%&�%RS\ λ → λ0 U% ‖x∗
λ − x∗

λ0
‖ → 0. N8 0 < θ < 1

2 , RS 0 < λ1 < λ2

V] x∗
λ1

≥ x∗
λ2

, x∗
λ1

�= x∗
λ2
+

lim
λ→+∞

‖x∗
λ‖ = 0, lim

λ→0+
‖x∗

λ‖ = +∞.

3 JKLMNOPQ
�^_W!"�3#$ (BVP). X8`0YZ%[FG���UM
(C1) K(t, s) :*+

−u′′′(t) = 0, t ∈ (0, 1)

*7�a\b (BC) �c]d)e
(C2) k(t, s) :*+

−u′′(t) = 0, t ∈ (0, 1)

*7�a\b
(BC∗)

{
αu(0) − βu′(0) = 0,

γu(1) + δu′(1) = 0

�c]d)(

RH 3.1 c]d) k(t, s) *7���\b⎧⎨
⎩

(R1) k(t, s) ≤ k(t, t), k(t, s) ≤ k(s, s), (t, s) ∈ [0, 1]× [0, 1],

(R2)
ρ

(α + β)(δ + γ)
k(t, t)k(s, s) ≤ k(t, s), (t, s) ∈ [0, 1]× [0, 1].
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T 1 UaVW

K ′(t, s) = k(t, s) =
1
ρ

{
(β + αs)(δ + γ(1 − t)), 0 ≤ s ≤ t ≤ 1,

(β + αt)(δ + γ(1 − s)), 0 ≤ t ≤ s ≤ 1,
(2)

(6 ρ = γβ + αγ + αδ > 0.
M B = C[0, 1]. G B :&J Banach HI%(6h) ‖u‖ = sup

t∈[0,1]

|u(t)|. > D = {u ∈

C1[0, 1] : u(0) = 0}. 4+>

P = {u ∈ B : u(t) ≥ 0 +5 [0, 1] b:bcd)}.

G P : B �&J4K@(
de% u = u(t) :�3#$ (BVP) �&J�%\+i\ u *7��*+

u(t) = λ

∫ 1

0

K(t, s)q(s)f(u(s), u′(s))ds, u ∈ D, (3)

'X*7*+
u′(t) = λ

∫ 1

0

k(t, s)q(s)f(Tu′(s), u′(s))ds, u′ ∈ B, (4)

(6
u(t) =

∫ t

0

u′(s)ds := Tu′(t). (5)

DH 3.1 UM f(u, v) = g(v) + h(u), (u, v) ∈ (0, +∞) × [0,∞), (6 g : [0, +∞) →
[0, +∞) fg+?@AV%+ h : (0, +∞) → (0, +∞) fg+?@AF(YOP� t ∈ (0, 1)
& x > 0,  5 θ ∈ (0, 1) @5

g(tx) ≥ tθg(x), (6)

h(t−1x) ≥ tθh(x). (7)

UM q ∈ C((0, 1), (0,∞)) *7 ∫ 1

0

q(s)s−θds < +∞,

G�3#$ (BVP)  5%&� u∗
λ(t). j&k%N8 0 < θ < 1

2 , G 0 < λ1 < λ2 V]

u∗
λ1

≤ u∗
λ2

, u∗
λ1

�= u∗
λ2
+

lim
λ→0+

‖u∗
λ‖ = 0, lim

λ→+∞
‖u∗

λ‖ = +∞.

Y hX (7) [T% > t−1x = y, \ x > 0, t ∈ (0, 1) U%ijQ

h(y) ≥ tθh(ty),

G
h(ty) ≤ 1

tθ
h(y), t ∈ (0, 1), y > 0. (8)
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> y = 1, GkAll (8) m5

h(t) ≤ 1
tθ

h(1), t ∈ (0, 1). (9)

kl (7), (8) & (9), m5

h(t−1x) ≥ tθh(x), h
(1

t

)
≥ tθh(1), h(tx) ≤ 1

tθ
h(x),

h(t) ≤ 1
tθ

h(1), t ∈ (0, 1), x > 0.

nm$%kl (6), m5

g(tx) ≥ tθg(x), g(t) ≥ tθg(1), t ∈ (0, 1), x > 0. (10)

> t = 1
x , x > 1, ijQ

g(x) ≤ xθg(1), x ≥ 1. (11)

> e(t) = ρ
(β+α)(δ+γ)k(t, t). de ‖e‖ < 1, >

Qe =
{
x ∈ P | 1

M
e(t) ≤ x(t) ≤ Me(t), t ∈ (0, 1)

}
, (12)

(6 M > 1 +*7

M > max
{ [

λ
(β + α)(δ + γ)

ρ

(
g(1)

∫ 1

0

q(s)ds

+
( (β + α)(δ + γ)

βδ

)θ

h(1)
∫ 1

0

q(s)s−θds
)] 1

1−θ

,

[
λ
(
g(1)

∫ 1

0

q(s)k(s, s)eθ(s)ds + h(1)
∫ 1

0

q(s)k(s, s)ds
)]− 1

1−θ
}
. (13)

YOP� u′ ∈ Qe, Q

Tu′(t) =
∫ t

0

u′(s)ds ≤
∫ t

0

Me(s)ds ≤ Mt ≤ M, (14)

&

Tu′(t) =
∫ t

0

u′(s)ds ≥
∫ t

0

1
M

e(s)ds

=
1
M

∫ t

0

ρ

(β + α)(δ + γ)
(β + αs)(δ + γ(1 − s))

ρ
ds

≥ 1
M

∫ t

0

βδ

(β + α)(δ + γ)
ds ≥ 1

M

βδ

(β + α)(δ + γ)
t. (15)

ho%kl (9)–(11), (14), (15), YOP� u′ ∈ Qe, Q

g(u′(t)) ≤ g(Me(t)) ≤ g(M) ≤ Mθg(1),

h(Tu′(t)) ≤ h
( 1

M

βδ

(β + α)(δ + γ)
t
)

≤ Mθ
((β + α)(δ + γ)

βδ

)θ

t−θh(1),

(16)
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&

h(Tu′(t)) ≥ h(M) ≥ M−θh(1), g(u′(t)) ≥ g
( 1

M
e(t)

)
≥ M−θeθ(t)g(1). (17)

YOP� x, y ∈ Qe, D?

Tλ(x, y)(t) = λ

∫ 1

0

k(t, s)q(s)(g(x(s)) + h(Ty(s)))ds, t ∈ [0, 1].

n[ijZo T : Qe × Qe → Qe. YOP� x, y ∈ Qe, kl (16) m5

Tλ(x, y)(t) = λ

∫ 1

0

k(t, s)q(s)
(
g(x(s)) + h(Ty(s))

)
ds

≤ λk(t, t)
[ ∫ 1

0

q(s)g(x(s))ds +
∫ 1

0

q(s)h(Ty(s)))ds
]

≤ λk(t, t)
[
Mθg(1)

∫ 1

0

q(s)ds + Mθ
( (β + α)(δ + γ)

βδ

)θ

h(1)
∫ 1

0

s−θq(s)ds
]

≤ Me(t), t ∈ [0, 1], (18)

4+kl (17) m5

Tλ(x, y)(t)

= λ

∫ 1

0

k(t, s)q(s)
(
g(x(s)) + h(Ty(s))

)
ds

≥ λk(t, t)
ρ

(β + α)(δ + γ)

[ ∫ 1

0

k(s, s)q(s)g(x(s))ds +
∫ 1

0

k(s, s)q(s)h(Ty(s))ds
]

≥ λe(t)
[
M−θg(1)

∫ 1

0

k(s, s)eθ(s)q(s)ds + M−θh(1)
∫ 1

0

k(s, s)q(s)ds
]

≥ 1
M

e(t), t ∈ [0, 1]. (19)

ho=; T QP?+Q T (Qe × Qe) ∈ Qe. pUYOP� l ∈ (0, 1), x, y ∈ Qe, Q

Tλ(lx, l−1y)(t) = λ

∫ 1

0

k(t, s)q(s)
[
g(lx(s)) + h(l−1Ty(s))

]
ds

≥ λ

∫ 1

0

k(t, s)q(s)
[
lθg(x(s)) + lθh(Ty(s))

]
ds

= lθTλ(x, y)(t), t ∈ [0, 1].

hoD. 2.1 &D. 2.2 �\bp*7%aq 5%&� v∗λ ∈ Qe @5 Tλ(v∗λ, v∗λ) = v∗λ. 2

rstZYuJFD� λ > 0, v∗λ : (4) �%&4�(4+kD. 2.2 mW%N8 0 < θ < 1
2 ,

G 0 < λ1 < λ2 V] v∗λ1
(t) ≤ v∗λ2

(t), v∗λ1
(t) �= v∗λ2

(t) &

lim
λ→0+

‖v∗λ‖ = 0, lim
λ→+∞

‖v∗λ‖ = +∞.

kl (5) mW%YuJFD� λ > 0, u∗
λ = Tv∗λ :�3#$ (BVP) �%&4�(4+N

8 0 < θ < 1
2 , Q 0 < λ1 < λ2 V] u∗

λ1
(t) ≤ u∗

λ2
(t), u∗

λ1
(t) �= u∗

λ2
(t) &

lim
λ→0+

‖u∗
λ‖ = 0, lim

λ→+∞
‖u∗

λ‖ = +∞.
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D. 3.1 Zq(
[ _W ��3#$⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u′′′(t) + λt−m(1 − t)−n(µu−a + (u′)b) = 0, 0 < t < 1,

u(0) = 0,

αu′(0) − βu′′(0) = 0,

γu′(1) + δu′′(1) = 0,

(20)

(6 λ, a, b > 0, max{a, b} < 1, µ ≥ 0, 0 < m < 1, 0 < n < 1.

> θ = max{a, b} < 1, h(x) = µx−a, g(y) = yb, q(t) = t−m(1 − t)−n 4+\ l ∈ (0, 1),
y > 0 & x > 0 U

g(ly) = lbyb ≥ lθg(y), h(l−1x) = µlax−a ≥ lθh(x).

de%\ 0 < m + θ < 1 U

∫ 1

0

s−m(1 − s)−ns−θds < +∞.

D. 3.1 rZb�*+ 5%&� u∗
λ(t). vw%N8 0 < θ = max{a, b} < 1

2 , G
0 < λ1 < λ2 V] u∗

λ1
≤ u∗

λ2
, u∗

λ1
�= u∗

λ2
, +

lim
λ→0+

‖u∗
λ‖ = 0, lim

λ→+∞
‖u∗

λ‖ = +∞.
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EXISTENCE AND UNIQUENESS OF POSITIVE SOLUTIONS

FOR THIRD-ORDER NONLINEAR SINGULAR BOUNDARY

VALUE PROBLEMS

XU Xiaojie FEI Xiangli

(School of Mathematics and Computational Science, China University of Petroleum (East China),

Dongying 257061)

Abstract Using the mixed monotone method, the existence and uniqueness of positive
solutions for third-order nonlinear singular boundary value problem is established. The obtained
theorems generalize the existing results.

Key words Boundary value problem, positive solutions, singular, existence, uniqueness.


