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1 # $
��������������������������������������

���������������������� !�"�������#$���%�
&�'��"����������#$����������������������
�����"�����"�������( � �� – "������)������
�����#$����!� [1]. �*!"���#$ +!���#&"Æ�","�
��#$�"�����!����#-�#� [1].

$$%$ 70 &.��%&���"%'Æ���''(���()*/ 0+���
),����&�1*+#.,�� (#'���-(��) %2)�3"4*�+,��-
(-. [2–5]). . 15 &�""����+#/0���/5�"��+#.,���!�06
&.1/�0�+212��(�#3#&� �( � �#&31� [6−7]. ".�2!&
�34*���75"��+#.,���4565"���#$���%�&�&.��
5#�4%67 [8]. 8!�!�78�&9��34*"���+#.,���!�89�
'��&�34*"���+#.,���0+�����:5��#-#�:9 [9−12],
:!��������78�),6' 7��2!��+#.,���!�;"���#
$���Æ"�����"���#$��/#4�����*1&;��8.��!��
��&.�����;<< 

* =<=>9?@ (20060621) :;A>=
?>@A?2008-03-08, ?@<A>@A?2008-08-07.
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B.�� M C,DE�D&"���#$����3BCF��"���#$�&.
�� DE!���+#.,���+!���#&"Æ�","���#$���4BC
��+#.,���+!���#&"Æ�","���#$�FE5;�� "E�D&
&)F��GH�0��FFEGF��+#.,���+!���#&"Æ�","�
��#$ 

2 %&'()*+,
67&�"��+#.,��

ẋ = f(x, z) +
m∑

i=1

gi(x, z)ui,

0 = p(x, z), (2.1)
y = h(x, z),

;� x ∈ Rn !?6@H� z ∈ Rs *34@H�u ∈ Rm *#3@H� y ∈ Rm *#&@HG
f(x, z), gi(x, z) i = 1, 2, · · · , m: Rn × Rs → Rn *IJ n I@HHG p(x, z): Rn × Rs → Rs

*IJ s I@HHG h(x, z): Rn × Rs → Rm *IJ m I@HH 
�� (2.1) � (x0, z0) JABK�ILMK�L p(x0, z0) = 0, 3JA�NMONO

Ω ⊂ Rn × Rs $

rank
(∂p

∂z

)
= s, ∀(x, z) ∈ Ω .

�� (2.1) �CPQ*
ẋ = f(x, z) + g(x, z)u,

0 = p(x, z), (2.2)
y = h(x, z).

P Mfλ(x, z) JQR, λ(x, z) ��@HH f � M C,�K'* [10]

Mfλ = E(λ)f,

;�
E(λ) =

∂λ

∂x
− ∂λ

∂z

(∂p

∂z

)−1 ∂p

∂x
.

LS M C,K'*
Mk

f λ = Mf(Mk−1
f λ), k > 1.

P f(x, z)  g(x, z) ! n I@HH� M 2TK'* [10]

madfg = [f, g]m = E(g) · f − E(f) · g.

P ω(x, z): Rn × Rs → Rn * n ID@HH� ω(x, z) ��@HH f � M C,K'*
Mfω = fT · (E(ωT))T + ω · E(f).
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EK'�M C, M 2TJA� LC, L2T����� F�!�@HH f(x, z),
g(x, z)  p(x, z) �D@HH ω(x, z) C5R, α(x, z), �

1) Mf〈ω, g〉(x, z) = 〈Mfω(x, z), g(x, z)〉 + 〈ω(x, z), [f, g]m(x, z)〉,
2) Mαfω(x, z) = α(Mfω(x, z)) + 〈ω(x, z), f(x, z)〉E(α(x, z)),
3) [αf, g]m(x, z) = α(x, z)[f, g]m(x, z) − (Mgα(x, z))f(x, z),
4) [f, [g, p]m]m + [g, [p, f ]m]m + [p, [f, g]m]m = 0.

1)– 4) �FH� L C, L 2T�B#���FH����O*GVGF�6
1)

Mf 〈ω, g〉 = E(〈ω, g〉) · f = [fT(E(ωT))T + ωE(f)]g + ωE(g)f − ωE(f)g
= 〈Mfω, g〉+ 〈ω, [f, g]m〉,

2)

Mαfω = (αf)T(E(ωT))T + ωE(αf) = αfT(E(ωT))T + αω · E(f) + ω · fE(α)
= α(Mfω) + 〈ω, f〉E(α),

3)

[αf, g]m = E(g)αf − E(αf)g = E(g)αf − E(αf)g = αE(g)f − (E(α)f + αE(f))g
= α[f, g]m − (Mgα)f,

4)

[f, [g, p]m]m + [g, [p, f ]m]m + [p, [f, g]m]m
= E([g, p]m)f − E(f)[g, p]m + E([p, f ]m)g − E(g)[p, f ]m + E([f, g]m)p − E(p)[f, g]m
= E(E(p)g − E(g)p)f − E(f)(E(p)g − E(g)p) + E(E(f)p − E(p)f)g

−E(g)(E(f)p − E(p)f) + E(E(g)f − E(f)g)p − E(p)(E(g)f − E(f)g)
= (E(E(p))g + E(p)E(g) − E(E(g))p − E(g)E(p))f − E(f)E(p)g + E(f)E(g)p

+(E(E(f))p + E(f)E(p) − E(E(p))f − E(p)E(f))g − E(g)E(f)p + E(g)E(p)f
+(E(E(g))f + E(g)E(f) − E(E(f))g − E(f)E(g))p − E(p)E(g)f + E(p)E(f)g

= 0.

P f1(x, z), f2(x, z), · · · , fk(x, z) *�WH Ω $K'� k ) n I@HH� ∆ JQE8 k

)@HH�O�#$�L
∆ = span{f1(x, z), f2(x, z), · · · , fk(x, z)}.

�WH Ω $�&)#$ ∆ = span{f1(x, z), f2(x, z), · · · , fk(x, z)} %1* M !W���

X!� 1 ≤ i, j ≤ k, �
[fi, fj]m ∈ ∆.

�WH Ω $�&)#$ ∆ %1*��@HH g(x, z) !M �����X!�X0 τ ∈ ∆,
�

[g, τ ]m ∈ ∆.

!��� (2.1) Y (2.2), 67?6PZ
u = α(x, z) + β(x, z)v, (2.3)
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;� β(x, z) � Ω ⊂ Rn × Rs Æ"-( )YPZ (2.3), �� (2.1) I(*
ẋ = f(x, z) + g(x, z)α(x, z) + g(x, z)β(x, z)v,
0 = p(x, z),
y = h(x, z),

(2.4)

Q

f̃ = f(x, z) + g(x, z)α(x, z),
g̃ = g(x, z)β(x, z).

(2.5)

-. 2.1 !�"��+#.,�� (2.1), &)#$ ∆ %1*�WH Ω $* M "��

����X�WH Ω $�Q�PZ! (α, β) Z6 ∆ ��@HH f̃ , g̃ ! M ����L!�
[� (x, z) ∈ Ω , �

[f̃ ,∆]m(x, z) ⊂ ∆(x, z), (2.6a)

[g̃,∆]m(x, z) ⊂ ∆(x, z). (2.6b)

-. 2.2 !�"��+#.,�� (2.1), &)#$ ∆ %1*[R M "�����

�X!�\&S (x, z) ∈ Ω , �Q� (x, z) �&)\H Ω0, Z6 ∆ * Ω0 $� M "���#

$ 

�XQ

G = span{g1(x, z), g2(x, z), · · · , gm(x, z)},
;� g1(x, z), g2(x, z), · · · , gm(x, z) E�� (2.1) K' EK' 2.1, �� M C, M 2T�

���CFH]^J� 
/0 2.1 P ∆ !&) M !W#$��X ∆  ∆ + G �WH Ω $"-(�K ∆ *[

R M "���#$T�]T

[f,∆]m ⊂ ∆ + G,
[gi,∆]m ⊂ ∆ + G, 1 ≤ i ≤ m.

(2.7)

1 P τ ∈ ∆, E M 2T�����

[f̃ , τ ]m = [f + gα, τ ]m = [f, τ ]m +
m∑

j=1

[gj , τ ]mαj −
m∑

j=1

(Mταj)gj, (2.8)

[g̃i, τ ]m =
m∑

j=1

[gjβji, τ ]m =
m∑

j=1

[gj , τ ]mβji −
m∑

j=1

(Mτβji)gj , (2.9)

7�6UT [f̃ ,∆]m ⊂ ∆, [g̃,∆]m ⊂ ∆E�� [f,∆]m ⊂ ∆+G, [gi,∆]m ⊂ ∆+G, i = 1, 2, · · · , m.
PL�E� [f,∆]m ⊂ ∆ + G, [gi,∆]m ⊂ ∆ + G, i = 1, 2, · · · , m, C5 ∆ � M !W� 

∆ � ∆ + G �"-(��6
[f,∆]m + G ⊂ ∆, [gi,∆]m + G ⊂ ∆, i = 1, 2, · · · , m,

ME (2.8) _5 (2.9) _�6 [f̃ ,∆]m ⊂ ∆,[g̃,∆]m ⊂ ∆.
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3 23NO4P'56NO7
�8&^�`a_C�"��+#.,�� M "���#$�PZ��� 67"�

�+#.,��
ẋ = f(x, z) + g(x, z)u,
0 = p(x, z),
y = h(x, z).

(3.1)

!�� (3.1) )Y?6PZ
u = α(x, z) + β(x, z)v,

6

ẋ = f(x, z) + g(x, z)α(x, z) + g(x, z)β(x, z)v,
0 = p(x, z),
y = h(x, z),

Y

ẋ = f̃(x, z) + g̃(x, z)u,
0 = p(x, z),
y = h(x, z),

(3.2)

;� f̃(x, z)  g̃(x, z) E (2.5) _K' E��`a�]^�K� 
-0 3.1 �X&)#$ ∆ !"��+#.,�� (3.1) �[R M "���#$�K

∆ 4!"��+#.,�� (3.2) �[R M "���#$GPL��X#$ ∆ !"��+
#.,�� (3.2) �[R M "���#$�K ∆ 4!"��+#.,�� (3.1) �[R M

"���#$ L"��+#.,��� M "���#$8�?6PZ���� 
1 `aK' 2.2  J� 2.1, `aQVU�X ∆ !"��+#.,�� (3.1) �[R M

"���#$�K
[f,∆]m ⊂ ∆ + G,
[gi,∆]m ⊂ ∆ + G, 1 ≤ i ≤ m,

E� β(x, z) *"-(��`a6
G = G̃.

;� G̃ = span{g̃1(x, z), g̃2(x, z), · · · , g̃m(x, z)}. 7�6
∆ + G = ∆ + G̃.

M`a M 2T�����X τ  ν *@HH� α *WHR,��
[ατ, ν]m(x, z) = α[τ, ν]m(x, z) − (Mνα)τ(x, z),

8R�67 (2.5) _ (2.7) _�O*GVGF�6
[f̃ ,∆]m ⊂ ∆ + G = ∆ + G̃,

[g̃i,∆]m ⊂ ∆ + G = ∆ + G̃, 1 ≤ i ≤ m.

8GH ∆ *"��+#.,�� (3.2) �[R M "���#$ 
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-64�� (3.2) �%*?6PZ v = −β−1(x, z)α(x, z) + β−1(x, z)w I(*�� (3.1),
Eb&X�FH6�T#$ ∆ *�� (3.2) �[R M "���#$E� ∆ 4!�� (3.1)
�[R M "���#$ 

4 S89%&:TÆ (ker(E(h))) ;'23NO4P
"���#$���!�!���O*PZZ6&.#&Yb�N.#3���*�

6' +!���#&"Æ�"���#$���� ����!�������� 7
���Z�_���/#4"��+#.,���*BC����"��+#.,��� 
����c�[K&.��<< 

cd�!��� (2.1), 67&�JA (2.7) �+!���#&" ker(E(h)) Æ�#$�
O�#$U�Q* 	(f, g, ker(E(h))). E�8)#$U!�dE�\]��7�e�",V
f�L#$U[�Vf�  `aJ� 2.1, #$U 	(f, g, ker(E(h))) �",Vf$g!+!
���#&" ker(E(h)) Æ","���#$�eW!X �8&^�`a_D&&)GF
#$U 	(f, g, ker(E(h))) �",Vf�FE�3C�FE�&.�� 

"���#$FE

^ 0 ; fb Ω0 = span{E(h)}.
^ k ; fb

Ωk = Ωk−1 + Mf (Ωk−1 ∩ G⊥) +
m∑

j=1

Mgj (Ωk−1 ∩ G⊥). (4.1)

/0 4.1 gPQ�&)Y, k∗ Z6 Ωk∗+1 = Ωk∗ , K!�&� k > k∗, � Ωk = Ωk∗ .
�X Ωk∗ ∩ G⊥  Ω⊥

k∗ IJ�K Ω⊥
k∗ ! 	(f, g, ker(E(h))) �",Vf 

1 EFE (4.1) ����`aQVJ� 4.1 �^ 1 R#HhOb�7�`a]Z�F
HJ��^ 2 R# 

cd�E Ωk∗+1 = Ωk∗ �6�!� 1 ≤ j ≤ m, �
Mgj (Ωk∗ ∩ G⊥) ⊂ Ωk∗ ,

�X`aQ f = g0, $_�h/4 j = 0. P ω ! Ωk∗ ∩ G⊥ ��D@HH� τ ! Ω⊥
k∗ �@H

H�`a�
〈Mgj ω, τ〉 = Mgj 〈ω, τ〉 − 〈ω, [gj, τ ]m〉,

7* Mgj ω ∈ Ωk∗ , �6
〈Mgj ω, τ〉 = 0,

-64 τ ∈ Ω⊥
k∗ , `a6

〈ω, τ〉 = 0,

7�
〈ω, [gj, τ ]m〉 = 0,

E� Ωk∗ ∩ G⊥ IJ [gj, τ ]m 4( Ωk∗ ∩ G⊥ ��\&)D@H�L!� 0 ≤ j ≤ m, �
[gj, τ ]m ∈ Ω⊥

k∗ + G
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Y

[gj ,Ω⊥
k∗ ]m ⊂ Ω⊥

k∗ + G,

8GH Ω⊥
k∗ ! 	(f, g, ker(E(h))) ��Vf 

P ∆ ! 	(f, g, ker(E(h))) ��i&Vf�`a�FH ∆ ⊂ Ω⊥
k∗ . cd-64�X ω !

∆
⊥ ∩ G⊥ �D@HH�' τ ! ∆ ��@HE��

〈Mgj ω, τ〉 = 0,

7�
Mgj (∆

⊥ ∩ G⊥) ⊂ ∆
⊥

.

8R��X`agP!� k ≥ 0, ∆
⊥ ⊂ Ωk, K

Ωk+1 ⊂ Ωk + Mf (Ωk ∩ G⊥) +
m∑

j=1

Mgj (Ωk ∩ G⊥) ⊂ ∆
⊥

,

-64 Ω0 = span{E(h)} ⊂ ∆
⊥

, `a�
∆ ⊂ Ω⊥

k∗ ,

8GH Ω⊥
k∗ * 	(f, g, ker(E(h))) �",Vf 

]^�J�[&FE (4.1) 8����PZ�j���� 
/0 4.2 P f̃ , g̃ !X0&\E f , g O* f̃ = f + gα, g̃ = gβ [64�@HH�K!�

]k (4.1) �\&)D#$ Ωk, �

Ωk = Ωk−1 + M
f̃
(Ωk−1 ∩ G̃⊥) +

m∑
j=1

M
g̃j

(Ωk−1 ∩ G̃⊥),

;� G̃ = span{g̃1(x, z), g̃2(x, z), · · · , g̃m(x, z)}.
1 cd�El^ β �"-(��6

G̃ = G,

`a M C,����!�DK�D@HH ω �@HH τ  WHR, λ, �
Mλτω = (Mτω)λ + 〈ω, τ〉E(λ),

�X ω ! Ωk−1 ∩ G⊥ �D@HH�K

M
f̃
ω = Mfω +

m∑
i=1

(Mgiω)αi +
m∑

i=1

〈ω, gi〉E(αi),

M
g̃i

ω =
m∑

j=1

(Mgj ω)βji +
m∑

i=1

〈ω, gj〉E(βji),

7* ω ∈ G⊥, 6 〈ω, gj〉 = 0, 7��

M
f̃
(Ωk−1 ∩ G̃⊥) +

m∑
j=1

M
g̃j

(Ωk−1 ∩ G̃⊥) ⊂ Mf (Ωk−1 ∩ G⊥) +
m∑

j=1

Mgj (Ωk−1 ∩ G⊥). (4.2)
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ME�l^ β �"-(���`a�C�_ f = f̃ − g̃β−1α, g = g̃β−1, 8R�Z�DR
��F*/�`a�FH (4.2) _�BP��� 7�� (4.2)_��_!B���LJ� 4.2
6F 

*D`�`aJ1#$]k (4.1) �[�Vf� �Q*
∆∗ = (Ω0 + Ω1 + · · · + Ωk + · · ·).

!�#$]k (4.1), �XQ�Y, k∗ Z6 Ωk∗ = Ωk∗+1, `a1 ∆∗ !��%GF� �X
∆∗ ��%GF�K (∆∗)⊥ = Ω⊥

k∗ .

/0 4.3 gP ∆∗ ��%GF� ∆∗  (∆∗)⊥ + G "-(�K (∆∗)⊥ * M !W�!

+!���#&" ker(E(h)) Æ�",[R M "���#$ 

1 E� ∆∗  (∆∗)⊥ + G �"-(�`m (∆∗)⊥  ∆∗ ∩ G⊥ �IJ��7��`a]
ZFH (∆∗)⊥ ! M !WL� 

i d JQ#$ (∆∗)⊥ �I,��X0S (x0, z0), a!�C2) (x0, z0) �&)\H Ω0

 &\@HH τ1, τ2, · · · , τd Z6

(∆∗)⊥ = span{τ1, τ2, · · · , τd}.

67#$

D = span{τi : 1 ≤ i ≤ d} + span{[τi, τj ]m : 1 ≤ i, j ≤ d},

'bEgP D �WH Ω0 $"-(�K� D ��\&)@HH τ �%Ja* (∆∗)⊥ ��@
HH τ ′  @HH τ ′′ L �' τ ′′ 8�]^�c_

τ ′′ =
d∑

i=1

d∑
j=1

cij [τi, τj ]m,

;� cij(1 ≤ i, j ≤ d) ! Ω0 $�IJ)dR, 
`aeFH!� 1 ≤ l ≤ m, �

[f, D]m ⊂ D + G, [gl, D]m ⊂ D + G, (4.3)

67 D �@HH τ ���� (4.3) _��)��#*�n�]^�)��
[f, [τi, τj ]m]m ⊂ D + G, [gl, [τi, τj ]m]m ⊂ D + G. (4.4)

`a M 2T� Jacobi o�_� (4.4) _�f_#*bj]^�)�_
[f, [τi, τj ]m]m = [τi, [f, τj ]m]m − [τj , [f, τi]m]m,

[gl, [τi, τj ]m]m = [τi, [gl, τj ]m]m − [τj , [gl, τi]m]m,

E�@HH [f, τj ]m  [gl, τj ]m �k� (∆∗)⊥ + G �"-(�:8.@HH�JQ* (∆∗)⊥

�@HH τ � G �@HH g L �7��
[τi, [f, τj ]m]m = [τi, τ + g]m,

[τi, [gl, τj ]m]m = [τi, τ + g]m.
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-64 [τi, g]m ∈ (∆∗)⊥ + G, `a�
[τi, [f, τj ]m]m = [τi, τ + g]m ∈ D + (∆∗)⊥ + G = D + G,

[τi, [gl, τj ]m]m = [τi, τ + g]m ∈ D + (∆∗)⊥ + G = D + G,

8`m (4.3) Ob M67 ker(E(h)) � M !W���`a6
D ⊂ ker(E(h)),

8GH D ! 	(f, g, ker(E(h))) ��Vf EK'�`ag� D ⊃ (∆∗)⊥, '� (∆∗)⊥ !
	(f, g, ker(E(h))) �",Vf�8GH

D = (∆∗)⊥,

L (∆∗)⊥ �X0@HH� M 2Tlgk� (∆∗)⊥, 4p!G (∆∗)⊥ ! M !W#$ 

�X�gP D �WH Ω0 �c,I ("-(), `a�C6�� Ω0 ÆZ6 D 8�c,I
�S�O�OW Ω $�D = (∆∗)⊥. d-.h [1] QV� Ω � Ω0 �e� M`a.h [1] �
J� 1.3.4, 6�Ym Ω0 $� D = (∆∗)⊥.

n)$�GF+!���#&" ker(E(h)) Æ�[R","���#$_f�]^�D
EUcd�fb

W0(x, z) = E(h(x, z)).

gP Ωk−1 � (x0, z0) �N\HÆ�c,I�g�G σk−1, 8R� Ωk−1 �E Ωk−1 �

σk−1 )��Yb�ijO `aM� Wk−1(x, z) JQE Ωk−1 � σk−1 )��Ybi\O�
σk−1 × n l^�K Ωk−1 ∩ G⊥(x, z) ��D@HH ω �JQ* ω = µWk−1(x, z), '�R,
µ(x, z) JA

µWk−1(x, z)g(x, z) = 0, (4.5)

�Xl^
Ak−1(x, z) = Wk−1(x, z)g(x, z),

� (x0, z0) �N\HÆ�c,I�g�G ρk−1, KD/ (4.5) �����c,I (σk−1 −
ρk−1), LQ�&) (σk−1 − ρk−1) × σk−1 l^�Q* Sk−1(x, z), Z6 Ωk−1 ∩ G⊥(x, z) E
Sk−1(x, z)Wk−1(x, z) �ijO 7�� Ωk �E]^�GFoK

Ωk = Ωk−1 + span{Mf(Sk−1Wk−1)i , 1 ≤ i ≤ (σk−1 − ρk−1)}

+ span{Mgl
(Sk−1Wk−1)i , 1 ≤ i ≤ (σk−1 − ρk−1), 1 ≤ l ≤ m},

;� (Sk−1Wk−1)i JQ (Sk−1Wk−1) �^ i i 
�X Ωk � (x0, z0) �N\HÆ�c,I�g�G σk, � Ωk .p Ωk−1, �hb^�*

/��q6 Ωk+1. �X!NjY, k, � σk−1 = σk, KFE�43�q6 Ω⊥
k .

i$q*/`ar4 Ωk  Ωk ∩ G⊥(x, z) �c,I�gP!<B� 7��`aGS
(x0, z0) *"���#$FE�jKS��X![� k ≥ 0, D#$ Ωk  Ωk ∩ G⊥(x, z) �
(x0, z0) �N\HÆ"-( (�c,I). �2b^�C��`a�]^��� 

-0 4.1 gP (x0, z0) !"���#$FE�jKS�K� (x0, z0) �N\H U0 Æ�

∆∗ ��%GF� ∆∗  (∆∗)⊥ + G "-( 
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5 <=>?
67&)K'� R5 $�)#3j�)#&�"��+#.,���.,34�I,

s = 1, ;8m��*

f(x, z) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x2

0

x1x4

x2
3

x1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, g1(x, z) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x2

0

x1x4

x2
3

x1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, g2(x, z) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x2

0

x1x4

x2
3

x1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

p(x, z) = x1 + x2 + x4 + x5 + z,

h1(x, z) = x1,

h2(x, z) = x2.

!�8)���`a�

W0(x, z) =
[

1 0 0 0 0
0 1 0 0 0

]
,

i'

A0(x, z) =
[

1 0
x3 0

]
,

8R� σ0 = 2  ρ0 = 1, `a�Wk
S0 = [−x3 1 ] ,

7��
Ω0 ∩ G⊥ = span{S0W0(x, z)} = span{ω},

;� ω = (−x3 1 0 0 0). EPkGF�6
Mfω = (−x1x4 − x3 0 0 0),

Mg1ω = (0 0 1 0 0),

Mg2ω = (−1 0 0 0 0),

8R��* Ω1 �<�`a�Wk W1(x, z) *

W1(x, z) =

⎡
⎣ 1 0 0 0 0

0 1 0 0 0
0 0 1 0 0

⎤
⎦ ,
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7�

A1(x, z) = W1(x, z)G(x, z) =

⎡
⎣ 1 0

x3 0
0 1

⎤
⎦ ,

E�r&![�� (x, z), ρ1 = 2, LFE�4 n)$�fb

S1(x, z) = [−x3 1 0 ] ,

`a�Kll2)
S1(x, z)W1(x, z) = S0(x, z)W0(x, z) = ω,

8`m
Mf (Ω1 ∩ G⊥) ⊂ Ω1,

Mg1(Ω1 ∩ G⊥) ⊂ Ω1,

Mg2(Ω1 ∩ G⊥) ⊂ Ω1,

L k∗ = 1. 7�� Ωk∗ E W1(x, z) �ijO�

(Ωk∗)⊥ = ker(W1) = span

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

⎡
⎢⎢⎢⎣

0
0
0
1
0

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

0
0
0
0
1

⎤
⎥⎥⎥⎦
⎫⎪⎪⎪⎬
⎪⎪⎪⎭

.

6 @ A
O*B.�C�r&�sm M C,DE�"���#$����/#48�"��3

4�+#.,���3mn�&9"����"���#$�&.����PZ��� E
��C�&+!���#&" (ker(E(h))) Æ�","���#$�3D&;FE�'�8
)","���#$5;FE48�PZ����3O*&)FF�GHtFFE�#�
*/ 

d6-6�!B.�&�"��+#.,��"���#$���5+!���#&
"Æ�","���#$����FE�!"����!#�� FE�GV/#�LT
"��+#.,��r(*"���� (34�H�I, s = 0) E�B.�&�"���#
$��� +!���#&"Æ�","���#$����FE4r(*"�����
!#���FE �*!T��34D/no34_��+#.,��I(*&9"��
��pI(Z�MK�'�Ja�ho�updqE�B.[�&� M "���#$�"
���#$!&q� 

�1&;!����!�0#�[�&�"���#$��� FE!�"��+#
.,���� �&.rW���� 
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CONTROLLED INVARIANT DISTRIBUTIONS FOR A CLASS OF

NONLINEAR DIFFERENTIAL-ALGEBRAIC SYSTEMS

AND THEIR INVARIANT PROPERTIES

WANG Wentao LI Yuan

(College of Science, Shenyang University of Technology, Shenyang 110178)

Abstract In this paper, by means of M -derivative methods, the concept of controlled
invariant distributions is introduced to a class of nonlinear differential-algebraic systems, and
some invariant properties on this distribution are discussed. An algorithm of calculating the
maximal controlled invariant distributions contained in the system output kernel is developed,
and some properties on this algorithm are discussed. An example of calculating the maximal
controlled invariant distributions contained in the system output kernel is provided to illustrate
the results of the paper.

Key words Differential-algebraic systems, controlled invariant distributions, output
kernel, algorithm.


