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2 TUVWX
Y
Z1- [6] �\]�@+1 H ^R R×R3 �/0�1/�_``I�[>S

XY = (x0, x)(y0, y) = (x0y0 − x · y, x0y + y0x+ x× y), (2.1)

1( X = (x0, x), Y = (y0, y) ∈ H, x0, y0 ∈ R, x, y ∈ R3, x · y � x × y �&^R x < y

�T;�U;%' X = (x0, x) ∈ H, @+1\] x0 = Re(X), x = Im(X), X �a\\2
X = (x0,−x), X �V\2 |X | =

√
X ·X =

√
X ·X =

√
x2

0 + |x|2.
@+1 HHn ^R n W�5A6 Heisenberg .��[_``I>S

(u, v)(w, t) =
(
u+ w, v + t+ 2

n∑
p=1

Im(wpup)
)
, (2.2)

1(
(u, v) = (u1; · · · ;un; v1, v2, v3), @4up = (up0, up1, up2, up3) ∈ H, p = 1, 2, · · · , n, v ∈ R3,

(w, t) = (w1; · · · ;wn; t1, t2, t3), @4 wp = (wp0, wp1, wp2, wp3) ∈ H, p = 1, 2, · · · , n, t ∈ R3.

' p = 1, 2, · · · , n, SX4����) HHn �Æ137b

Xp0 =
∂

∂up0
− 2up1

∂

∂v1
− 2up2

∂

∂v2
− 2up3

∂

∂v3
,

Xp1 =
∂

∂up1
+ 2up0

∂

∂v1
+ 2up3

∂

∂v2
− 2up2

∂

∂v3
,

Xp2 =
∂

∂up2
− 2up3

∂

∂v1
+ 2up0

∂

∂v2
+ 2up1

∂

∂v3
,

Xp3 =
∂

∂up3
+ 2up2

∂

∂v1
− 2up1

∂

∂v2
+ 2up0

∂

∂v3
.

HHn /�c[Yd2
∇L = (X1;X2; · · · ;Xn) = (X10, X11, X12, X13; · · · ;Xn0, Xn1, Xn2, Xn3), (2.3)

( Laplace �)�[2
L =

n∑
p=1

3∑
l=0

X2
pl, (2.4)

HHn /�Z[. {δr : 0 < r < +∞} �[2
δr(u, v) =

(
ru, r2v

)
, (2.5)

\]]�^_�2 δr
(
(u, v)(w, t)

)
=

(
δr(u, v)

)(
δr(w, t)

)
. `(W3\2 Q = 4n+ 6.

\ e = (0, 0) ∈ R4n+3 2 HHn �+e� HHn /a^6e (u, v) ∈ R4n+3 >+e e �b

c�[2
d := d(u, v) =

( |u|4 + |v|2 ) 1
4 , (2.6)
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�3Z[ δr, \]] d
(
δr(u, v)

)
= rd(u, v), 1( |u|2 = uu =

n∑
p=1

3∑
l=0

u2
pl, |v|2 =

3∑
j=1

v2
j .

3 ab�cd

,- [5] (�0e*+)�) − 1
4

n∑
p=1

3∑
l=0

X2
pl ,+e e f�789�Z11)��@+i

f=>Sj���%
gh 1 L =

n∑
p=1

3∑
l=0

X2
pl ,+e e f�7892

Γ = CQd
2−Q, (3.1)

1(� C−1
Q =

(
4 −Q2

) ∫
R4n+3 |u|2

(
d4 + 1

)− 6+Q
4 .

2H:��*���@+*+fSkg8i%
j� 1 L = div(A∇), 1( div, ∇ �&^R R4n+3 (�l0md�Yd�

A =

⎛
⎜⎜⎜⎝

I4 · · · 0 A1

...
. . .

...
...

0 · · · I4 An

AT
1 · · · AT

n C

⎞
⎟⎟⎟⎠

(4n+3)(4n+3)

@4 Ap =

⎛
⎜⎜⎝

−2up1 −2up2 −2up3

2up0 2up3 −2up2

−2up3 2up0 2up1

2up2 −2up1 2up0

⎞
⎟⎟⎠ ,

p = 1, 2, · · · , n, C =
(
4

n∑
p=1

(up)2
)
I3, Ik ^R k h�injk%


 0)lk�l�mi=>4o%
j� 2 (A∇d) · ∇d = |∇Ld|2, 1( A, ∇ �p38i 1, ∇L 2 HHn /�c[Yd%

 ' p = 1, 2, · · · , n, l = 0, 1, 2, 3, m = 1, 2, 3, D

∇d =
( ∂

∂upl
d,

∂

∂vm
d
)T

=
(
|u|2d−3upl,

1
2
d−3vm

)T

= d−3
(
|u|2u10, |u|2u11, |u|2u12, |u|2u13; · · · ; |u|2un3;

1
2
v1,

1
2
v2,

1
2
v3

)T

, (3.2)

A∇d = d−3

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|u|2 u10 − u11v1 − u12v2 − u13v3

|u|2 u11 + u10v1 + u13v2 − u12v3

|u|2 u12 − u13v1 + u10v2 + u11v3

|u|2 u13 + u12v1 − u11v2 + u10v3
...

|u|2 un3 + un2v1 − un1v2 + un0v3

2 |u|2 v1
2 |u|2 v2
2 |u|2 v3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(4n+3)

,



2 O PZQ
[��� Heisenberg ��� Laplace ����	��
��
��
 283

qf

(A∇d) · ∇d = d−6
[
|u|4 (

u2
10 + u2

11 + u2
12 + u2

13 + · · · + u2
n3

)
+ |u|2(v2

1 + v2
2 + v2

3

)]

=
|u|2
d2

.

23

Xp0d =
∂

∂up0
d− 2

3∑
m=1

upm
∂

∂vm
d = d−3

(
|u|2 up0 −

3∑
m=1

upmvm

)
,

Xp1d = d−3
( |u|2 up1 + up0v1 + up3v2 − up2v3

)
,

Xp2d = d−3
( |u|2 up2 + up0v2 + up1v3 − up3v1

)
,

Xp3d = d−3
( |u|2 up3 + up0v3 + up2v1 − up1v2

)
,

3?

|∇Ld|2 =
n∑

p=1

(
Xp0d

)2 +
n∑

p=1

3∑
i=1

(
Xpid

)2 =
|u|2
d2

.

Hn%
� 1 \ ψ = |u|2

d2 , I
(A∇d) · ∇d = |∇Ld|2 = ψ. (3.3)

op Heisenberg .�rm [9], @+=q HHn /�rg�[%
gn 1 'a^� r > 0, HHn /�s�sj�&�[2

Br = {(u, v) ∈ HHn |d(u, v) < r},

∂Br = {(u, v) ∈ HHn|d(u, v) = r}.
gn 2 'a^� r > 0, �[

|Br|HHn =
∫

Br

ψ, |∂Br|HHn =
d
dr

|Br|HHn .

so> Federer pj;t�Dt f ∈ L1
(
RN

)
, g ∈ Lip

(
RN

)
, I

∫
RN

f(x)dx =
∫ +∞

−∞

∫
{g=ρ}

f(x)
|∇g(x)|dHN−1dρ, (3.4)

1( dHN−1 ? N − 1 W Hausdorff ud�u a.e. ρ ∈ R , {g = ρ} /D ∇g �= 0.
'a^ ϕ ∈ L1

(
R4n+3

)
, oppj;t�i=

∫
Br

ϕdH4n+3 =
∫ r

o

∫
∂Bρ

ϕ

|∇d|dH4n+2dρ,
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#&v

|Br|HHn =
∫ r

o

∫
∂Bρ

ψ

|∇d|dH4n+2dρ, |∂Br|HHn =
∫

∂Bρ

ψ

|∇d|dH4n+2. (3.5)

Sj*+��*��%
gh 2 t ϕ ∈ C∞

0 (R4n+3), ∀r > 0, D
1

|∂Br|HHn

∫
∂Br

ϕ
ψ

|∇d| = ϕ(e) −
∫

Br

Lϕ
(
Γ − CQ

rQ−2

)
. (3.6)


 ' v ∈ C∞
0 (R4n+3), 2 L = div(A∇), N1md��D

∫
Br

(
ϕLv − vLϕ

)
=

∫
∂Br

(
ϕA∇v · �n− vA∇ϕ · �n)

, (3.7)

1( �n 2 ∂Br �inU`4�%
v

dε =
(
d(u, v)4 + ε4

) 1
4 , v = d(2−Q)

ε , φ = (4 −Q2) |u|2 (
d(u, v)4 + 1

)−Q+6
4 ,

I
Ld(2−Q)

ε = Ld−4(n+1)
ε

= (4 −Q2) |u|2 ε4dε(u, v)−(Q+6)

= (4 −Q2) |u|2 ε4 (
d(u, v)4 + ε4

)− (Q+6)
4

= (4 −Q2) |u|2 ε4ε−(Q+6)
[(
ε−1d(u, v)

)4
+ 1

]− (Q+6)
4

= (4 −Q2) |u′|2 ε4−(Q+6)+2
(
d(u′, v′)4 + 1

)− (Q+6)
4

= ε−Q(4 −Q2) |u′|2 (
d(u′, v′)4 + 1

)− (Q+6)
4

= ε−Qφ
(
δ 1

ε
(u, v)

)
,

1( (u′, v′) = δ 1
ε
(u, v), qf

lim
ε→0+

∫
Br

ϕLv = lim
ε→0+

∫
Br

ϕL
(
dε(u, v)2−Q

)
= lim

ε→0+
ε−Q

∫
Br

ϕφ
(
δ 1

ε
(u, v)

)

= ϕ(e)
∫

R4n+3
φ = C−1

Q ϕ(e). (3.8)

qv ψε = |u|2
dε(u,v)2 , N1 (3.2) � (3.3) i=

A∇v · �n = A∇d2−Q
ε · �n = (2 −Q)d1−Q

ε A∇dε · ∇d
|∇d|

= (2 −Q)d1−Q
ε A∇dε · ∇dε

∇d
∇dε

1
|∇d|

= (2 −Q)d1−Q
ε ψε

d−3

d−3
ε

1
|∇d| ,
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lim
ε→0+

∫
∂Br

ϕA∇v · �n = lim
ε→0+

∫
∂Br

ϕ(2 −Q)d1−Q
ε ψε

d−3

d−3
ε

1
|∇d| =

2 −Q

rQ−1

∫
∂Br

ϕ
ψ

|∇d| . (3.9)

2md��= ∫
∂Br

A∇ϕ · �n =
∫

Br

div(A∇ϕ) =
∫

Br

Lϕ,

3?
lim

ε→0+

∫
∂Br

vA∇ϕ · �n =
1

rQ−2

∫
Br

Lϕ. (3.10)

N1 (3.1), @+D

lim
ε→0+

∫
Br

vLϕ = lim
ε→0+

∫
Br

d2−Q
ε Lϕ =

∫
Br

d2−QLϕ =C−1
Q

∫
Br

ΓLϕ. (3.11)

rw (3.7)–(3.10) � (3.11) =

C−1
Q ϕ(e) − C−1

Q

∫
Br

ΓLϕ =
2 −Q

rQ−1

∫
∂Br

ϕ
ψ

|∇d| −
1

rQ−2

∫
Br

Lϕ,

2

ϕ(e) −
∫

Br

(
ΓLϕ− CQ

rQ−2
Lϕ

)
=

(2 −Q)CQ

rQ−1

∫
∂Br

ϕ
ψ

|∇d| , (3.12)

, (3.12) (v ϕ ≡ 1, ID
1 =

(2 −Q)
rQ−1

CQ

∫
∂Br

ψ

|∇d| ,

pwG^> (3.5), i=
(2 −Q)CQ

rQ−1
=

1
|∂Br|HHn

, (3.13)

x (3.13) 1x (3.12) m=> (3.6). Hn%
N1�� 2, @+&2=>Sjyo%
st 1 z ϕ ∈ C∞

0

(
R4n+3

)
? Lϕ = 0 �9�I ∀r > 0 D

ϕ(e) =
1

|∂Br|HHn

∫
∂Br

ϕ
ψ

|∇d| . (3.14)

� 2 '�,+ef�y3^z�i0)u�v=>%

4 Hardy wxyVwzc�d
,@6I(�2)*+ Hardy �������+��@+{*+Sj���%
gh 3 'a^ ∀ϕ ∈ C∞

0

(
R4n+3\{e}) { ∀r > 0, �D

∫
Br

ϕ2

d2
ψ ≤ 2

Q− 2
1
r

∫
∂Br

ϕ2 ψ

|∇d| +
(

2
Q− 2

)2 ∫
Br

|∇Lϕ|2. (4.1)
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 ' u2 N1�� 2, :G^> (3.13) =

∫ r

0

1
ρ

d
dρ

(∫
∂Bρ

ϕ2 ψ

|∇d|
)
dρ

=
∫ r

0

1
ρ

d
dρ

{
|∂Bρ|HHn

[
ϕ(e)2 −

∫
Bρ

L(ϕ2)
(
Γ − CQ

ρQ−2

)]}
dρ

=
∫ r

0

1
ρ

d
dρ

{ ρQ−1

(2 −Q)CQ

[
ϕ(e)2 −

∫
Bρ

L(ϕ2)
(
Γ − CQ

ρQ−2

)]}
dρ

= (Q− 1)
∫ r

0

1
ρ2

ρQ−1

(2 −Q)CQ

[
ϕ(e)2 −

∫
Bρ

L(ϕ2)
(
Γ − CQ

ρQ−2

)]
dρ

+
1

(2 −Q)CQ

∫ r

0

ρQ−2 d
dρ

[
ϕ(e)2 −

∫
Bρ

L(ϕ2)
(
Γ − CQ

ρQ−2

)]
dρ

=
1

(2 −Q)CQ

∫ r

0

ρQ−2 d
dρ

[∫
Bρ

−L(ϕ2)
(
Γ − CQ

ρQ−2

)]
dρ

+(Q− 1)
∫ r

0

1
ρ2

(∫
∂Bρ

ϕ2 ψ

|∇d|
)
dρ. (4.2)

G^>, ∂Br /� Γ = CQ

rQ−2 , oppj;t�{md��=
d
dρ

[∫
Bρ

−L(ϕ2)
(
Γ − CQ

ρQ−2

)]
=

d
dρ

{∫ ρ

0

[∫
∂Bτ

−L(ϕ2)
(
Γ − CQ

ρQ−2

) 1
|∇d|

]
dτ

}

=
CQ(2 −Q)
ρQ−1

∫ ρ

0

[∫
∂Bτ

L(ϕ2)
1

|∇d|
]
dτ

=
CQ(2 −Q)
ρQ−1

∫
∂Bρ

A∇(ϕ2) · ∇d
|∇d| , (4.3)

| (4.3) 1x (4.2) =>

∫ r

0

1
ρ

d
dρ

(∫
∂Bρ

ϕ2 ψ

|∇d|
)
dρ

= (Q− 1)
∫ r

0

1
ρ2

(∫
∂Bρ

ϕ2 ψ

|∇d|
)
dρ+

∫ r

0

1
ρ

[ ∫
∂Bρ

A∇(ϕ2) · ∇d
|∇d|

]
dρ

= (Q− 1)
∫

Br

ϕ2 ψ

d2
+

∫
Br

2ϕ∇Lϕ · ∇Ld

d
. (4.4)

2pj;t��:4w (4.4) �i=

∫
Br

ϕ2

d2
ψ =

∫ r

0

(∫
∂Bρ

ϕ2

d2

ψ

|∇d|
)
dρ =

∫ r

0

(
− 1
ρ

)′( ∫
∂Bρ

ϕ2 ψ

|∇d|
)
dρ

= −1
r

∫
∂Br

ϕ2 ψ

|∇d| +
∫ r

0

1
ρ

d
dρ

( ∫
∂Bρ

ϕ2 ψ

|∇d|
)
dρ

= −1
r

∫
∂Br

ϕ2 ψ

|∇d| + (Q− 1)
∫

Br

ϕ2 ψ

d2
+

∫
Br

2ϕ∇Lϕ · ∇Ld

d
,
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3?�/�v|}N178����@+D

(Q− 2)
∫

Br

ϕ2

d2
ψ =

1
r

∫
∂Br

ϕ2 ψ

|∇d| −
∫

Br

2ϕ∇Lϕ · ∇Ld

d

≤ 1
r

∫
∂Br

ϕ2 ψ

|∇d| +
Q− 2

2

∫
Br

ϕ2 ψ

d2
+

2
Q− 2

∫
Br

|∇Lϕ|2,

 ~}2= (4.1). Hn%
@+N1�� 3 &2i=5A6 Heisenberg ./( Laplace �)� Hardy ���%
gh 4 z ϕ ∈ C∞

0

(
R4n+3\{e}), I
∫

R4n+3

ϕ2

d2
ψ ≤

(
2

Q− 2

)2 ∫
R4n+3

|∇Lϕ|2.


 , (4.1) (�v r → +∞ 2=4o%Hn%
N1/} Hardy ����@+if=>Sj����+�%
gh 5 ∀ϕ ∈ C∞

0

(
R4n+3\{e}), @+D

(∫
R4n+3

d2ϕ2ψ
)(∫

R4n+3
|∇Lϕ|2

)
≥

(Q− 2
2

)2( ∫
R4n+3

ϕ2ψ
)2

.


 ~1 Cauchy ������ 4 D
(Q− 2

2

)2(∫
R4n+3

ϕ2ψ
)2

≤
(Q− 2

2

)2( ∫
R4n+3

ϕ2

d2
ψ

)(∫
R4n+3

ϕ2d2ψ
)

≤
( ∫

R4n+3
|∇Lϕ|2

)( ∫
R4n+3

ϕ2d2ψ
)
.

Hn%

{ | } ~
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THE MEAN VALUE THEOREM AND UNCERTAINTY

PRINCIPLE FOR THE SUB-LAPLACIAN ON THE

QUATERNIONIC HEISENBERG GROUP

WANG Jialin NIU Pengcheng

(Department of Applied Mathematics, Northwestern Polytechnical University, Xi’an 710072)

Abstract In this paper, the mean value theorem for the sub-Laplacian on the quaternionic
Heisenberg group is given. As an application, the Hardy inequality and the uncertainty principle
are established.

Key words Quatertionic Heisenberg group, mean value theorem, Hardy inequality, un-
certainty principle.


