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���	
� [a, b]- �
���
∗

� � �
(������������� 212003)

�� � G ��� n ��� a, b, m1, m2 �	
	
Æ�Æ 1 ≤ a < b � b ≥ m1.H1 � H2

�� G 
��Æ��
��Æ�Æ |E(H1)| = m1 � |E(H2)| = m2. ��
������

G 
��
 bind(G) > (a+b−1)(n−1)
bn−(a+b)−2(m1+m2)+2

Æ n ≥ (b−1)(a+b−1)(a+b−2)+2b(m1+m2)
b(b−1)

, �� G

��� [a, b]- �� F �Æ E(H1) ⊆ E(F ) � E(H2) ∩ E(F ) = ∅. �����������
�
�

��� �������
� [a, b]- ���
MR(2000) ����� 05C70

1  !
������� �����!"�#$%&'"()*��+� G ��,�#-�

./0 V (G) )(0 E(G). � dG(x) 1 � G #./ x �2+� NG(S) 1 � G #./
$0 S �30+4!"� S ⊆ V (G), � G[S] 1 # S 56� G �$�$� G − S 1 %

7 S #�/&8' S #�/(9:�(�;<��+� S ) T � V (G) �%(=$0#�
EG(S, T ) 1 G #>? S ) T �(0$@ eG(S, T ) = |EG(S, T )|.

� a ≤ b �AB)*#+CD, G ��,-E$� F , .4!"� x ∈ V (G) � a ≤
dF (x) ≤ b, /F F � G ��, [a, b]- 0$+1GH#2 a = b = k, /F [a, b]- 0$� k- 0
$+� G �:I* bind(G) J3� [1]

bind(G) = min
{ |NG(X)|

|X | : ∅ �= X ⊂ V (G), NG(X) �= V (G)
}

.

456K78�9:)@LM�; [2].
<N%=>OP�� (g, f)- 0$ [3−7] ) [a, b]- 0$ [8−12]. ?@9A k- 0$) [a, b]- 0

$�IC�BC�+
&' A[13] � k ≥ 2�)*#G�Q n ≥ 4k−6��#kn�D*+2 bind(G) > (n−1)(2k−1)

k(n−2)+3 ,

/ G ��, k- 0$+
* ��ERF(G��STHUIJ (07KJD110048), ������KL�H (2004SL001J) SVIJW��

E “KXYZ ” )*[
M\NO]2007-07-29.
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&' B[12] � G ��, n Q�# 1 ≤ a < b �)*+2 bind(G) > (a+b−1)(n−1)
bn−2b+3 $

n ≥ (a+b−1)(a+b−2)
b , / G ��, [a, b]- 0$+

UVW_J` A )J` B, ;<?@�IC+
&' 1 � G ��, n Q�# a, b, m1, m2 �AB)*$a- 1 ≤ a < b ) b ≥ m1, H1

) H2 � G �b,(%(=�$�$a- |E(H1)| = m1 ) |E(H2)| = m2. 2 bind(G) >
(a+b−1)(n−1)

bn−(a+b)−2(m1+m2)+2 $ n ≥ (b−1)(a+b−1)(a+b−2)+2b(m1+m2)
b(b−1) , / G ��, [a, b]- 0$ F a-

E(H1) ⊆ E(F ) ) E(H2) ∩ E(F ) = ∅.
,J` 1 ##X m2 = 0, UV;<?@�Wc+
./ 1 � G ��, n Q�# a, b, m1 �AB)*$a- 1 ≤ a < b ) b ≥ m1, H � G

� m1 Y(�$�+2 bind(G) > (a+b−1)(n−1)
bn−(a+b)−2m1+2 $ n ≥ (b−1)(a+b−1)(a+b−2)+2bm1

b(b−1) , / G ��

, [a, b]- 0$ F a- E(H) ⊆ E(F ).
,J` 1 ##X m1 = 0, UV;<?@�Wc+
./ 2 � G ��, n Q�# a, b, m2 �AB)*$a- 1 ≤ a < b, H � G � m2 Y(

�$�+2 bind(G) > (a+b−1)(n−1)
bn−(a+b)−2m2+2 $ n ≥ (b−1)(a+b−1)(a+b−2)+2bm2

b(b−1) , / G ��, [a, b]- 0

$ F a- E(H) ∩ E(F ) = ∅.
,J` 1 ##X m1 = m2 = 0, UV;<?@�Wc+
./ 3 � G ��, n Q�# 1 ≤ a < b �)*+2 bind(G) > (a+b−1)(n−1)

bn−(a+b)+2 $

n ≥ (a+b−1)(a+b−2)
b , / G ��, [a, b]- 0$+

Z[##Wc 3 de$;<J` B, $Wc 3 �ICfJ` B gh+

2 01 1 234
,�i##UV\j6b,]`#[k^8J` 1.
5' 2.1[14] � 0 ≤ a < b �)*# G ��,�+/ G � [a, b]- 0$l$ml4 V (G)

�!"b,%=$0 S ) T , �

δG(S, T ) = b|S| + dG−S(T ) − a|T | ≥ 0.

� S ) T � V (G) �%=$0# H1 ) H2 � G �b,(%(=�$�+n
D = V (G) − (S ∪ T ), E(S) = {xy ∈ E(G) : x, y ∈ S}, E(T ) = {xy ∈ E(G) : x, y ∈ T }.

o@
E′

1 = E(H1) ∩ E(S), E′′
1 = E(H1) ∩ EG(S, D),

E′
2 = E(H2) ∩ E(T ), E′′

2 = E(H2) ∩ EG(T, D).

$n
α = 2|E′

1| + |E′′
1 |, β = 2|E′

2| + |E′′
2 |.

5' 2.2[15,16] � 1 ≤ a < b �)*# G ��,�# H1 ) H2 � G �(%(=�$
�+/� G ��, [a, b]- 0$ F a- E(H1) ⊆ E(F ) ) E(H2)∩E(F ) = ∅ l$ml4 V (G)
�!"%=$0 S ) T , �

δG(S, T ) = b|S| + dG−S(T ) − a|T | ≥ α + β.
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&' 1 678 rs]` 2.2, bc^8 ∀S, T ⊆ V (G), �

δG(S, T ) = b|S| + dG−S(T ) − a|T | ≥ α + β

$d+rs α ) β �J3#Z[�

α ≤ min{2m1, m1|S|}, β ≤ min{2m2, m2|T |}.

2 T = ∅, / β = 0. A��

δG(S, T ) = b|S| ≥ m1|S| ≥ α = α + β.

&?t� T �= ∅, oub9defc+
de 1 4!" x ∈ T ,  �

dG−S(x) ≥ a + m2,

δG(S, T ) = b|S|+ dG−S(T ) − a|T | ≥ b|S| + (a + m2)|T | − a|T |
= b|S|+ m2|T | ≥ m1|S| + m2|T | ≥ α + β.

de 2 D, x ∈ T , .;
dG−S(x) ≤ a + m2 − 1.

n h = min{dG−S(x) : x ∈ T }. Z[� 0 ≤ h ≤ a + m2 − 1.
de 2.1 h = 0.
:; 1 bn−(a+b)−2(m1+m2)+2

n−1 > 1.

< 0� n ≥ (b−1)(a+b−1)(a+b−2)+2b(m1+m2)
b(b−1) , �&�

bn − (a + b) − 2(m1 + m2) + 2 − (n − 1)
= (b − 1)n − (a + b) − 2(m1 + m2) + 3

≥ (b − 1)
(b − 1)(a + b − 1)(a + b − 2) + 2b(m1 + m2)

b(b − 1)
−(a + b) − 2(m1 + m2) + 3

=
(b − 1)(a + b − 1)(a + b − 2)

b
− (a + b) + 3

≥ (a + b − 2) − (a + b) + 3 > 0.

A�#UV�

bn− (a + b) − 2(m1 + m2) + 2
n − 1

> 1.

vg 1 ^w+
n p = |{x : x ∈ T, dG−S(x) = 0}|, Y = V (G) \ S. # h = 0 C NG(Y ) �= V (G). rs

bind(G) �J3#UV�
|NG(Y )| ≥ bind(G)|Y |.

A�
n − p ≥ |NG(Y )| ≥ bind(G)|Y | = bind(G)(n − |S|),

$

|S| ≥ n − n − p

bind(G)
. (1)
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rs |S| + |T | ≤ n, (1) h)vg 1, UV;<

δG(S, T ) = b|S| + dG−S(T ) − a|T | ≥ b|S| − (a − 1)|T | − p

≥ b|S| − (a − 1)(n − |S|) − p = (a + b − 1)|S| − (a − 1)n − p

≥ (a + b − 1)
(
n − n − p

bind(G)

)
− (a − 1)n − p

> (a + b − 1)
(
n − (n − p)(bn − (a + b) − 2(m1 + m2) + 2)

(a + b − 1)(n − 1)

)

−(a − 1)n − p

= bn − (n − p)(bn − (a + b) − 2(m1 + m2) + 2)
n − 1

− p

≥ bn − (n − 1)(bn − (a + b) − 2(m1 + m2) + 2)
n − 1

− 1

= 2(m1 + m2) + a + b − 3 ≥ 2m1 + 2m2 ≥ α + β.

de 2.2 1 ≤ h ≤ a + m2 − 1.
D, x1 ∈ T , .; dG−S(x1) = h. n Y = (V (G) \ S) \ NG−S(x1). Z[ x1 ∈ Y \ NG(Y ).

�& Y �= ∅ $ NG(Y ) �= V (G). rs bind(G) �J3#UV�

|NG(Y )|
|Y | ≥ bind(G).

A�
n − 1 ≥ |NG(Y )| ≥ bind(G)|Y | = bind(G)(n − h − |S|),

$

|S| ≥ n − h − n − 1
bind(G)

. (2)

rs |S| + |T | ≤ n ) (2) h#UV�

δG(S, T ) = b|S| + dG−S(T ) − a|T | ≥ b|S| − (a − h)|T |
≥ b|S| − (a − h)(n − |S|) = (a + b − h)|S| − (a − h)n

≥ (a + b − h)
(
n − h − n − 1

bind(G)

)
− (a − h)n

> (a + b − h)
(
n − h − bn − (a + b) − 2(m1 + m2) + 2

a + b − 1

)

−(a − h)n.

n f(h) = (a + b − h)(n − h − bn−(a+b)−2(m1+m2)+2
a+b−1 ) − (a − h)n. A�

δG(S, T ) > f(h). (3)

0� 1 ≤ h ≤ a + m2 − 1 �)*#iC f(h) , h = 1 x<5�=jk+A�#UV�
f(h) ≥ f(1). (4)
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rs (3) h) (4) h#UV;<

δG(S, T ) > f(h) ≥ f(1)

= (a + b − 1)
(
n − 1 − bn − (a + b) − 2(m1 + m2) + 2

a + b − 1

)
− (a − 1)n

= (a + b − 1)(n − 1) − (bn − (a + b) − 2(m1 + m2) + 2) − (a − 1)n
= −(a + b − 1) + (a + b − 2) + 2(m1 + m2)
= 2m1 + 2m2 − 1
≥ α + β − 1.

rs α, β ) δG(S, T ) �)*lC

δG(S, T ) ≥ α + β.

J` 1 ^w+
> m,UV78J` 1 #�Yy

bind(G) >
(a + b − 1)(n − 1)

bn − (a + b) − 2(m1 + m2) + 2

%nz

bind(G) ≥ (a + b − 1)(n − 1)
bn − (a + b) − 2(m1 + m2) + 2

{o+� b > a ≥ 2, m1 = m2 = 0$a- a+b�p*#n = (a+b)(a+b−2)
b �)*#n l = a+b−1

2 ,
m = n − 2l = n − (a + b − 1) = (a+b−1)(a−2)+(a+b−2)

b . Z[# m �)*+n G = Km

∨
lK2,

X = V (lK2). 4!" x ∈ X , Z[� |NG(X \ x)| = n − 1. rs bind(G) �J3#UV�

bind(G) =
|NG(X \ x)|

|X \ x| =
n − 1
2l − 1

=
n − 1

a + b − 2
=

(a + b − 1)(n − 1)
bn − (a + b) + 2

.

n S = V (Km) ⊆ V (G), T = V (lK2) ⊆ V (G), / |S| = m, |T | = 2l. A�#UV�

δG(S, T ) = b|S| − a|T |+ dG−S(T )
= b|S| − a|T |+ |T | = b|S| − (a − 1)|T |
= b

(a + b − 1)(a − 2) + (a + b − 2)
b

− (a − 1)(a + b − 1)

= −1 < 0.

rs]` 2.1, G |� [a, b]- 0$+,q,"3?#J` 1 �Yy�=h�+
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BINDING NUMBERS OF GRAPHS

AND THE EXISTENCE OF [a, b]-FACTORS

ZHOU Sizhong

(School of Mathematics and Physics, Jiangsu University of Science and Technology,

Zhenjiang 212003)

Abstract Let G be a graph of order n, and let a, b, m1, m2 be nonnegative integers
with 1 ≤ a < b and b ≥ m1. Let H1 and H2 be two edge-disjoint subgraphs of G with the
sizes |E(H1)| = m1 and |E(H2)| = m2. In this paper, it is proved that G has an [a, b]-factor
F such that E(H1) ⊆ E(F ) and E(H2) ∩ E(F ) = ∅ if the binding number of G bind(G) >

(a+b−1)(n−1)
bn−(a+b)−2(m1+m2)+2 and n ≥ (b−1)(a+b−1)(a+b−2)+2b(m1+m2)

b(b−1) . Furthermore, it is shown that
the result in this paper is sharp.

Key words Graph, subgraph, binding number, [a, b]-factor.


