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MR(2000) "#$%& 93E11

1 ' (
������ (ILC) ��)���������*�� ����� !����"�

�!#� ��$"��%&��#��"�&'(+�)*� ��,$�!-' Arimoto
+� [1] �$%�&������&��� 20 ,�.&' �-$ ()$!.*/&&"
! +�!0"123#$4�%/&#��,' [2−5].

5()5-$$$&*%&'6./67 +&�(89&�:)+� �.��,*
05-$&$;�&1�).-<23&*%34!*=+>?&@=+> �& ,Æ
5!6,5-$.A7 �$�-8!&-�+��0"&,'�9�$#:)-�+BC
� %:D6;5()5-$<=& .,.� >/�0/5-$01.��# [6−8]. &
������0"&3��?@& ���EF(5-$231A2!43&50B4C&
D [9] 67#��EF&'�G55-$ �& � ���5-$1.6178 Lipschitz
899EC:;;:�<H$ÆF!D [10] 67#��EF7 �1A&=��;�<1.
0 ,'#�,=G>><H$ÆF� ILC H?!

I@. �AA?(:)JB&'I,'C@ �� ILC H?DJ(KL [11,12]. D [12]
67#AE>>G55-$ �� ILC H?&B�C@KC0 �#��D&L&M#F
�JB89NOG��PEMH 1 IF32*��!ND� ��#G-IDJO!

ND67�,��EF(&'6./67 K)5-$239(<PJB�G55-$
 �& �5-$=LQ3L�QR�H�,RM!50B4C&SIJN(&(<PJB
�1KNS"6�,5-$ ��LM!ND�40$/(

1)  ��4(T.1�TC�&$;)&;OK)5-$1.�T.TC9�U0E
C;:!��"�-�;OK)5-$UNO�.>"� v V�TC�V

* ÆP5P��QR (60221301) 67SQW
RXSTY2008-05-19.
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2)  ��=L5-$1.V%UKWZ�,RMQR!
3) Q;OK)��E5-$&[$#���������� !OG#��PE(:

92*!
ND XVW\X%N!] 2 3[$�^1ANK)5-$23�HL!] 3 3YO4

,'�H?L[$2*��PE!] 4 3[$������DLJ;YQK)��E5-
$23[$��PE�IF$ 2*$JZ!] 5 3?ND�[L!

2 89:;<=
&'6./67 (J;% DZ(·), Pr(·), Sat(·) _Z) 6K)5-$1�@X��+�.

-<23�!\[% u _Z �@X���"�&% v _Z��-;O5-$UNO�.>
"�& v �TC�!
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\ 1 
� \ 2 �� \ 3 ��

5Q`�&'5-$HL?

v = DZ(u) =

⎧⎪⎪⎨
⎪⎪⎩

mr(u − br), u ∈ Ir � [br,∞),

0, u ∈ Im � [bl, br],

ml(u − bl), u ∈ Il � (−∞, bl],

(1)

 .T.TCab�EC&�cYH br ≥ 0, bl ≤ 0, mr > 0, ml > 0 (Z] 1).
&'�+]��.�)*0�5()5-$&^^��:R_�,'&%D [6,7,13]. &

'W_A7 ��`H& ?I&D [6,7,13] �$-�+&'0�S"TC&'!&����
��.&'��V%��*�&V%�U0�#&'�01.&(a[`\��D�@I 
�]^��,$�!6'OD.[$�������DV%_3!

5Q`�./5-$HL?

v = Pr(u) =

⎧⎪⎪⎨
⎪⎪⎩

br + mru, u > 0,

0, u = 0,

bl + mlu, u < 0.

(2)

6`&OD?b��a^Z&a�!&'Mb�T.b�!&�b�1AN&�[J;b�

b�<! T.TCab�EC&�c` br ≥ 0, bl ≤ 0, mr > 0, ml > 0 (Z] 2).
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./V��)*0�5()5-$&9�=G!D [14] 2!#��EF./�AE>>
-$ ��-�+��H?!D [15] c,'#��EF,)5-$Æb./�-$ �f
eH?!

5Q`�7 5-$HL?

v = Sat(u) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

mrbr, u ∈ Ir � [br,∞),

mru, u ∈ Imr � [0, br],

mlu, u ∈ Iml � [bl, 0],

mlbl, u ∈ Il � (−∞, bl],

(3)

 .T.TCab�EC&�cYH br ≥ 0, bl ≤ 0, mr > 0, ml > 0. 6` Im � Imr

⋃
Iml (Z

] 3). 7 5-$ �!)5-$�b&&' ./5-$d:&a7 5-$�(:�!
e�1�)�=0-3@f�8�%&��fg���0g+&7 5-$&@X+

�+�.DJ<Z&^^,'�9�$4%/ [16,17].

3 >?@ABCDEF
67 SISO  �

xk(t + 1) = f(t, xk(t)) + b(t, xk(t))vk(t),

vk(t) = N (uk(t)), (4)

yk(t) = c(t)xk(t) + wk(t),

 . N _Z DZ c Pr c Sat. N" k _ZG_P�&( t _Zb�G_.��b>d&
t ∈ [0, N ]. xk(t) ∈ R

n, yk(t) ∈ R, uk(t) ∈ R J;_Z ��3L&�$ ��& wk(t) ?<P
JB! f : R × R

n → R
n; b(·, ·) ! c(·) J;?Eg< �g<!

\[�%N89

A1) �,�" yd(t) V@I&GQ;��hhh xd(0), 9&��"� ud(t) a yd(t) ?
NO ���$

xd(t + 1) = f(t, xd(t)) + b(t, xd(t))vd(t),

vd(t) = N (ud(t)), (5)

yd(t) = c(t)xd(t).

A2) H;ei c(t + 1)b(t, x) �hTC&ab�EC9�? 0, f? sgn(c(t + 1)b(t, x)).
A3) 1. f(·, ·) ! b(·, ·) Q]ijU<61

‖f(t, x′) − f(t, x′′)‖ ≤
l∑

i=1

mi‖x′ − x′′‖i, (6)

‖b(t, x′) − b(t, x′′)‖ ≤
l∑

i=1

ni‖x′ − x′′‖i, (7)
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 . l ?TCjk.& mi, ni, i = 1, 2, · · · , l ?TCj<.!

A4) JB {wk(t)} Qi�>d t l��P� k ?Mgkh�C@U<9 Ewk(t) = 0,
sup

k
Ewk(t)2 < ∞, &

lim
n→∞

1
n

n∑
k=1

wk(t)2 = Rt < ∞ a.s. ∀t ∈ [0, N ], (8)

 . Rt TC!

A5) hh3L�Ci<&G xk(0) − xd(0) −−−−→
k→∞

0.

� Fk � σ(yi(t), xi(t), wi(t), 0 ≤ i ≤ k, t ∈ [0, N ]) _Z5j� σ m!HLWn��k;

U = {uk(t) ∈ Fk, sup
k

uk(t) < ∞ a.s., t ∈ [0, N − 1], k = 0, 1, 2, · · · }. (9)

���"�o3 {uk(t), k = 0, 1, 2, · · · } ∈ U aNOb"l32[

Vt({uk(t)}) = lim sup
n→∞

1
n

n∑
k=1

|yk(t) − yd(t)|2, ∀t ∈ [0, N ]. (10)

?_O0m&f

fk(t) � f(t, xk(t)), fd(t) � f(t, xd(t)), bk(t) � b(t, xk(t)), bd(t) � b(t, xd(t)),

δxk(t) � xd(t) − xk(t), δvk(t) � vd(t) − vk(t), δuk(t) � ud(t) − uk(t),

ek(t) � yd(t) − yk(t), δfk(t) � fd(t) − fk(t), δbk(t) � bd(t) − bk(t),

c+bk(t) � c(t + 1)b(t, xk(t)), c+fk(t) � c(t + 1)f(t, xk(t)).

\[jÆ[$M (10) 4HLb"�2*h&Lb$%ll36j2*h!?I&\[U
0%N!j^"!

IJ 1 [18] m {X(t),Ft} ?K%E& {M(t),Ft} ?�+PE& ‖M(t)‖ < ∞, ∀t ≥ 0. k
sup
t≥0

E[‖X(t)‖2 | Ft−1] < ∞, a.s., cQUK[H η > 0 (

n∑
t=0

M(t)X(t + 1) = O

(( n∑
t=0

‖M(t)‖2
) 1

2+η
)

a.s.

IJ 2 Q � (4), ` A1)–A5) nh&k lim
k→∞

| δvk(s) |= 0, s = 0, 1, · · · , t, cQ t + 1

>dnh

‖δxk(t + 1)‖ −−−−→
k→∞

0, ‖δfk(t + 1)‖ −−−−→
k→∞

0, ‖δbk(t + 1)‖ −−−−→
k→∞

0.

L \[nl)OG6jL!!e �3L0�2
δxk(t + 1) = fd(t) − fk(t) + bd(t)vd(t) − bk(t)vk(t)

= δfk(t) + δbk(t)vd(t) + bk(t)δvk(t), (11)
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jÆ67 t = 0 >d&e A3) & A5) VC

‖fd(0) − fk(0)‖ ≤
l∑

i=1

mi‖xd(0) − xk(0)‖i −−−−→
k→∞

0,

‖bd(0) − bk(0)‖ ≤
l∑

i=1

ni‖xd(0) − xk(0)‖i −−−−→
k→∞

0,

'(VCM (11) pE�!R1m� 0. qe

‖bk(0)‖ ≤ ‖bd(0)‖ + ‖δbk(0)‖
C bk(0)(:&L; lim

k→∞
|δvk(0)| = 0VCM (11)pE]KRVm� 0. '( ‖δxk(1)‖ −−−−→

k→∞
0,

L; A3) C ‖δfk(1)‖ −−−−→
k→∞

0, ‖δbk(1)‖ −−−−→
k→∞

0, GL!Q t = 0 >dnh!

Y`L!Q t−1 >dnh&VG( ‖δxk(t)‖ −−−−→
k→∞

0, ‖δfk(t)‖ −−−−→
k→∞

0, ‖δbk(t)‖ −−−−→
k→∞

0,

,n;"OG&VCL!Q t >dVnh!^"2O!

MJ 1 Q � (4) &b" (10), ` A1)–A5) nh&&UK��PE {uk(t)} N(
Vt({uk(t)}) ≥ Rt a.s. ∀ t.

o(&k��PE {u0
k(t)} a

δv0
k(t) � vd(t) − v0

k(t) −−−−→
k→∞

0, v0
k(t) = N (u0

k(t)), t = 0, 1, · · · , N − 1,

c {u0
k(t)} ?2*��PE&G

Vt({u0
k(t)}) = Rt a.s. ∀ t.

L e A4) & Fk �HLC& Fk ! {wl(t), l = k + i, i = 1, 2, · · · , ∀ t ∈ [0, N ]} Mgk
h& {wk(t),Fk} ?K%E&9 sup

k
E

[ |wk(t)|2 | Fk−1

]
< ∞ a.s. b>&���$"�&3L

U<%� Fk p?�+"�!��e (4) VC

lim sup
n→∞

1
n

n∑
k=1

|yk(t) − yd(t)|2

= lim sup
n→∞

1
n

n∑
k=1

|c(t)(xk(t) − xd(t)) − wk(t)|2

= lim sup
n→∞

1
n

n∑
k=1

|c(t)δxk(t)|2(1 + o(1)) + lim sup
n→∞

1
n

n∑
k=1

|wk(t)|2

≥ lim sup
n→∞

1
n

n∑
k=1

|wk(t)|2

=Rt.

 .]ij+�nh�e^" 1 23& o(1) −−−−→
n→∞ 0. ;"�+�U?+��o089�

lim sup
n→∞

1
n

n∑
k=1

|c(t)δxk(t)|2 = 0.
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k��PE {u0
k(t)} a δv0

k(t) −−−−→
k→∞

0, e^" 2 C ‖δxk(t)‖ −−−−→
k→∞

0, c;Mnh!VG

Vt({u0
k(t)}) = Rt a.s. ∀t.

4 NOPQRSBTUV=
\[ÆHL������!oMk ?61 Mk+1 > Mk 9 Mk −−−−→

k→∞
∞ �j.PE!H

L����D%N

uk+1(t) = [uk(t) + aksgn(c+bk(t))ek(t + 1)]I[|uk(t)+aksgn(c+bk(t))ek(t+1)|≤Mσk(t)], (12)

σk(t) =
k−1∑
i=1

I[|ui(t)+aisgn(c+bi(t))ei(t+1)|>Mσi(t)]
, σ0(t) = 0, (13)

 . ak = 1
k ?��Qr! IA ?C@p9 A �Z$1.& sgn(·) ?b�1.&J;HL%N

IA =

{
1, kp9 A nh,

0,  �,
sgn(x) =

⎧⎪⎪⎨
⎪⎪⎩

1, x > 0,

0, 0,

−1, x < 0.

;O� �Fqsr��C@KC� [19], 6`stHL& ek(t) = yd(t) − yk(t).
QUKuH� t, (12) V*t?

uk+1(t) =
[
uk(t) + aksgn(c+bk(t))c+bk(t)(vd(t) − vk(t))

− aksgn(c+bk(t))wk(t + 1) + akϕk(t)
]

× I[|uk(t)+aksgn(c+bk(t))c+bk(t)(vd(t)−vk(t))−aksgn(c+bk(t))wk(t+1)+akϕk(t)|≤Mσk(t)], (14)

 .
ϕk(t) = sgn(c+bk(t))(c+δfk(t) + c+δbk(t)vd(t)).

&I� .&e A2) C sgn(c+bk(t))c+bk(t) > 0 vnh!JBVJ?!pJ& .
sgn(c+bk(t))wk(t + 1)

?<PJB&( ϕk(t) ?L�JB!wn1.?

gt,k(u) �sgn(c+bk(t))c+bk(t)(vd(t) − v)

= sgn(c+bk(t))c+bk(t)(N (ud(t)) −N (u)).

/K3;Own1.QuH� t q>/� k, ax/�>/� k.

Q� (14) �IF$&\[0�3WX [19] .�H" 2.2.4. ?uq0m^Z&\[^�
�&L; (14) r�tnNO^" 3.

IJ 3 QuH� t ∈ [0, N ], `� (13)  (14) 61%N89



9 c dd�e����������	
�� 1059

i) 9&=GVr1. ζ(·)(` Lyapunov 1.) a2

sup
k

sup
δ≤d(u,Jt)≤∆

ζu(u)gt,k(u) < 0, (15)

Q:j c0 > 0, ζ(0) < inf
|u|=c0

ζ(u), (16)

 . ζu(·) _Z ζ(·) & u S�A.& Jt _Zwn1.! ζu(·) �x/k& d(u, Jt) _Z u !

Jt �yA!J0g ζ(Jt) dSssV
ii) QUKIFYE {unk

} (

lim
T→0

lim sup
k→∞

1
T

∣∣∣∣
m(nk,T )∑

i=nk

aisgn(c+bk(t))wi(t + 1)
∣∣∣∣ = 0, (17)

lim
T→0

lim sup
k→∞

1
T

∣∣∣∣
m(nk,T )∑

i=nk

aiϕi(t)
∣∣∣∣ = 0, (18)

 . m(k, T ) � max
{

m :
m∑

i=k

ai ≤ T

}
, T > 0;

iii) wn1. gt,k(u) VP9�78p(:&G ∀c ≥ 0

sup
k

sup
‖u‖<c

‖gt,k(u)‖ < ∞.

tu& d(uk(t), Jt) −−−−→
k→∞

0.

Z 1 U0$;b$&& i) .&z0g9&b;6;89� ζ(·) 1.&L�U0Ct ζ(·)
�0/AM! ζ(·) 1.�uv�&9Qij>d t, ζ(·) V�uMb!?b��a^Z&OD
p� ζ(·) _ZM+� Lyapunov 1.!

IJ 4 Q � (4) &b" (10), YH A1)–A5) & i) nh&ce (13)  (14) [$���
PE {uk(t)} ( d(uk(t), Jt) −−−−→

k→∞
0.

L st^" 3, \[v0OG&^" 4 �89N&^" 3 .�89 ii)  iii) nh!

e A4) 2
∞∑

k=1

a2
kw2

k(t) < ∞, {
∞∑

k=1

aksgn(c+bk(t))wk(t + 1) < ∞, a.s., (17) nh!

I&l>> t [nl)OG (18) nh! t = 0 >&e A3) & A5) C ‖δfk(0)‖ −−−−→
k→∞

0,

‖δbk(0)‖ −−−−→
k→∞

0, { ϕk(0) −−−−→
k→∞

0, {Q t = 0, M (18) nh!Y`M (18) Q 0, · · · , t − 1

>dpnh&k i) nh&ce^" 3 C δvk(s) −−−−→
k→∞

0, s = 0, · · · , t − 1. e^" 2 VC&

‖δfk(t)‖ −−−−→
k→∞

0, ‖δbk(t)‖ −−−−→
k→∞

0, { ϕk(t) −−−−→
k→∞

0, G (18) Q t >dVnh!{ ii) nh!

,n;"wA&^" 2 C& sgn(c+bk(t))c+bk(t) (:!q N (ud(t)) −N (u) VP98p
(:&{ iii) nh!^" 4 2O!

N"YQK)5()5-$J;OG� (12)  (13) [$���PE?2*!
MJ 2 Q � (4) &b" (10), ` N = DZ, YH A1)–A5) nh&ce (12)  (13) [

$���PE {uk(t)} (:92*!
L stH" 1, v0OG {uk(t)} (:9 δvk(t) −−−−→

k→∞
0.
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HL Lyapunov 1. ζ(u) � (ud(t) − u)2. ζu(·)  DZ(·) �x/k?

Jt =

⎧⎨
⎩

ud(t), k ud(t) /∈ Im,

Im, k ud(t) ∈ Im.

I&�O^" 3 .� i) nh!k ud(t) /∈ Im, % ud(t) ∈ Ir ?*OG!�nl OG&G

2! t >d�IF$>&\YHQ>d s = 0, · · · , t−1 p( δvk(s) −−−−→
k→∞

0. cM (15) ]E?

sup
k

sup
δ≤d(u,Jt)≤∆

ζu(u)sgn(c+bk(t))c+bk(t)[N (ud(t)) −N (u)]

= sup
k

sup
δ≤d(u,Jt)≤∆

−2sgn(c+bk(t))c+bk(t) · [ud(t) − u][N (ud(t)) −N (u)],

# u 	= ud(t) >& [ud(t) − u][N (ud(t)) − N (u)] > 0 vnh!QUK k, enl Y`C
sgn(c+bk(t))c+bk(t)vj9IF3:j.&{ (15)nh!e� ζ(0) = (ud(t))2,(C^ u → ±∞
( ζ(u) → ∞ ,{9&�#.� c0 a2M (16)nh!st^" 3&^" 4C d(uk(t), Jt) −−−−→

k→∞
0,

e�6> Jt = {ud(t)}, 4% uk(t) −−−−→
k→∞

ud(t), 'I {uk(t)} (:!e� DZ(·) =G&4%
δvk(t) −−−−→

k→∞
0.

k ud(t) ∈ Im, DZ(ud(t)) = 0. I>

ζu(u)gk(u) =

⎧⎪⎪⎨
⎪⎪⎩

2sgn(c+bk(t))c+bk(t) · mru(ud(t) − u), u ∈ Ir,

0, u ∈ Im,

2sgn(c+bk(t))c+bk(t) · mlu(ud(t) − u), u ∈ Il,

4% u /∈ Jt >&M (15) nh!,n ud(t) /∈ Im 1A&CM (16) nh!st^" 3  ^" 4,
C d(uk(t), Jt) −−−−→

k→∞
0, a.s. e�6> Jt = Im, 4%' d(uk(t), Jt) −−−−→

k→∞
0 C {uk(t)} (:9

δvk(t) −−−−→
k→∞

0. H"2O!

MJ 3 Q � (4) &b" (10), N = Pr, YH A1)–A5) nh&ce (12)  (13) 4[$
���PE {uk(t)} a

lim
k→∞

(ud(t) − uk(t)) = 0, ∀ t ∈ [0, N ].

L9 Vt({uk(t)}) = Rt.
L /K3./5-$1.q�=G&awv-w!o Lyapunov 1.?

ζ(u) = (ud(t) − u)2.

e ζu(u) = −2(ud(t) − u) VC ζu(·) !wn1.x/*;&{ Jt = {ud(t)}, �-/k!
ζ(Jt) dSss!

ζu(·)!wn1. sgn(c+bk(t))c+bk(t)(Pr(ud(t))−Pr(u))-w$Mx&q sgn(c+bk(t))c+bk(t)
vj9IF3:j.&'( (15) nh!o c0 1|.mC (16) nh!

��e^" 4 C&e (12)  (13) 4HL���PEIF&9�$&b" (10) KLNl
32*!

&[$7 1A�H"x�&}x A5) ?



9 c dd�e����������	
�� 1061

A5)′ hh3L61 xk(0) − xd(0) −−−−→
k→∞

0, 9IFyy? o(k−δ), δ > 0.

MJ 4 Q � (4) &b" (10), N = Sat, YH A1)–A4) & A5)′ nh&ce (12)  (13)
4[$���PE {uk(t)} (:9?2*!

L stH" 1, v0OG δvk(t) −−−−→
k→∞

0 GV22*$!
jÆ67 t = 0, J ud(0) ∈ Im  ud(0) /∈ Im !)1AOG!
ud(0) ∈ Im 1A!wn1.?

g0,k(u) � sgn(c+bk(0))c+bk(0)(Sat(ud(0)) − Sat(u)). (19)

o Lyapunov 1.

ζ(u) = −
∫ u

0

(Sat(ud(0)) − Sat(x))dx, (20)

C ζu(·) ! g0,k(u) �sk? J0 = ud(0), ζ(J0) dSss!N"J;yO (15)  (16).
e�

ζu(u)g0,k(u) = −sgn(c+bk(0))c+bk(0)(Sat(ud(0)) − Sat(u))2,

{ u 	= ud(0) >&v( ζu(u)g0,k(u) < 0, ,nH" 2 .JZ&C (15) nh!
'? ζ(0) = 0, 4%0O (16) nh&vUOG9&�#j. c0 a2N!Mnh∫ c0

0

(Sat(ud(0)) − Sat(x))dx < 0, (21)
∫ 0

−c0

(Sat(ud(0)) − Sat(x))dx > 0. (22)

% ud(0) ∈ Imr ?*&-�-�\�VC

∫ c0

0

(Sat(ud(0)) − Sat(x))dx =

⎧⎨
⎩

mrud(0)c0 − mr

2
c2
0, 0 ≤ c0 ≤ br,

−mr(br − ud(0))c0 +
mr

2
b2
r, c0 ≥ br,

∫ 0

−c0

(Sat(ud(0)) − Sat(x))dx =

⎧⎨
⎩

mrud(0)c0 +
ml

2
c2
0, 0 ≤ c0 ≤ −bl,

(mrud(0) − mlbl)c0 − ml

2
b2
l , c0 > −bl.

v0o c0 > max{br,−bl} 9�#.GVa (21), (22) nh&'( (16) nh!st^" 3
&^" 4 C d(uk(0), J0) −−−−→

k→∞
0, I> J0 = {ud(0)}, 4% {uk(0)} (:&9 δvk(0) −−−−→

k→∞
0.

ud(0) /∈ Im 1A!\[a[OG��PE {uk(0)} �(:$ 2*$&(�z~_�^
" 3  4. \[vUYQ ud(0) ∈ Ir 1AOG& ud(0) ∈ Il 1AOGz7,n!e A3) & A5)′

C δfk(0) −−−−→
k→∞

0, δbk(0) −−−−→
k→∞

0 9yy? o(k−δ), δ e A5)′ HL&'( ϕk(0) = o(k−δ).

ÆOG {uk(0)} (:&G� zr�(8Z!x`� r�d{,Z&cu|9&YE
unk

(0) −−−−→
k→∞

∞ c unk
(0) −−−−→

k→∞
−∞. N"J;OG!Bp�V�!
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e ϕk(0) = o(k−δ), C
∞∑

k=1

akϕk(0) < ∞. e A4) C
∞∑

k=1

aksgn(c+bk(0))wk(1) < ∞. k9

&YE unk
(0) −−−−→

k→∞
∞, cu9&1|.�jk. k0 &j. p, f n0 = nk0 , a2

un0(0) > br + p, Mσn0(0) ≥ un0(0) + p,∥∥∥∥
m∑

k=n0

akϕk(0)
∥∥∥∥ +

∥∥∥∥
m∑

k=n0

aksgn(c+bk(0))wk(1)
∥∥∥∥ < p, ∀m ≥ n0.

eI' (14) CNMQ i = 1 nh

un0+i(0) = un0(0) +
n0+i−1∑
k=n0

akϕk(0) −
n0+i−1∑
k=n0

aksgn(c+bk(0))wk(1). (23)

�nl &YH (23) MQ i = 1, 2, · · · , l pnh&c

un0+l(0) =un0(0) +
n0+l−1∑
k=n0

akϕk(0) −
n0+l−1∑
k=n0

aksgn(c+bk(0))wk(1)

≥un0(0) −
∥∥∥∥

n0+l−1∑
k=n0

akϕk(0)
∥∥∥∥ −

∥∥∥∥
n0+l−1∑
k=n0

aksgn(c+bk(0))wk(1)
∥∥∥∥

>br + p − p = br,

�� an0+lsgn(c+bn0+l(0))c+bn0+l(0)(mrbr − Sat(un0+l(0))) = 0. (

un0+l(0) + an0+lϕn0+l(0) − an0+lsgn(c+bn0+l(0))wn0+l(1)

=un0(0) +
n0+l∑
k=n0

akϕk(0) −
n0+l∑
k=n0

aksgn(c+bk(0))wk(1)

≤un0(0) +
∥∥∥∥

n0+l∑
k=n0

akϕk(0)
∥∥∥∥ +

∥∥∥∥
n0+l∑
k=n0

aksgn(c+bk(0))wk(1)
∥∥∥∥

≤un0(0) + p ≤ Mσn0(0),

4% (14) Q k = n0 + l N(r�&eIVC (23) Q i = l + 1 Vnh!GQ i = 1, 2, · · · , (23)
\nh!L;;MC ∀i ≥ 1, un0+i ≤ Mσn0(0) vnh&!Y`}z&4%�V�9&YE
unk

(0) −−−−→
k→∞

∞.

zOV�V�9&YE unk
(0) −−−−→

k→∞
−∞. wn1.! Lyapunov 1.~% (19)  (20)

4Z!I> ζu(·) ! g0,k(u) �sk? J0 = Ir, ζ(J0) ?-h!
k ζ(unk

(0)), · · · , ζ(umk
(0)) 61 ζ(unk

(0)) ≤ ξ1, ζ(umk
(0)) ≥ ξ2, ξ1 < ζ(ui(0)) < ξ2, ∀i :

nk < i < mk,c` ζ(unk
(0)), · · · , ζ(umk

(0)){{'> [ξ1, ξ2]. rWX [19].H" 2.2.1� xk Q

+ (12).� uk(0), c|H"}` 1S}` 3|}nh&4%k ξ1 < ξ2 9 d([ξ1, ξ2], ζ(J0)) > 0,
cPE {ζ(uk(0))} �V�d{,Z{{ [ξ1, ξ2].

k9&YE unk
(0) −−−−→

k→∞
−∞, c~|9&'> [ξ1, ξ2](% [ξ1, ξ2] � [ζ( bl

2 ), ζ(2bl

3 )]) ~

{ζ(uk(0))} {{d{,Z!6!;"L!}z&4%�V�9&YE unk
(0) −−−−→

k→∞
−∞.
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'I ud(0) ∈ Ir >� zr�(8Z& {uk(0)} (:$2O!b>QoJ.� k, � 
(12) Undr�� &'IV%+�WX [19] .H" 2.2.3, 2 d(uk(0), Ir) −−−−→

k→∞
0, 4%

δvk(0) −−−−→
k→∞

0. {uk(0)} �2*$2O!
?#Q t �nl &U0OG δxk(1) = xd(1) − xk(1) = o(k−δ1), δ1 > 0. /K3

δxk(1) = δfk(0) + δbk(0)vd(0) + bk(0)δvk(0), (24)

e A3), A5)′ C;MpE�!R61 δfk(0) = o(k−δ), δbk(0)vd(0) = o(k−δ).
k ud(0) ∈ Im, eWX [19] .H" 3.1.1 VC uk(0) − ud(0) = o(k−δ0), δ0 > 0. ��

δvk(0) = o(k−δ0), e (24) C δxk(1) = o(k−δ1), δ1 = min{δ, δ0}.
k ud(0) ∈ Ir, k uk(0) ∈ Ir , c δvk(0) = 0; k uk(0) /∈ Ir , ceWX [19] .H" 3.1.1 V

C d(uk(0), Ir) = o(k−δ0), '( δvk(0) = o(k−δ0). e (24) C δxk(1) = o(k−δ1). k ud(0) ∈ Il,
! ud(0) ∈ Ir 1Az7,n!

Q t �nl &H" 4 2O!

5 a b
NDQF(&'6./67 K)��E5-$&<PJB�G55-$ �&[$#

���������D&&�#�89NOG#��PE�(:$&2*$!ND467K
)5()5-$1.�T.TC& �T.VTC& ��=L5-$1.V%UKWZ�
,RMQR!o�}�,'V%673L0�F(C@JB�1A!
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ITERATIVE LEARNING CONTROL

FOR A CLASS OF NONLINEAR SYSTEMS

SHEN Dong CHEN Hanfu

(Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190)

Abstract The iterative learning control (ILC) is considered for a class of nonlinear
systems, for which the dynamic nonlinearity grows up not faster than a polynomial as the
state diverges and the observation equation is corrupted by noise. The control sequence cannot
directly feed to the system but first has to pass through a nonlinear function such as the dead-
zone, pre-load, and saturation etc. The iterative learning control sequence is recursively defined,
and its boundedness and optimal tracking property are proved in the paper.

Key words Nonlinear system, iterative learning control, measurement noise, dead-zone,
pre-load, saturation, stochastic approximation.


