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1 Æ �
��������%&'�� m � (��⎧⎪⎪⎨

⎪⎪⎩
u′′ + f(t, u, u′) = 0, t ∈ [0, 1],

u′(0) =
m−2∑
i=1

βiu
′(ξi), u(1) =

m−2∑
i=1

αiu(ξi)

(1.1)

(1.2)

)�!"*&#�+
C1 f ∈ C([0, 1] × [0, +∞) × (−∞, +∞), R);

C2 ξi ∈ (0, 1), αi, βi ≥ 0 �, 0 <
m−2∑
i=1

αi < 1, 0 <
m−2∑
i=1

βi < 1.

$�%&'(� (��)*-./Æ+�0,-0.-. 0,1!"2/0%&
(� (��!3#$4/ Il’in V A , Moiseev E I[1,2], 12#�%&(� (��5Æ3
)*43##%5& [3–8] 667!�7/8'#()*.�!+&#8Æ,9:'*9-
�%&';��!./:<=!/01�7 [4] ���� m � (��⎧⎪⎪⎨

⎪⎪⎩
u′′ + a(t)f(u) = 0, t ∈ [0, 1],

u′(0) =
m−2∑
i=1

βiu
′(ξi), u(1) =

m−2∑
i=1

αiu(ξi)

(1.3)

(1.4)

* >?2@A�;<34�=5 (2009KJB100) >6?@B
7C89D2007-03-26.
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)�!"*&#*�%&'�G<�,H%&IJ%&BK=>:<=))�"*!,9/
?@������%&'��(� (��!�7LÆAB/*�%&';MC�N C#
�7 [9–11] ���D���%&'(� (��)�!"*&#* f �,COBK&=>
:<=))�"*!,9/EDFG#0/��$�%&' (��#�%&'HEC�N
 PQ��!R!SFCO!GH/�7 [8] II)CTJ!KJ;U�O!#V*.K�
���L� (�� {

u′′ + f(t, u, u′) = 0, t ∈ (0, 1),

u(0) = 0, u(1) = αu(η)

(1.5)

(1.6)

)�!"*&#<=))�"*!,9/8'*�%&'��!./:#� u(t) *MW [0,1]
J;L�D+&# [8] +M! 3.2 ;XN#NY�7 [8] !,9;OOP4Q)=�R�%&
'��<HEC�N !.//��SZ0�7 [8] !,9!CT[T#���� (1.1)–(1.2)
)�!"*&#Q\))�"*!]%&=>/UPQDG#0/��$�%&'(� (
��#*�%&'MDC�N <RS�%&'��!./:����)�!"*&!^
P#?@LVDW=Z/

1X#* [4] +#PQY (�� (1.3), (1.4) T_(U�.`!a%&'

y(t) = −
∫ t

0

(t − s)a(s)f(y)ds +

m−2∑
i=1

βi

∫ ξi

0
a(s)f(y)ds

m−2∑
i=1

βi − 1

+
1

1 −
m−2∑
i=1

αi

(∫ 1

0

(1 − s)a(s)f(y)ds −
m−2∑
i=1

αi

∫ ξi

0

(ξi − s)a(s)f(y)ds

−

m−2∑
i=1

βi

∫ ξi

0
a(s)f(y)ds

m−2∑
i=1

βi − 1

(
1 −

m−2∑
i=1

αiξi

))

TV��/*�%&'�GC#JZ!WbMDCT)',[TG'#Q-.;U�O!S
FCO!\c/

*��+#]^_X/dYe��! Green f #Q\)�� (1.1), (1.2) !CTJ!.
`a%&'#g_)0��!R!/��dY Green f !&h�D`i&#%ZQ)=�
K(� (��!��J/

2 �[�\
��*.!]9^�'1:!KJ!;U�O!#%Za^'�7 [8] +;U�O!!

CT[T/
b E 'CT Banach cW# K ' E +K/b γ, θ : E → R+ ([Tj*fV�,

γ(λu) = |λ|γ(u), θ(λu) = |λ|θ(u), 0 u ∈ E, λ ∈ R,
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γ(u) ≤ γ(v), 0 u, v ∈ K, u ≤ v,

V<"*$ µ > 0 g<

‖u‖ ≤ µ max{γ(u), θ(u)}, 0 u ∈ E.

�b 2.1 b$ r2 > r1 > 0, L > 0, Oc E +Dhik Ω1,Ω2 ,kl D1, D2

Ωi = {u ∈ E : γ(u) < ri, θ(u) < L}, Di = {u ∈ E : γ(u) = ri}, i = 1, 2.

b T : K → K 'CTjkdle#0 u ∈ K, �,:m=>
(A1) γ(Tu) > r1, u ∈ K ∩ D1; γ(Tu) < r2, u ∈ K ∩ D2;
(A2) θ(Tu) < L, u ∈ K;
(A3) "*$ p ∈ (Ω ∩ K) \ {0}, a ≥ 0 g< γ(p) 	= 0, γ(u + ap) ≥ γ(u),

f T * (K ∩ Ω2 \ Ω1) +gBDCT;U�/
� h [8] +!M! 2.1, 2.2, D

deg{I − T,Ω1 ∩ K, 0} = 0, deg{I − T,Ω2 ∩ K, 0} = 1,

f
deg{I − T, (Ω2 \ Ω1) ∩ K), 0} = deg{I − T,Ω2 ∩ K, 0} − deg{I − T,Ω1 ∩ K, 0} = 1,

DZ T * (Ω2 \ Ω1) ∩ K +gBDCT;U�/
b E = C1[0, 1], �m 

‖u‖ := max
0≤t≤1

[(u(t))2 + (u′(t))2]
1
2 ,

E J!K K = {u ∈ E : u(t) ≥ 0}.
�b 2.2 n ξ0 = 0, ξm−1 = 1, α0 = αm−1 = β0 = βm−1 = 0, ρ =

(
1 −

m−1∑
i=0

αi

)(
1 −

m−1∑
i=0

βi

) 	= 0, y(t) ∈ C[0, 1]. f��
⎧⎪⎪⎨
⎪⎪⎩

u′′ + y(t) = 0, t ∈ [0, 1],

u′(0) =
m−2∑
i=1

βiu
′(ξi), u(1) =

m−2∑
i=1

αiu(ξi)

(2.1)

(2.2)

!��DnCiZ
u(t) =

∫ 1

0

G(t, s)y(s)ds, (2.3)

�+ G(t, s) '�� ⎧⎪⎪⎨
⎪⎪⎩

−u′′ = 0, t ∈ [0, 1],

u′(0) =
m−2∑
i=1

βiu
′(ξi), u(1) =

m−2∑
i=1

αiu(ξi)

(2.4)

(2.5)
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0-! Green f #%h:ZQ\o0 ξi−1 ≤ s ≤ ξi, i = 1, · · · , m − 1,

G(t, s) =
1
ρ

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

m−1∑
k=i

βk

[
(s − t) +

i−1∑
k=0

αk(t − ξk) +
m−1∑
k=i

αk(t − s)
]

+
(

1 −
i−1∑
k=0

βk

)

·
[
(1 − s) +

m−1∑
k=i

αk(s − ξk)
]
, t ≤ s,

(
1 −

i−1∑
k=0

βk

)[
(1 − t) +

i−1∑
k=0

αk(t − s) +
m−1∑
k=i

αk(t − ξk)
]

+
m−1∑
k=i

βk

i−1∑
k=0

αk(s − ξk), t ≥ s.

� &o�� (2.4), p ξi−1 < s < ξi, i = 1, 2 · · ·m − 1 C#b

G(t, s) =
{

A + Bt, t ≤ s,
C + Dt, t ≥ s,

&o Green f !Oc,&j#,l (=> (2.5), ]^D⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

A + Bs = C + Ds,
B − D = 1,

B =
i−1∑
k=0

βkB +
m−1∑
k=i

βkD,

C + D =
i−1∑
k=0

αk(A + Bξk) +
m−1∑
k=i

αk(C + Dξk).

�Jp&'k%<

A =
1
ρ

[ m−1∑
k=i

βk

(
1−

m−1∑
k=0

αkξk

)
+

(
1−

m−1∑
k=0

βk

)(
1− s +

m−1∑
k=i

αk(s− ξk)
)]

, B =
−

m−1∑
k=i

βk

1 −
m−1∑
k=0

βk

,

C =
1
ρ

[(
1 −

i−1∑
k=0

βk

)(
1 −

i−1∑
k=0

αks −
m−1∑
k=i

αkξk

)
+

m−1∑
k=i

βk

i−1∑
k=0

αk(s − ξk)
]
, D =

i−1∑
k=0

βk − 1

1 −
m−1∑
k=0

βk

.

f

G(t, s) =
1
ρ

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

m−1∑
k=i

βk

[
(s − t) +

i−1∑
k=0

αk(t − ξk) +
m−1∑
k=i

αk(t − s)
]

+
(

1 −
i−1∑
k=0

βk

)[
(1 − s) +

m−1∑
k=i

αk(s − ξk)
]
, t ≤ s,

(
1 −

i−1∑
k=0

βk

)[
(1 − t) +

i−1∑
k=0

αk(t − s) +
m−1∑
k=i

αk(t − ξk)
]

+
m−1∑
k=i

βk

i−1∑
k=0

αk(s − ξk), t ≥ s.
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8l�� (2.1), (2.2) !�%h (2.3) ZQ\/
�b 2.3 qb=> C2 �,#fD G(t, s) ≥ 0, 0 ≤ t, s ≤ 1.
� 0 ξi−1 ≤ s ≤ ξi, i = 1, 2, · · · , m − 1, q t ≤ s,

(s − t) +
i−1∑
k=0

αk(t − ξk) +
m−1∑
k=i

αk(t − s) ≥
m−1∑
k=0

αk(s − t) +
i−1∑
k=0

αk(t − ξk) +
m−1∑
k=i

αk(t − s)

=
i−1∑
k=0

αk(s − ξk) ≥ 0,

(1 − s) +
m−1∑
k=i

αk(s − ξk) ≥
m−1∑
k=i

αk(1 − ξk) ≥ 0.

q t ≥ s,

(1 − t) +
i−1∑
k=0

αk(t − s) +
m−1∑
k=i

αk(t − ξk) ≥
i−1∑
k=0

αk(1 − s) +
m−1∑
k=i

αk(1 − ξk) ≥ 0.

fD G(t, s) ≥ 0, t, s ∈ [0, 1].

3 f mnopq
*8Crsqb f ∈ C([0, 1] × [0, +∞) × (−∞, +∞), [0, +∞)).
�b 3.1[4] qb C2 �,#y ≥ 0<* [0,1]!treMWJ;r./u#f�� (2.1), (2.2)

!� u(t) �,

(1) u(t) > 0, min
0≤t≤1

u(t) ≥ δ max
0≤t≤1

u(t), �+ δ =

m−2∑
i=1

αi(1 − ξi)

1 −
m−2∑
i=1

αiξi

;

(2) u(t) * [0,1] Jstuv/
n

M = max
0≤t≤1

∫ 1

0

G(t, s)ds, N = max
0≤t≤1

∣∣∣∣
∫ 1

0

∂G(t, s)
∂t

ds

∣∣∣∣.
Oc*f

γ(u) = max
0≤t≤1

|u(t)|, θ(u) = max
0≤t≤1

|u′(t)|,

�+ u ∈ E, D ‖u‖ ≤ √
2max{γ(u), θ(u)} V<

γ(λu) = |λ|γ(u), θ(λu) = |λ|θ(u), 0 u ∈ E, λ ∈ R,

γ(u) ≤ γ(v), 0 u, v ∈ K, u ≤ v.

f γ, θ �,M! 2.1 !=>/
qb"*$ L > 0, b > δb > c > 0 g< f(t, u, v) �,:vBK&=>
C3 f(t, u, v) > c/M 0 (t, u, v) ∈ [0, 1]× [0, c] × [−L, L];
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C4 f(t, u, v) < min{ b
M , L

N } 0 (t, u, v) ∈ [0, 1]× [δb, b] × [−L, L].
Oc

f∗(t, u, v) =

{
f(t, u, v), (t, u, v) ∈ [0, 1] × [0, b]× (−∞, +∞),
f(t, b, v), (t, u, v) ∈ [0, 1] × [b,∞) × (−∞, +∞),

f1(t, u, v) =

⎧⎪⎨
⎪⎩

f∗(t, u, v), (t, u, v) ∈ [0, 1]× [0,∞) × [−L, L],
f∗(t, u,−L), (t, u, v) ∈ [0, 1]× [0,∞) × (−∞,−L],
f∗(t, u, L), (t, u, v) ∈ [0, 1]× [0,∞) × [L,∞),

f f1 ∈ C([0, 1] × [0,∞) × R, R+). Oc

(Tu)(t) =
∫ 1

0

G(t, s)f1(s, u(s), u′(s))ds, 0 ≤ t ≤ 1.

&o f !kd&, G(t, s) !Dh&#h Ascolli-Arezela O!;HsI T : K → K 'j

kdle/tP T !;U�'�� (1.1),(1.2) V<�,
0 < u(t) < b, |u′(t)| < L, 0 ≤ t ≤ 1.

ub 3.1 b=> C3, C4 XN#f�� (1.1), (1.2) gBDCT;U� u(t) �,
c < u(t) < b, |u′(t)| < L, 0 ≤ t ≤ 1.

� Oc E +!Dhik Ω1,Ω2 ,kl D1, D2

Ω1 = {u ∈ E : |u(t)| < c, |u′(t)| < L}, Ω2 = {u ∈ E : |u(t)| < b, |u′(t)| < L},
D1 = {u ∈ E : γ(u) = c}, D2 = {u ∈ E : γ(u) = b}.

M! 3.1 wI) T : K → K 'Ovw/
0 u ∈ D1 ∩ K, h=> C3 D

γ(Tu) = max
0≤t≤1

∣∣∣∣
∫ 1

0

G(t, s)f(s, u(s), u′(s))ds

∣∣∣∣
≥ max

0≤t≤1

∣∣∣∣
∫ 1

0

G(t, s)ds

∣∣∣∣ × c

M
≥ M × c

M
= c.

0 u ∈ D2 ∩ K, h=> C4 D

γ(Tu) = max
0≤t≤1

∣∣∣∣
∫ 1

0

G(t, s)f(s, u(s), u′(s))ds

∣∣∣∣
≤ max

0≤t≤1

∣∣∣∣
∫ 1

0

G(t, s)ds

∣∣∣∣ × b

M
≤ M × b

M
= b.

0 x ∈ K, h=> C4, D

θ(Tu) = max
0≤t≤1

∣∣∣∣
∫ 1

0

∂G(t, s)
∂t

f(s, u(s), u′(s))ds

∣∣∣∣
≤ max

0≤t≤1

∣∣∣∣
∫ 1

0

∂G(t, s)
∂t

ds

∣∣∣∣ × L

N
≤ N × L

N
= L.
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tP"*$ p ∈ K ∩ (Ω2) \ {0} g<0tr! u ∈ K, a ≥ 0 D γ(u + ap) ≥ γ(u). h
M! 2.1, gB"*CT u ∈ K ∩ (Ω2 \ Ω1) g< u(t) = (Tu)(t), t ∈ [0, 1] �, c < u(t) <

b, |u′(t)| < L, 0 ≤ t ≤ 1, NY'�� (1.1), (1.2) !�/Ix/

4 �� f wxopq
*RS�%&'��!./:# Liu[9], Guo[10], Ren[11] <=)���%&'(� (

��)�!"*&#�+ f(t, u, u′) = f(t, u). �r]^���� (1.1),(1.2) �D���%&
'C)�!"*&/

b$ L > 0, b > δb > c > 0 �,=> c
M < L

N V<�,:m=>
(H1) f(t, u, v) > c

M , �+ (t, u, v) ∈ [0, 1]× [0, c] × [−L, L];
(H2) f(t, u, v) < min{ b

M , L
N }, �+ (t, u, v) ∈ [0, 1]× [0, b] × [−L, L].

Oc
(Au)(t) =

( ∫ 1

0

G(t, s)f(s, u(s), u′(s))ds
)+

,

y

Au = (Tu)+,

�+ (B)+ = max{B, 0}, f1 !Oc,z 3 r!6x/
bMW [ti−1, ti] ⊂ [0, 1] �,

(Tu)(ti−1) = (Tu)(ti) = 0

<
(Tu)(t) < 0, t ∈ (ti−1, ti),

y I1 =
⋃

(ti−1, ti), I2 = [0, 1] \ I1. Ocj*f γ1, θ1

γ1(u) = max
0≤t≤1

|u(t)|, θ1(u) = max
{

max
t∈I2

|u′(t)|, max{|u′
(−)(ti−1)|, |u′

(+)(ti)|}
}
,

tP γ1, θ1 �,M! 2.1 !=>/
b T ' E → E !le#Oc

φ : E → K : (φ ◦ T )(t) = max{T (u), 0}.

�b 4.1[10] b T : E → E 'jkdle#z{ (φ ◦ T ) y'jkdle/
ub 4.1 b=> (H1)–(H2) XN#f�� (1.1), (1.2) gBDCT)�#19 f �,=>
(H3) f(t, 0, 0) ≥ 0 <* [0,1] J;r./u/
� ]^|zIIle A DCT;U� u1 ∈ K. Banach cW+!Dhik Ω1,Ω2 ,k

l D1, D2 UO! 3.1 6x/
0 u ∈ D1 ∩ K, h=> (H1) D

γ(Tu) = max
0≤t≤1

∣∣∣( ∫ 1

0

G(t, s)f(s, u(s), u′(s))ds
)+∣∣∣

≥ max
0≤t≤1

∫ 1

0

G(t, s)ds × c

M
= M × c

M
= c.
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0 u ∈ D2 ∩ K, D

γ(Tu) = max
0≤t≤1

∣∣∣( ∫ 1

0

G(t, s)f(s, u(s), u′(s))ds
)+∣∣∣

≤ max
0≤t≤1

∫ 1

0

G(t, s)ds × b

M

= M × b

M
= b.

0 x ∈ K, h (H2), ,l θ1 Oc#{I

θ1(Au) = max
{

max
t∈I2

|(Tu)′(t)|, max{|(Tu)′(−)(ti−1)|, |(Tu)′(+)(ti)|}
}

≤ max
0≤t≤1

∫ 1

0

∣∣∣∂G(t, s)
∂t

f(s, u(s), u′(s))
∣∣∣ds

≤ N × L

N
= L.

{ A D;U� u1 �, c < u1(t) < b, |u′
1(t)| < L.

tP u1 '�� (1.1),(1.2) !�!]%|9=>' u1(t) 'le T !;U�/:I u1(t)
'le T !;U�#q}#f I1 	= ∅. 0 t ∈ I1, h=> (H3) D (Tu1)′′(t) = −f(t, 0, 0) ≤ 0,
tP (Tu1)(t) * I1 J'+f /]^|zII 0 	∈ I1. qb (Tu1)(0) < 0, h (Tu1)(t) !+
&,lM! 3.1 D (Tu1)(t) * I1 Jstuv#{I< I1 = [0, 1], f f(t, 0, 0) ≡ 0, t ∈ [0, 1], U
=> (H3) }~#f (Tu1)(0) ≥ 0. &o I1 �c#,l (Tu1)(t) * I1 J!+&{G 1 ∈ I1, {
(Tu1)(t) = min

0≤t≤1
(Tu1)(t) < 0, &o

(Tu1)(1) − (Tu1)(1) =
m−2∑
i=1

αi(Tu1)(ξi) − (Tu1)(1)

>
m−2∑
i=1

αi(Tu1)(ξi) −
m−2∑
i=1

αi(Tu1)(1)

=
m−2∑
i=1

αi[(Tu1)(ξi) − Tu1)(1)] ≥ 0,

}~/|J# u1(t) 'le T !CT;U�#NY'�� (1.1), (1.2) !CT�/]^~X)
0�� (1.1), (1.2) )�"*&!��/

} ~ � �
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POSITIVE SOLUTION FOR SECOND MULTI-POINT

BOUNDARY VALUE PROBLEM

WITH SIGN CHANGING NONLINEARITY

YANG Liu SHEN Chunfang

(Hefei Teachers College, Hefei 230061)

LIU Xiping JIA Mei

(University of Shanghai for Science and Technology, Shanghai 200093)

Abstract By using a new fixed point theorem, the existence of positive solution for a
kind of second order multi-point boundary value problems with sign changing nonlinearity is
obtained.

Key words Multi-point boundary value problem, fixed point theorem, positive solution.


