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yi = βxi + g(ti) + ei, 1 ≤ i ≤ n, (1.1)

!� (xi, ti) "�#���� β "$%!& g(·) ""'(#�� I ��$%$&%

� (1.1) ,)&* {ei} "'�+�( (i.i.d) ��,-�).*/0�1+ !�2
"%!,� 345 Engle - [1] 6. 75 Heckman[2], Chen[3], Hamilton / Truong[4] #

Mammen / Van de Geer[5] -/08$+% Baek / Liang[6] 2"%�9� (0:; (NA)
)&�!& β �-<123��:4�/&'=>�%

(5?, @()AB�CD*67 8$� (1.1) ,)&* {ei, 1 ≤ i ≤ n} "+E
� NA F,�G-�!&�H�I8JK%

9#�:.F, {Xi, 1 ≤ i ≤ n} " NA � /;< {1, 2, · · · , n} �0=1,>:2��
3Æ4 A / B ?L

Cov(f1(Xi, i ∈ A), f2(Xj , j ∈ B)) ≤ 0,
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?, f1 / f2 "0=1,@P;6&Q(A<B,:UC�D (E+F<B,:UC�V)
�$&%9 {Xi, i ∈ N} " NA � /;<0=3*& n ≥ 2, {Xi, 1 ≤ i ≤ n} " NA �%

NA F,5W?(*UH��XRGY�H$RIJ�H$-,�STZBU[K[\
VL(�W4% NA F,�"'345 Alam / Saxena[7] 6.% Joag-Dev / Proschan[8],
Shao / Su[9] # Zhang[10] -?:M�1%2"%

N]6� �CD*67"]O�X5^�Y_�!&6`��/PC�67 Owen[11]

<Z67�][�7�1%aH�2"%.*2"\;]Q �CD*LODW!&D*7
�bR� c^"d�<&,SODWWilk’s H$"TWU6�(�% NA F,��CD
*I85 Zhang[12] 6.%VW!867_$)ZBW NA )&��� (1.1).

5?` 2 XY_% NA )&�� (1.1) �aba&�<&�CD*cH�. d8$
%H�.�&'�7%` 3 Xe.&e�YZ;%"H�fQ)(` 4 Xe.%

2 9:;<=>?
<� (1.1), /; β "-%!& β0, g5 Eei = 0, L

g(ti) = E(yi − xiβ0), 1 ≤ i ≤ n.

hi(e"!& β � g(·) �],f3*�3�."

ĝn(t, β) =
n∑

i=1

Wni(t)(yi − xiβ),

!� Wni(·)(1 ≤ i ≤ n) "]j"'( I ��[$&%

k3� β, Z@�S-<

SS(β) =
n∑

i=1

(yi − xiβ − ĝn(ti, β))2. (2.1)

(2.1) S1g< β \hIP

n∑
i=1

[
yi − xiβ −

n∑
j=1

Wnj(ti)(yj − xjβ)
][

− xi +
n∑

j=1

Wnj(ti)xj

]
,

] β = β0,mi =
[
yi − xiβ0 −

n∑
j=1

Wnj(ti)(yj − xjβ0)
][
xi −

n∑
j=1

Wnj(ti)xj

]
, @(IifQi

n −→ +∞ F Emi −→ 0, gL���]^S

−2LRn(β0) = 2
n∑

i=1

log(1 + λmi), (2.2)

?, λ _@
1
n

n∑
i=1

mi

1 + λmi
= 0. (2.3)
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kPV −2LRn(β0) �&'�7 @(34A]jb�%
b� {yi, xi, ti ∈ I, 1 ≤ i ≤ n} _@� (1.1), {ei, i ≥ 1} "cekd�+E NA #

�)&, Wni(·)(1 ≤ i ≤ n) ""'( I ��]j[$&%] x̃i = xi −
n∑

j=1

Wnj(ti)xj ,

ỹi = yi −
n∑

j=1

Wnj(ti)yj .

(C1) i) lim
n→+∞

1
n

n∑
i=1

x̃2
i = Γ 0(0 < Γ0 <∞), max

1≤i≤n
(x̃2

i ) = o(n
1
2 ).

ii) lim sup
n→∞

( 1√
n log n

) max
1≤k≤n

∣∣∣ k∑
i=1

x̃ji

∣∣∣ <∞, !� (j1, j2, · · · , jn) " (1, 2, · · · , n) �0n6j%
(C2) g(·) "'( I �d_@]e Lipschitz G-%

(C3) max
1≤i≤n

n∑
j=1

|Wnj(ti)| = O(1), max
1≤i,j≤n

|Wnj(ti)| = O(n− 1
2 (logn)−1).

(C4) i) max
1≤i≤n

∣∣∣ n∑
j=1

Wnj(ti) − 1
∣∣∣ = O(n− 1

4 ).

ii) <fj a > 0, max
1≤i≤n

n∑
j=1

|Wnj(ti)|I
(|ti−tj |>an− 1

4 )
= O(n− 1

4 ).

(C5) Q( p > 4, E|ei|p < +∞. i u → +∞ F 
∑

j:|k−j|≥u

|cov(ek, ej)| → 0, < k ≥ 1 ]

B\�% {ei} �ghk f(ω) _@i ω ∈ [−π, π] F 0 < δ ≤ f(ω) < +∞ .
C 2.1 (][�G-� ���1,[$&i_@b� (C3)–(C4).

W
(1)
ni (t) =

1
hn

∫ si

si−1

K
( t− s

hn

)
ds,

W
(2)
ni (t) = K

( t− ti
hn

)[ n∑
j=1

K
( t− tj

hn

)]−1

.

!� si = ti+ti−1
2 , i = 1, 2, · · · , n− 1, s0 = 0, sn = 1,K(·) " Parzen-Rosenblattl$& hn "

mj%

−2LRn(β0) �&'�75���"H 2.1 e.%
DE 2.1 b� (C1)–(C5) \� gLi n→ +∞ F

−2nΓ0σ
2LRn(β0)
σ2

n

−→D χ2
(1),

?, “ −→D ” "op�(qk σ2
n = Var

( n∑
i=1

x̃iei

)
, Ee2i = σ2.

5"H 2.1 I% β0 �],r+k 1 − α �&'6`��k

Iα =
{
β;

−2nΓ0σ
2LRn(β)
σ2

n

≤ uα

}
,

!� uα " χ2
(1) �(� 1 − α �s& l Pr(χ2

(1) ≤ uα) = 1 − α.
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3 FGHI
!]X@(e.],&e�YZ;%�Y,���� xi, i = 1, 2, · · · , n mk xi =

Φ−1( i
n+1 ), !� Φ(·) "nJ=>�(��($&%��� ti, i = 1, 2, · · · , n op"8Æ

10 �ct�( U [0, 1] ,qn i@d((Br�Y,me>:%$& g(·) mk g(t) = t2. l
$& K(t) " Gaussian lA[$& Wni(t) mk

Wni(t) = K
( t− ti
hn

)[ n∑
j=1

K(
t− tj
hn

)
]−1

.

mj hn mk n− 1
2 (logn)−1. )&�(mknJ=>�( ;6&_@

Eeiej(i �= j) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−0.25, /; |i− j| = 1,

−0.15, /; |i− j| = 2,

−0.1, /; |i− j| = 3,

0, sg.

g {ei} " NA #�:.,%u5o.�^mk 20, 50, 100, 200, 500 / 1000. 6`r+�^
k 1 − α = 0.90 / 1 − α = 0.95. <BK&p5tqv 1000 r �^�Æ%�CD*67�
uvr ] 1 e.%:WZ;%

5] 1, @(Iis.�CD*67�bR�% β m>+eF uvrtLww�:

x%ykLu�"uvr#Lu5o. n �VwUVw%][Kv >"hL�,�?"!

u xy"��� (xi, ti) <>+�u5o. n me">+�%

z 1 β �{|w

β = −3.5 β = −1.5 β = −0.5 β = 0 β = 0.5 β = 1.5 β = 3.5

n = 20 α = 0.10 0.811 0.786 0.787 0.806 0.804 0.803 0.791
α = 0.05 0.877 0.875 0.876 0.886 0.879 0.868 0.872

n = 50 α = 0.10 0.818 0.796 0.793 0.809 0.806 0.810 0.800
α = 0.05 0.879 0.882 0.879 0.888 0.880 0.880 0.879

n = 100 α = 0.10 0.819 0.817 0.819 0.828 0.816 0.814 0.812
α = 0.05 0.885 0.889 0.892 0.892 0.882 0.892 0.886

n = 200 α = 0.10 0.824 0.825 0.837 0.830 0.826 0.817 0.823
α = 0.05 0.893 0.891 0.896 0.898 0.898 0.893 0.892

n = 500 α = 0.10 0.834 0.835 0.840 0.834 0.829 0.835 0.831
α = 0.05 0.903 0.896 0.907 0.901 0.907 0.905 0.897

n = 1000 α = 0.10 0.845 0.844 0.846 0.847 0.849 0.849 0.834
α = 0.05 0.906 0.900 0.910 0.911 0.909 0.917 0.903
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4 MNOPQ
(5X {Xi, i ≥ 1} R]^ NA #�:.F,A EXi = 0. kfQ"H 2.1, @(34e

.]a,zH%

SE 4.1 ] X1, X2, · · · , XN "+E� NA F,A_@ E|X1|2+δ <∞, δ > 0, g

max
1≤k≤N

|Xk| = o(N
1

2+δ ) a.s. (4.1)

T x?{ [12].
SE 4.2 b� {ani, 1 ≤ i ≤ n, n ≥ 1} "qyz|_@ max

1≤i≤n
|ani| = O(n− 1

2 ) #
n∑

i=1

a2
ni = o(n− 1

2 (log n)−1). /;Q( p > 4 @P sup
i
E|Xi|p < +∞, gL

n∑
i=1

aniXi = o(n− 1
4 ) a.s. (4.2)

T x?{ [6].
SE 4.3 b� {ani(·), 1 ≤ i ≤ n, n ≥ 1} ""'(#�� I ��$&|dA_@

max
1≤i,j≤n

|ani(uj)| = O(n− 1
2 ) # max

1≤j≤n

n∑
i=1

|ani(uj)| = O(1). /;Q( p > 2 @P sup
i
E|Xi|p <

+∞ , g

max
1≤j≤n

∣∣∣ n∑
i=1

ani(uj)Xi

∣∣∣ = o(L(n)) a.s., (4.3)

max
1≤j≤n

( n∑
i=1

|ani(uj)Xi|
)

= O(1) a.s., (4.4)

!� L(x) > 0 "],$& _@ x→ ∞ F 
√
xL(x) <W x ≥ x0 > 0 "�D�%

T x?{ [6].

SE 4.4 ] {ani, 1 ≤ i ≤ n, n ≥ 1}"],qyz|_@i n→ +∞F 
n∑

i=1

a2
ni = O(1)

# max
1≤i≤n

|ani| → 0. b�i u → +∞ F 
∑

j:|k−j|≥u

|cov(Xk, Xj)| → 0 < k ≥ 1 ]B\�%/

; Var
( n∑

i=1

aniXi

)→ 1 A Xi ( L2 �]BI{ g
n∑

i=1

aniXi −→D N(0, 1).

T x?{ [13].
SE 4.5 b�"H 2.1 �G-\� gL

max
1≤i≤n

|mi| = o(n
1

2+δ + 1
4 ) a.s. (4.5)

T

max
1≤i≤n

|mi| = max
1≤i≤n

∣∣∣(yi − xiβ0 −
n∑

j=1

Wnj(ti)(yj − xjβ0)
)(
xi −

n∑
j=1

Wnj(ti)xj

)∣∣∣
= max

1≤i≤n

∣∣∣g̃(ti) + ei −
n∑

j=1

Wnj(ti)ej

∣∣∣|x̃i|
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≤
(

max
1≤i≤n

|g̃(ti)| + max
1≤i≤n

|ei| + max
1≤i≤n

∣∣∣ n∑
j=1

Wnj(ti)ej

∣∣∣) max
1≤i≤n

|x̃i|,

?, g̃(ti) = g(ti) −
n∑

j=1

Wnj(ti)g(tj). 5zH 4.1 I% max
1≤i≤n

|ei| = o(n
1

2+δ ) a.s., !� p =

2 + δ, δ > 2.
(C1) i) ]Q max

1≤i≤n
|x̃i| = o(n

1
4 ). 5 (C3) #zH 4.3, m L(n) = (logn)−1, L

max
1≤i≤n

(∣∣∣ n∑
j=1

Wnj(ti)ej

∣∣∣) = o((log n)−1) a.s.

5 (C2) # (C4) IP

max
1≤i≤n

|g̃(ti)|

= max
1≤i≤n

∣∣∣g(ti) − n∑
j=1

Wnj(ti)g(tj)
∣∣∣

≤ max
1≤i≤n

|g(ti)|
∣∣∣ n∑

j=1

Wnj(ti) − 1
∣∣∣+ max

1≤i≤n

∣∣∣ n∑
j=1

Wnj(ti)
∣∣∣|g(ti) − g(tj)|I

(|ti−tj |>an− 1
4 )

+ max
1≤i≤n

∣∣∣ n∑
j=1

Wnj(ti)
∣∣∣|g(ti) − g(tj)|I

(|ti−tj |≤an− 1
4 )

= O(n− 1
4 ).

!]Q max
1≤i≤n

|mi| = o(n
1

2+δ + 1
4 ) a.s. , f}

SE 4.6 b�"H 2.1 �G-\� g

|λ| = o(n− 2
2+δ − 3

4 ) a.s. (4.6)

T | λ = ρψ, ?, ρ ≥ 0, |ψ| = 1. 5

1
n

n∑
i=1

mi

1 + λmi
= 0,

IP

0 =
1
n
ψ

n∑
i=1

mi

1 + ρψmi
=

1
n
ψ

n∑
i=1

mi − ρ

n

n∑
i=1

(ψmi)2

1 + ρψmi

≤ 1
n
ψ

n∑
i=1

mi − ρ

n

n∑
i=1

(ψmi)2

1 + ρ max
1≤i≤n

|mi|

≤ 1
n
ψ
( n∑

i=1

mi

)(
1 + ρ max

1≤i≤n
|mi|

)
− ρ
( 1
n

n∑
i=1

m2
i

)
,
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l

ρ
( 1
n

n∑
i=1

m2
i − ψ

(
max

1≤i≤n
|mi|

)( 1
n

n∑
i=1

mi

))
≤ 1
n
ψ

n∑
i=1

mi.

U

1
n

n∑
i=1

m2
i ≤ 1

n

n∑
i=1

(
max

1≤i≤n
|mi|

)2

= o(n
2

2+δ + 1
2 ) a.s.

7

1
n

n∑
i=1

mi =
1
n

n∑
i=1

x̃iei − 1
n

n∑
i=1

( n∑
j=1

Wnj(ti)ej

)
x̃i +

1
n

n∑
i=1

g̃(ti)x̃i

=: A1n +A2n +A3n.

5zH 4.2 #G- (C1) i), L

max
1≤i≤n

|x̃i|
n

= o(n− 3
4 ),

n∑
i=1

|x̃i|2
n2

= O(n−1).

hi

A1n = o(n− 1
4 ) a.s.

}* 

A2n =
n∑

j=1

( 1
n

n∑
i=1

Wnj(ti)x̃i

)
ej =:

n∑
j=1

Vnjej,

5 Abel’s >-S#G- (C1) ii) / (C3), L

max
1≤j≤n

|Vnj | =
1
n

max
1≤j≤n

∣∣∣ n∑
i=1

Wnj(ti)x̃i

∣∣∣ ≤ C

n
max

1≤i,j≤n
|Wnj(ti)| · max

1≤k≤n

∣∣∣ k∑
i=1

x̃ji

∣∣∣ = O(n−1),

?, (j1, j2, · · · , jn) " (1, 2, · · · , n) �0n6j%
n∑

j=1

V 2
nj =

n∑
j=1

1
n2

( n∑
i=1

Wnj(ti)x̃i

)2

≤ 1
n

n∑
j=1

n∑
i=1

W 2
nj(ti)

( 1
n

n∑
i=1

x̃2
i

)
≤ C

n

n∑
i=1

(
max

1≤j≤n
|Wnj(ti)|

) n∑
j=1

|Wnj(ti)| = O(n− 1
2 (logn)−1),

!� C "],>p}W n �X& ZBzH 4.2, IP

A2n = O(n− 1
4 ) a.s.

5 Abel’s >-S# (C1) ii) L

|A3n| =
1
n

∣∣∣ n∑
i=1

g̃(ti)x̃i

∣∣∣ ≤ C

n
max

1≤i≤n
|g̃(ti)| · max

1≤k≤n

∣∣∣ k∑
i=1

x̃ji

∣∣∣ = O(n− 3
4 logn).
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hi

1
n

n∑
i=1

mi = O(n− 1
4 ) a.s.

5i�fQI%

ρ = o(n− 2
2+δ − 3

4 ) a.s. ,

!]Q

|λ| = o(n− 2
2+δ − 3

4 ) a.s.

SE 4.7 b�"H 2.1 �G-\� gL

1
σn

n∑
i=1

mi −→D N(0, 1), (4.7)

?, σ2
n = Var

( n∑
i=1

x̃iei

)
.

T 5 (C5) # [14], I%

σ2
n = Var

( n∑
i=1

x̃iei

)
=
∫ π

−π

f(ω)
∣∣∣ n∑

k=1

x̃ke
−ikω

∣∣∣2dω
≥ 2πδ

n∑
k=1

x̃2
i = O(n).

1
σn

n∑
i=1

mi =
1
σn

n∑
i=1

g̃(ti)x̃i − 1
σn

n∑
i=1

( n∑
j=1

Wnj(ti)ej

)
x̃i +

1
σn

n∑
i=1

x̃iei.

5 max
1≤i≤n

|g̃(ti)| = O(n− 1
4 ) # (C1) ii), L

1
σn

n∑
i=1

|g̃(ti)x̃i| ≤ C√
n

n∑
i=1

|g̃(ti)x̃i| ≤ C√
n

max
1≤i≤n

|g̃(ti)| · max
1≤k≤n

∣∣∣ k∑
i=1

x̃ji

∣∣∣ = O(n− 1
4 logn).

5 (C1) ii) dAZBzH 4.3, m L(n) = (log n)−1, IP

1
σn

n∑
i=1

∣∣∣( n∑
j=1

Wnj(ti)ej

)
x̃i

∣∣∣ ≤ C√
n

n∑
i=1

∣∣∣x̃i

n∑
j=1

Wnj(ti)ej

∣∣∣
≤ C√

n

(
max

1≤k≤n

∣∣∣ k∑
i=1

x̃ji

∣∣∣)( max
1≤i≤n

∣∣∣ n∑
j=1

Wnj(ti)ej

∣∣∣)
=

1√
n
O(n

1
2 logn)o((log n)−1)

= o(1) a.s.

ZBzH 4.4, 5 (C1) # (C5) % max
1≤i≤n

|x̃i|
σn

→ 0 A
n∑

i=1

x̃2
i

σ2
n

= O(1), IiPV

1
σn

n∑
i=1

x̃iei −→D N(0, 1),
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oUzH 4.7 �Z$\�%
SE 4.8 b�"H 2.1 �G-\� gL

1
n

n∑
i=1

m2
i −→ Γ0σ

2 a.s. (4.8)

T
1
n

n∑
i=1

m2
i =

1
n

[ n∑
i=1

g̃2(ti)x̃2
i + 2

n∑
i=1

g̃(ti)x̃2
i ei − 2

n∑
i=1

( n∑
j=1

Wnj(ti)ej

)
g̃(ti)x̃2

i

−2
n∑

i=1

( n∑
j=1

Wnj(ti)ej

)
x̃2

i ei +
n∑

i=1

x̃2
i e

2
i +

n∑
i=1

( n∑
j=1

Wnj(ti)ej

)2

x̃2
i

]
,

5W�fQ# (C1) ii), IP

1
n

n∑
i=1

g̃2(ti)x̃2
i ≤

(
max

1≤i≤n
|g̃(ti)|

)2( 1
n

n∑
i=1

x̃2
i

)
= O(n− 1

2 ).

U

1
n

∣∣∣ n∑
i=1

( n∑
j=1

Wnj(ti)ej

)
g̃(ti)x̃2

i

∣∣∣ ≤ ( max
1≤i≤n

∣∣∣ n∑
j=1

Wnj(ti)ej

∣∣∣)( max
1≤i≤n

|g̃(ti)|
)( 1

n

n∑
i=1

x̃2
i

)
= o(n− 1
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EMPIRICAL LIKEHOOD IN PARTIAL LINEAR MODEL

UNDER NA SAMPLES

YU Zhuoxi

(School of Mathematics, Jilin University, Changchun 130012; Department of Mathematics,

Changchun Taxation College, Changchun 130117)

WANG Dehui

(School of Mathematics, Jilin University, Changchun 130012)

SHI Ningzhong

(Northeast Normal University, Changchun 130021)

Abstract This paper is concerned with the typical partial linear model yi = βxi +
g(ti) + ei, 1 ≤ i ≤ n, where (xi, ti) are fixed design points, g is an unknown function, and
ei’s are negatively associated (NA) random errors. An empirical log-likelihood ratio for the
regression coefficient is proposed, the results show that the statistic is asymptotically chi-
squared distributed and that the confidence intervals can be constructed accordingly.

Key words Partial linear model, negatively associated random errors, empirical log-
likelihood, confidence intervals.


