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1 $%&'#()
$%&'�()���*+�,��� !-.��"*+��/# [1], 01�$ !

%&'"'1Æ#�� !-.��"()%$*23��(%++45�%&-,��
&67 Hilbert '(�)*+-,-.-,8�23*+/#��� !-.ÆÆ.97:
/ Banach '() [2]. 0;1$-</=01>22�?3-37 Banach '()451��
 !-.�"�#45#"-,66789�:@:; [3−6]. <7-A7B [3–6] �08.-
7B [7] ).91:C%&-,-D=1E789;569�� !-.�:;�"+<B
>7 Banach '()=F:C>G?H�IJ%&-,-3D=%&K?689;569�
� !-.�:;�"+@ [7] )�#45#"-,7L-IJ%&89M�D=@A -
B45�C689�:;+

1N- E %- Banach '(- E∗ %DAE'(+OBAE-. J ⊂ E × E∗ .9
% J(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}, ∀x ∈ E, D) 〈·, ·〉 CF E , E∗ PG(�
D9AEA+*E' “ −→ ” F “ ⇀ ” CF'( E F E∗ )K?�66789+G�Q-
. A ⊂ E × E∗ % !-.HH ∀xi ∈ D(A), yi ∈ Axi, i = 1, 2, I5 〈x1 − x2, y1 − y2〉 ≥ 0.

 !-. A G%�� !�HH ∀r > 0, R(J + rA) = E∗. A !-. A, DI.9%H
A−10 = {x ∈ E : 0 ∈ Ax}. H x ∈ A−10, RG x % A ��"+
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*+ 1.1 [8,9] H E C-ZS6TU Banach'(-R J : E → E∗ % Q-.B JE = E∗;
H E C-:[TU Banach '(-R J : E → E∗ 7 E �T95U.V.:[V\WH E C

-TU6:[] Banach '(-R J−1 : E∗ → E %OBAE-.B7 E∗ �T95U.V.
:[V\+

*+ 1.2 [9]  E %-TU6:[] Banach '(-A ⊂ E ×E∗ %�� !-.-RH
A−10 C E )�X].VW A �^_ G(A) CYX�-W ∀{xn} ⊂ D(A), xn ⇀ x (n → ∞),
∀yn ∈ Axn, yn → y (n → ∞)⇒ x ∈ D(A) B y ∈ Ax.

,- 1.1  E %-TU6:[] Banach'(-A ⊂ E×E∗ %�� !-.+ ∀r > 0,

.9-. QA
r : E → E % QA

r x = (J + rA)−1Jx, 3G`% QA
r -.+

,- 1.2  E %-TU Banach '(-.9 Lyapunov Z[ ϕ : E × E → R+ �N
ϕ(x, y) = ‖x‖2 − 2〈x, Jy〉 + ‖y‖2, ∀x, y ∈ E.

*+ 1.3 [3]  E %-ZS6a']6TU Banach '(-C % E )�\'X].V-
R ∀x ∈ E, ]7b:� x0 ∈ C , Xc ϕ(x0, x) = inf{ϕ(z, x) : z ∈ C}. 1Y- ∀x ∈ E, .9
QC : E → C % QCx = x0, 3G QC %^ E 5 C .�D9IJ-.+

*+ 1.4 [3]  E %-ZS6a']6TU Banach '(-C % E )�\'X].V-
R ∀x ∈ E, ∀y ∈ C, 5

ϕ(y, QCx) + ϕ(QCx, x) ≤ ϕ(y, x).

*+ 1.5[4]  E %-TU6:[] Banach '(- {xn} _ {yn} % E )Z9K?-H
D)`:5UB ϕ(xn, yn) → 0, n → ∞, R xn − yn → 0, n → ∞.

*+ 1.6[3]  E %-ZS6a']6TU Banach '(- A ⊂ E × E∗ %�� !-
.B A−10 
= ∅, R ∀x ∈ E, y ∈ A−10 [ r > 0, 5 ϕ(y, QA

r x) + ϕ(QA
r x, x) ≤ ϕ(y, x).

*+ 1.7 [3]  E %-TU Banach '(- C % E )�\'X].V- x ∈ E, x0 ∈ C,

R ϕ(x0, x) = inf{ϕ(z, x) : z ∈ C} `B\` 〈z − x0, Jx0 − Jx〉 ≥ 0, ∀z ∈ C.

2 ./01
1N] E %-TU6:[] Banach '(- Ai ⊂ E × E∗, i = 1, 2, · · · , m %�� !

-.B D :=
m⋂

i=1

A−1
i 0 
= ∅. d^%&-,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 ∈ E, r0,i > 0, i = 1, 2, · · · , m,

yn,i = QAi
rn,i

xn, n ≥ 0, i = 1, 2, · · · , m,

Jun,i = βn,iJyn,i + (1 − βn,i)Jen, n ≥ 0, i = 1, 2, · · · , m,

Jzn,i = αn,iJxn + (1 − αn,i)Jun,i, n ≥ 0, i = 1, 2, · · · , m,

Hn,i = {v ∈ E : ϕ(v, zn,i) ≤ (αn,i + βn,i − αn,iβn,i)ϕ(v, xn)

+(1 − αn,i)(1 − βn,i)ϕ(v, en)}, n ≥ 0,

Hn :=
m⋂

i=1

Hn,i, n ≥ 0,

Wn = {z ∈ E : 〈z − xn, Jx0 − Jxn〉 ≤ 0}, n ≥ 0,

xn+1 = QHn

⋂
Wn

(x0), n ≥ 0,

(2.1)
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D) {rn,i} ⊂ (0, +∞) , {αn,i}, {βn,i} ⊂ [0, 1], {en} %G?K?+
*+ 2.1 hIJ-, (2.1) ab�%&K? {xn} C5i9�+
2 jc Wn % E �X].V+$

ϕ(v, zn,i) ≤ (αn,i + βn,i − αn,iβn,i)ϕ(v, xn) + (1 − αn,i)(1 − βn,i)ϕ(v, en)

⇔ ‖zn,i‖2 − (αn,i + βn,i − αn,iβn,i)‖xn‖2 − (1 − αn,i)(1 − βn,i)‖en‖2

≤ 2〈v, Jzn,i − (αn,i + βn,i − αn,iβn,i)Jxn − (1 − αn,i)(1 − βn,i)Jen〉,

bdk Hn,i, i = 1, 2, · · · , m l% E �X].V+
e p ∈ D.h.9 1.1k-]7 y0,i ∈ E f4 y0,i = QAi

r0,i
(x0).;Chdg 1.6k ϕ(p, y0,i) ≤

ϕ(p, x0), i = 1, 2, · · · , m, ^7

ϕ(p, z0,i) ≤ α0,iϕ(p, x0) + (1 − α0,i)ϕ(p, u0,i)

≤ (α0,i + β0,i − α0,iβ0,i)ϕ(p, x0) + (1 − α0,i)(1 − β0,i)ϕ(p, e0).

$1 p ∈ H0,i, i = 1, 2, · · · , m. h; W0 = E, 01 p ∈ H0

⋂
W0. ;C x1 = QH0∩W0(x0) 5i

9+
] p ∈ Hn

⋂
Wn(n ≥ 1) B xn+1 5i9-h.9 1.1 kH]7 yn+1,i ∈ E f4

yn+1,i = QAi

rn+1,i(xn+1). ^7dg 1.6 mc ϕ(p, yn+1,i) ≤ ϕ(p, xn+1), i = 1, 2, · · · , m. ;C
ϕ(p, zn+1,i) ≤ αn+1,iϕ(p, xn+1) + (1 − αn+1,i)[βn+1,iϕ(p, yn+1,i) + (1 − βn+1,i)ϕ(p, en+1)]

≤ (αn+1,i + βn+1,i − αn+1,iβn+1,i)ϕ(p, xn+1) + (1 − αn+1,i)(1 − βn+1,i)ϕ(p, en+1).

$1 p ∈ Hn+1,i, i = 1, 2, · · · , m. nhdg 1.7 k
〈p − xn+1, Jx0 − Jxn+1〉 = 〈p − QHn∩Wn(x0), Jx0 − JQHn∩Wn(x0)〉 ≤ 0,

01 p ∈ Wn+1, W p ∈ Hn+1

⋂
Wn+1. ;C xn+2 = QHn+1∩Wn+1(x0) 5i9+o1h'di

,D=1h-, (2.1) ab�%&K?5i9+
3 2.1 hdg 2.1 �D=efdkH D :=

m⋂
i=1

A−1
i 0 ⊂ Hn ∩ Wn, A n ≥ 0.

,+ 2.1  {xn}Ch (2.1)ab�%&K?- inf
n≥0

rn,i > 0, lim inf
n→∞ αn,i > 0, lim

n→∞βn,i =

1 B]7Og� M f4 ‖en‖ ≤ M, R xn → QD(x0), n → ∞.

2 h 1 i {xn} 5U+
,-. ∀p ∈ D ⊂ Hn

⋂
Wn, hdg 1.4 k

ϕ(p, QWnx0) + ϕ(QWnx0, x0) ≤ ϕ(p, x0).

Ah Wn �.9[dg 1.7 _dg 1.3 k xn = QWnx0. ^7 ϕ(p, xn) + ϕ(xn, x0) ≤ ϕ(p, x0).
;C {xn} 5U+h'dg 1.6 jk {yn,i} l5U- ∀i = 1, 2, · · · , m [ n ≥ 0.

h 2 i ω(xn) ⊂ D, D) ω(xn) CF {xn} �05789.?�7�6"�jp+
$%hh 1 ik ϕ(xn+1, xn) + ϕ(xn, x0) ≤ ϕ(xn+1, x0), 01 lim

n→∞ϕ(xn, x0) ]7+;C
ϕ(xn+1, xn) → 0, n → ∞. hdg 1.5, xn+1 − xn → 0, n → ∞.
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$ xn+1 ∈ Hn,i, ∀i = 1, 2, · · · , m 01
ϕ(xn+1, zn,i) ≤ (αn,i + βn,i − αn,iβn,i)ϕ(xn+1, xn) + (1 − αn,i)(1 − βn,i)ϕ(xn+1, en),

;C ϕ(xn+1, zn,i) → 0, n → ∞, ^7 xn+1 − zn,i → 0, n → ∞, ∀i = 1, 2, · · · , m.

$ J _ J−1 I75UV.:[V\-bh Jzn,i = αn,iJxn+(1−αn,i)Jun,i [ lim inf
n→∞ αn,i >

0 k un,i − xn → 0, nh Jun,i = βn,iJyn,i + (1 − βn,i)Jen k yn,i − un,i → 0, n → ∞. k7
yn,i − xn → 0, n → ∞, ∀i = 1, 2, · · · , m.

hh 1 ik ω(xn) 
= ∅. ;C ∀q ∈ ω(xn), ]7 {xn} �.?-kllm% {xn} f4
xn ⇀ q, ` n → ∞. ^7 yn,i ⇀ q, ` n → ∞, ∀i = 1, 2, · · · , m. h yn,i �.9AkH]7
vn,i ∈ Aiyn,i f vn,i → 0, n → ∞, ∀i = 1, 2, · · · , m. bdg 1.2 mc q ∈ D.

h 3 i xn → w∗ = QDx0, ` n → ∞.

e {xni} % {xn} �7895 w ∈ D �ni.?+$ xn+1 = QHn∩Wn(x0) B w∗ ∈ D ⊂
Hn

⋂
Wn, b ϕ(xn+1, x0) ≤ ϕ(w∗, x0). ;C

ϕ(xn, w∗) = ϕ(xn, x0) + ϕ(x0, w
∗) − 2〈xn − x0, Jw∗ − Jx0〉

≤ ϕ(w∗, x0) + ϕ(x0, w
∗) − 2〈xn − x0, Jw∗ − Jx0〉,

^7

lim sup
i→∞

ϕ(xni , w
∗) ≤ ϕ(w∗, x0) + ϕ(x0, w

∗) − 2〈w − x0, Jw∗ − Jx0〉
= 2〈w∗ − w, Jw∗ − Jx0〉 ≤ 0,

b ϕ(xni , w
∗) → 0, i → ∞. hdg 1.5, xni → w∗, i → ∞. 1WC= xn ⇀ w∗, n → ∞. A$%

{xn} �05789.?I689; w∗, b xn → w∗ = QD(x0), n → ∞.

3 2.2 ,B [3–7] )#45#"%&-,89M�D=/m@-1B#;IJ-,8
9M�D=R\gA +

3 2.3 >%&-, (2.1) �%&ioqrnd4-,
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 ∈ E, r0,i > 0, i = 1, 2, · · · , m,

yn,i = QAi
rn,i

xn, n ≥ 0, i = 1, 2, · · · , m,

Jun,i = βn,iJyn,i + (1 − βn,i)Jen, n ≥ 0, i = 1, 2, · · · , m,

Jzn,i = αn,iJx0 + (1 − αn,i)Jun,i, n ≥ 0, i = 1, 2, · · · , m,

Hn,i = {v ∈ E : ϕ(v, zn,i) ≤ αn,iϕ(v, x0) + (1 − αn,i)βn,iϕ(v, xn)

+ (1 − αn,i)(1 − βn,i)ϕ(v, en)}, n ≥ 0,

Hn :=
m⋂

i=1

Hn,i, n ≥ 0,

Wn = {z ∈ E : 〈z − xn, Jx0 − Jxn〉 ≤ 0}, n ≥ 0,

xn+1 = QHn∩Wn(x0), n ≥ 0.

(2.2)

p4;.g 2.1 dD=N2�:;+
45 2.1  {xn}Ch (2.2)ab�%&K?- lim inf

n≥0
rn,i > 0, lim

n→∞αn,i = 0, lim
n→∞βn,i =

1, i = 1, 2, · · · , m B]7Og� M f4 ‖en‖ ≤ M, R xn → QD(x0), n → ∞.
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PROJECTION SCHEME FOR COMMON ZERO POINTS OF

FINITE MAXIMAL MONOTONE OPERATORS

IN BANACH SPACES

WEI Li

(School of Mathematics and Statistics, Hebei University of Economics and Business,

Shijiazhuang 050061)

ZHOU Haiyun

(Institute of Applied Mathematics and Mechanics, Ordnance Engineering College,

Shijiazhuang 050003)

Abstract A new projection scheme with error terms is constructed and is proved to be
strongly convergent to common zero points of finite maximal monotone operators in Banach
space by using the techniques of Lyapunov functional and generalized projection operator.

Key words Lyapunov functional, generalized projection mapping, maximal monotone
operator, zero point.


