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1 �  
� J = (0, T ], ������ Ω ⊂ R2 ���������� ��!��"# [1]

−∆ψ = α(p− e+N(x)), (x, t) ∈ Ω × [0, T ], (1.1)

∂e

∂t
= ∇ · [De(x)∇e− µe(x)e∇ψ] −R(e, p), (x, t) ∈ Ω × J, (1.2)

∂p

∂t
= ∇ · [Dp(x)∇p+ µp(x)p∇ψ] −R(e, p), (x, t) ∈ Ω × J, (1.3)

�� (1.1) #��$% !�(1.2) � (1.3) �"&������# !�'��!#��$%
ψ, �� e, ���# p.  ! (1.1)–(1.3)�$(�)!�����%*���� α = q

ε , q ≥ 0 �
ε ≥ 0�#�&!��"'+�������&!(Ds(x)(s = e, p)#��)!�µs(x)(s = e, p)
#������ )# Ds(x) = UTµs(x), UT #��!,( N(x) = ND(x) −NA(x) #")
�!�ND(x) � NA(x) &�"#-��.� !�#�* x #$��� p− n %/ N(x) �
+&'&�( Rs(e, p)(s = e, p) &�� (��) �, ()��#!-)0*."+�#

R(e, p) =
ep− e2i

τp(e+ ei) + τe(p+ ei)

�,"/# τe = τp = τ , #$ ei = 1010cm−3 &-�!0
* ��%$&��./ (Z2006A02) 0��%%'(��1�&2)./ (BS01009) '(1*1
23+,22005-05-25, 23343+,22007-02-05.
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e|t=0 = e0(x), p|t=0 = p0(x), x ∈ Ω , (1.4)

ψ|∂Ω = 0, e|∂Ω = 0, p|∂Ω = 0, t ∈ J, (1.5)

�� ∂Ω # Ω �5�� ψ �46+8, (1.1), (1.4) � (1.5) 98$0
--�� Gummel H K . 1964 .9$/0/67898#0� [2−3], :9!���

!+�1#":2�0 Douglas :;"�%��*.�" (<��;#1<%&)!) 9$
!=.=/�>� 82/. ,=;�?@"<AB!34�>C= [4−5]. 3>%=4?
'5�;;656�� !�7=/8?��@>�8@�D7�@88998�A, 9
:�;EA<(B [6]. �CÆB 80 .74� Douglas :9$!C;656��� �,=
�@88�,=>�8�8>�DFG:!+;E [7]. ?@; [1] ;������ 9$!

,=�@8�,=D)8�0EE�?AB!AFG� H1 F>H90I9<HBJC>�
8 [8,9] �KI�;"J�GH)&�')&;6��� 9$!DLJC>�EE�?M
34�>�!+=E�'5- 8K3;6��� 8>�DFG:!+;E [10−11], L&
#FDLEE .�NB L2 M!*OP�"GQ#0 Lazarov :BI [12] �/"FJ��
DL�@�R8EE9=C"JGH)&;6��� �#FJ��DLEE .�NB
L2 M!*P��GQ#0NI;�K���� ��$% !O/LG� ��@�R 
89>��P;?<�# !O/J��DL�@�REE9>��S/"Q8�@�R 
8>���M�P/J��DL>�EE>�;6M�?,N!34�>�AB! L2 �F

>H9%=0!+=E�%=H'5T 8�8NH��DH0NI�EER@!DLEE
�6S�PA .�NP��GQ#0

OBU)� (1.1)–(1.5) �QCCP�")�VWH� R(e, p) BC� ε0 D�E .?
<+��# Lipstcitz FI��STB�&! C, * |εi| ≤ ε0 (1 ≤ i ≤ 4) /�

|R(e+ ε1, p+ ε2) −R(e+ ε3, p+ ε4)| ≤ C{|ε1 − ε3| + |ε2 − ε4|}. (1.6)

NI%X7*U@ 2 Y"$� (1.1)–(1.5) �>�EE(@ 3 Y"$Z<� �J3(
@ 4 Y;!+EE,NPGH�>(@ 5 Y"$!+H�0I�$(� C � ε �"'+"
J�&!�"J��Q��<RKK8�<R�[C0

2 !"#$%&'
UI Ω = (0, 1)2, #�L! M , � h = 1

M , ; Ω MK.� STE�N\J\K�
Ωh = {E}, 7U 1, � S�5V# h, TES#

P = (x1,i, x2,j) = (ih, jh), i, j = 0, 1, · · · ,M.

�

ω = {(x1,i, x2,j) : i, j = 0, 1, 2, · · · ,M}, ω = ω ∩ Ω , γ = ω\ω,
ω±

l = ω ∪ γ±l , γ±l = {x ∈ γ : cos(xi,n) = ±1},

�� n # ∂Ω �.$V8W�0XY�!�N Uh ## Ωh ���LGHWME�N�AM

O Uh ∈ H1
0 (Ω), {ϕP } # Uh �"PK0
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Z 1 P�[RZ

*�;OB9]Q Ωh �;RK� Ω∗
h . ;SS�EYS P , ��\�> P #YS�J\

S�F#J\S�V]^J\S_5��S�#<M!AT<J\S�CJZ��\�> P

#YS�����?`#> P #�]5V# h �� S�[#;2.YS P �;R.8�
�# E∗

i,j , ;5�S80^]Q;R.80\�;R.8XC Ωh �V];RK���# Ω∗
h .

aE�!�N Vh ## Ω∗
h ���L&!�N�AMOU5+77� {ϕP } # Vh �"PK0

; u ∈ H1
0 (Ω), )C?<\+8�

Πh : H1
0 (Ω) → Uh, Π ∗

h : H1
0 (Ω) → Vh,

�"MO
Πhu =

∑
P∈ω

u(P )ϕP (x), Π ∗
hu =

∑
P∈ω

u(P )ϕP (x).

)CB ω ���!#TE�!0;SS�TE�! φ, �

φi,j = φ(x1,i, x2,j), φi± 1
2 ,j = φ(x1,i± 1

2
, x2,j) = φ

(
x1,i ± h

2
, x2,j

)
,

φi,j± 1
2

= φ(x1,i, x2,j± 1
2
) = φ

(
x1,i, x2,j ± h

2

)
.

;")�! φ(P ), v(P ), P ∈ ω, OB)C7*�>�ER�M!

(φ, v)h =
∑
P∈ω

h2φ(P )v(P ), ‖φ‖0,h = (φ, φ)
1
2
h ;

(φ, v]l =
∑

P∈ω±
l

h2φ(P )v(P ), ‖φ�|l = (φ, φ]
1
2
l , l = 1, 2.

;TE�! φ(P ), OBJV7*�>��>W�b
i) WX>� ∆1φi,j = φi+1,j − φi,j , WX>W δx1φi,j = ∆1φi,j

h ;

ii) WI>� ∆1φi,j = φi,j − φi−1,j , WI>W δx1φi,j = ∆1φi,j

h ;
iii) �G�]>W

δx1x1φi,j =
∆1φi,j − ∆1φi,j

h2
.

B x2  W��0^�)C0
*�OBJV>�� H1- �

|φ|21,h = ‖δx1φ�|21 + ‖δx2φ�|22, ‖φ‖2
1,h = |φ|21,h + ‖φ‖2

0,h.
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#�L! N , /N/V ∆t = T
N , t

n = n∆t, n = 0, 1, · · · , N, ;ScB t = tn K�
)C��! φ(t), � φn = φ(tn). *�;� (1.1)–(1.5) ��_< !�",N>�0I
ψh, eh, ph : {t0, t1, · · · , tN} → Uh #_2. ψ, e, p �$^C0; n ≥ 0, Y en

h � pn
h 4=A�

ψn
h ,*��EEC)

−(δx1x1ψ
n
h,i,j + δx2x2ψ

n
h,i,j) =

α

h2

∫
E∗

i,j

(pn
h − en

h +N(x))dx, i, j = 1, 2, · · · ,M − 1. (2.1)

s1 s+1

s2

s+2

Z 2 �Z]� E∗
ij

*�;�# !,N>��>���# !#H0; P ∈ ω, B E∗
i,j �R� ! (1.2) ?

^�?;�N�!M2/ Green dE�8A∫
E∗

i,j

∂e

∂t
dx −

∫
∂E∗

i,j

De
∂e

∂n
ds+

∫
∂E∗

i,j

(−µeu · n)eds = −
∫

E∗
i,j

Rdx, (2.2)

�� u = −∇ψ '+�_[#� n # ∂E∗
i,j �.$V8W�0� ∂E∗

i,j = s+1 ∪ s+2 ∪ s1 ∪ s2, 7
U 2, T (2.2) E�U^@�M�@JM8`#

−
{∫

s+
1

+
∫

s+
2

+
∫

s1

+
∫

s2

}
De

∂e

∂n
dγ +

{∫
s+
1

+
∫

s+
2

+
∫

s1

+
∫

s2

}
(−µeu · n)edγ

= −
∫

s+
1

De
∂e

∂x1
dγ −

(
−
∫

s1

De
∂e

∂x1
dγ
)
−
∫

s2

De
∂e

∂x2
dγ −

(
−
∫

s2

De
∂e

∂x2
dγ
)

+
∫

s+
1

(−µeu1)edγ −
∫

s1

(−µeu1)edγ +
∫

s+
2

(−µeu2)edγ −
∫

s2

(−µeu2)edγ.

*�OB��;�E�V^_M�`$0ab�;.��M�OBW\cB*��`$

−
∫

s1

De
∂e

∂x1
dγ = −k1,i,j∆1ei,j +O(h2),

��
ke,1,i,j =

1
h

∫
s1

Dedγ.

�
be,1,i,j = −(µeu1)i− 1

2 ,j,
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;.;6M�7=/DL� 89`$��∫
s1

(−µeu1)edγ =
1
2
(be,1,i,jh− |be,1,i,jh|)ei,j +

1
2
(be,1,i,jh+ |be,1,i,jh|)ei−1,j +O(h)

= I1 +O(h),

P7=/�]>��dc9K3�T�∫
s1

(−µeu1)edγ = be,1,i,jh
ei,j + ei−1,j

2
+O(h2) = I2 + O(h2).

OB(B�]�e&?M;DLEE,NJ��9AB"F .�NP��GQ#�DL
EE�OBA?M*�� 89=(#"]�0X�

−
∫

s1

De
∂e

∂x1
dγ +

∫
s1

(−µeu1)edγ

= −ke,1,i,j∆1ei,j + I2 +O(h2)

= −
(
ke,1,i,j − 1

2
|be,1,i,jh|

)
∆1ei,j + I1 +O(h2)

= − ke,1,i,j

1 + |be,1,i,jh|
2ke,1,i,j

∆1ei,j

−
(
ke,1,i,j − 1

2
|be,1,i,jh| −

k2
e,1,i,j

ke,1,i,j + |be,1,i,jh|
2

)
∆1ei,j + I1 +O(h2)

= − ke,1,i,j

1 + |be,1,i,jh|
2ke,1,i,j

∆1ei,j +
b2e,1,i,jh

2∆1ei,j

4(ke,1,i,j + 1
2 |be,1,i,jh|)

+ I1 +O(h2)

= − ke,1,i,j

1 + |be,1,i,jh|
2ke,1,i,j

∆1ei,j + I1 +O(h2).

�K�>eOB^XAB\fY�EE�Y;/N�!MO/ Euler WI>W`$�T;�
��# !����# !�>�EE#UUI {ψn−1

h , en−1
h , pn−1

h } 4�� {en
h, p

n
h} ,*K

EEC)

1
h2

∫
E∗

i,j

en
h − en−1

h

∆t
dx− 1

h2

2∑
l=1

(K̃+
e,l,i,j∆le

n
h,i,j − K̃e,l,i,j∆le

n
h,i,j)

+
1

2h2
[(B+

e,1,i,jh− |B+
e,1,i,jh|)en

h,i+1,j + (B+
e,1,i,jh+ |B+

e,1,i,jh|)en
h,i,j]

− 1
2h2

[(Be,1,i,jh− |Be,1,i,jh|)en
h,i,j + (Be,1,i,jh+ |Be,1,i,jh|)en

h,i−1,j]

+
1

2h2
[(B+

e,2,i,jh− |B+
e,2,i,jh|)en

h,i,j+1 + (B+
e,2,i,jh+ |B+

e,2,i,jh|)en
h,i,j]

− 1
2h2

[(Be,2,i,jh− |Be,2,i,jh|)en
h,i,j + (Be,2,i,jh+ |Be,2,i,jh|)en

h,i,j−1]

= − 1
h2

∫
E∗

i,j

Rn−1
h dx, (2.3)
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1
h2

∫
E∗

i,j

pn
h − pn−1

h

∆t
dx− 1

h2

2∑
l=1

(K̃+
p,l,i,j∆lp

n
h,i,j − K̃p,l,i,j∆lp

n
h,i,j)

+
1

2h2
[(B+

p,1,i,jh− |B+
p,1,i,jh|)pn

h,i+1,j + (B+
p,1,i,jh+ |B+

p,1,i,jh|)pn
h,i,j ]

− 1
2h2

[(Bp,1,i,jh− |Bp,1,i,jh|)pn
h,i,j + (Bp,1,i,jh+ |Bp,1,i,jh|)pn

h,i−1,j]

+
1

2h2
[(B+

p,2,i,jh− |B+
p,2,i,jh|)pn

h,i,j+1 + (B+
p,2,i,jh+ |B+

p,2,i,jh|)pn
h,i,j ]

− 1
2h2

[(Bp,2,i,jh− |Bp,2,i,jh|)pn
h,i,j + (Bp,2,i,jh+ |Bp,2,i,jh|)pn

h,i,j−1]

= − 1
h2

∫
E∗

i,j

Rn−1
h dx, (2.4)

e0h = Πhe0, p0
h = Πhp0, (2.5)

��

Be,1,i,j = (−µeU
n−1
h )i− 1

2 ,j , B+
e,1,i,j = Be,1,i+1,j ,

K̃e,1,i,j =
ke,1,i,j

1 + |Be,1,i,jh|
2ke,1,i,j

, K̃+
e,1,i,j = K̃e,1,i+1,j .

�Z� fb0^

Rn−1
h = R(en−1

h , pn−1
h ).

 ! (2.1) � (2.3)–(2.5) XC!� (1.1)–(1.5) �!+98EE��98M!#U
i) , (2.5) 8A {e0h, p0

h}, \I, (2.1) 98 ψ0
h;

ii) ; n = 1, 2, · · · , N , UI {en−1
h , pn−1

h , ψn−1
h } 4=A��", (2.3) � (2.4) =$ en

h �

pn
h, \I, (2.1) =$ ψn

h .

3 ([)*
I Hm(Ω), Hm

0 (Ω) #?&� Sobolev �N� ‖ · ‖m � | · |m �"'+ Hm(Ω) ��_M
!��M!0

+, 3.1 B Uh �� | · |1,h � | · |1 "\( ‖ · ‖0,h � ‖ · ‖1,h �"] ‖ · ‖ � ‖ · ‖1 :g0

+, 3.2

i) (wh,Π ∗
hwh) = (wh,Π ∗

hwh), ∀wh, wh ∈ Uh;

ii) ` ‖|wh‖| = (wh,Π ∗
hwh)

1
2 , TB Uh �� ‖| · ‖| ] ‖ · ‖0,h � ‖ · ‖ :g0

- J3 3.1 �J3 3.2 �^5�+JC>�8_- [13], #$<`^50
*�OB;@ 2 Y�9$�EE,NPGH�>0� θ = ψh − Πhψ, ξe = eh − Πhe,

ζe = e− Πhe, ξp � ζp 0^0
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−(δx1x1θ
n
i,j + δx2x2θ

n
i,j) =

1
h2

∫
E∗

i,j

α(pn
h − pn + en − en

h)dx+
2∑

l=1

1
h

(χ+
l,i,j − χl,i,j), (3.1)

��
χl,i,j = δxl

ψn
i,j −

1
h

∫
sl

∂ψn

∂xl
dγ.

(3.1) ?^Ra> θn
i,jh

2 ? .YS P ∈ ω =��a/�Z=�dE�8A
|θn|21,h ≤ C{‖ξn

e ‖2 + ‖ζn
e ‖2 + ‖ξn

p ‖2 + ‖ζn
p ‖2}

+ε‖θn‖2
0,h + C

2∑
l=1

‖χl�|2l + ε|θn|21,h.

+, 3.3 I ψ ∈ H3(Ω), T�
‖χl�|l ≤ Ch2‖ψn‖3, l = 1, 2.

. )C+�+h
x1 = x1,i + z1h, x2 = x2,j + z2h,

TB-+h*���

E =
{
(x1, x2) : x1,i−1 < x1 < x1,i, |x2 − x2,j | < h

2

}
+C

Ê =
{
(z1, z2) : −1 < z1 < 0, |z2| < 1

2

}
.

;SS��! φ(x1, x2), �

φ̂(z1, z2) = φ(x1,i + z1h, x2,j + z2h).

B*��^5�OBAbc�D n. ,)C

χ1,i,j =
1
h

{
ψ(x1,i, x2,j) − ψ(x1,i−1, x2,j) −

∫ x2,j+ 1
2

x2,j−1/2

∂ψ

∂x1
(x1,i− 1

2
, x2)dx2

}

=
1
h

{
ψ̂(0, 0) − ψ̂(−1, 0) −

∫ 1
2

− 1
2

∂ψ̂

∂z1

(
− 1

2
, z2

)
dz2
}

=
1
h
I,

X� I & ψ̂ ∈ H3(Ê) �GHb��

|I| ≤ C0‖ψ̂‖3,E ,

A� I = 0, ; ψ̂ = 1, z1, z2, z2
1 , z

2
2 , z1z2, .&�, Bramble-Hilbert J3 [14] �R�+h�O

B�
|I| ≤ C0|ψ̂|3,Ê ≤ C0h

2|ψ|3,E ,
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a-
|χ1,i,j | ≤ Ch|ψ|3,E ,

.&OBAB

‖χ1�|1 =

( ∑
x∈ω+

1

h2χ2
l,ij

) 1
2

≤ Ch2

( ∑
x∈ω+

1

|ψ|23,E

) 1
2

≤ Ch2|ψ3|.

; χ2,i,j �0^�%=�J3A^0
a/J3 3.1, J3 3.3 ^\+34�OBAB*��H9E

‖θn‖1,h ≤ C{‖ξn
e ‖ + ‖ξn

p ‖ + h2}. (3.2)

�QH9�# !0,._2.���# !����# !�!+EEP�g_0
^�SE�\>OB*�AO; (2.3) ,Nhi��>0B*��M!��#*."+�O
BAbcX�\)C�fb B ^ K �*D�� e, S Bl,i,j = Be,l,i,j , ::0�

Wl,i,j = −
(
K̃l,i,j +

1
2
|Bl,i,jh|

)
δxl
en

h,i,j , l = 1, 2,

wl,i,j = −
(
k̃l,i,j +

1
2
|bl,i,jh|

)
δxl
en

i,j , l = 1, 2,

W+
1,i,j = W1,i+1,j , W+

2,i,j = W2,i,j+1,

w+
1,i,j = w1,i+1,j , w+

2,i,j = w2,i,j+1,

V1,i,j =
1
2
B1,i,j(en

h,i,j + en
h,i−1,j), V2,i,j =

1
2
B2,i,j(en

h,i,j + en
h,i,j−1),

V +
1,i,j = V1,i+1,j , V +

2,i,j = V2,i,j+1,

v1,i,j =
1
2
b1,i,j(en

i,j + en
i−1,j), v2,i,j =

1
2
b2,i,j(en

i,j + en
i,j−1),

v+
1,i,j = v1,i+1,j , v+

2,i,j = v2,i,j+1.

, (1.2) � (2.3) 8A���# !�F> !#

1
h2

∫
E∗

i,j

ξn
e − ξn−1

e

∆t
dx+

2∑
l=1

1
h

(W+
l,i,j −Wl,i,j) −

2∑
l=1

1
h

(w+
l,i,j − wl,i,j)

+
2∑

l=1

1
h

(V +
l,i,j − Vl,i,j) −

2∑
l=1

1
h

(v+
l,i,j − vl,i,j)

=
1
h2

∫
E∗

i,j

(∂en

∂t
− en − en−1

∆t

)
dx+

1
h2

∫
E∗

i,j

ζn
e − ζn−1

e

∆t
dx

+
1
h2

∫
E∗

i,j

(Rn −Rn−1
h )dx +

2∑
l=1

1
h

(η+
l,i,j − ηl,i,j) +

2∑
l=1

1
h

(ρ+
l,i,j − ρl,i,j), (3.3)
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��
ηl,i,j =

1
h

[ ∫
sl

−De
∂en

∂xl
dγ − hwl,i,j

]
, η+

l,i,j =
1
h

[ ∫
s+

l

−De
∂en

∂xl
dγ − hw+

l,i,j

]
,

ρl,i,j =
1
h

[ ∫
sl

(−µeul)endγ − hvl,i,j

]
, ρ+

l,i,j =
1
h

[ ∫
s+

l

(−µeul)endγ − hv+
l,i,j

]
.

(3.3) ?^Ra> ξn
e,i,jh

2 ? . P ∈ ω =��a/�Z=�dE�AB
∑
P∈ω

∫
E∗

i,j

ξn
e − ξn−1

e

∆t
dxξn

e,i,j −
2∑

l=1

∑
P∈ω+

l

(Wl,i,j − wl,i,j)δxl
ξn
e,i,jh

2

=
∑
P∈ω

∫
E∗

i,j

(∂en

∂t
− en − en−1

∆t

)
dxξn

e,i,j +
∑
P∈ω

∫
E∗

i,j

ζn
e − ζn−1

e

∆t
dxξn

e,i,j

+
∑
P∈ω

∫
E∗

i,j

(Rn −Rn−1
h )dxξn

e,i,j −
2∑

l=1

∑
P∈ω+

l

ηl,i,jδxl
ξn
e,i,jh

2

−
2∑

l=1

∑
P∈ω+

l

ρl,i,jδxl
ξn
e,i,jh

2 +
2∑

l=1

∑
P∈ω+

l

(Vl,i,j − vl,i,j)δxl
ξn
e,i,jh

2

=
6∑

m=1

Tm, (3.4)

*�bMH9 (3.4) U^�V^_M0
;.U^@"M�,J3 3.2, �
∑
P∈ω

∫
E∗

i,j

ξn
e − ξn−1

e

∆t
dxξn

e,i,j =
(ξn

e − ξn−1
e

∆t
,Π ∗

h ξ
n
e

)
≥ 1

2∆t
(‖|ξn

e ‖|2 − ‖|ξn−1
e ‖|2). (3.5)

#!H9 (3.4) U^@�M�OB9$7*idUI
max
P∈ω+

1

|un−1
h1,i− 1

2 ,j
| + max

P∈ω+
2

|un−1
h2,i,j− 1

2
| ≤ C1, 1 ≤ n ≤ L, (3.6)

�� L ≥ 1 #�L!0a/�KUI?cSBOB;EE�XdM!�OB�c

K̃l,i,j +
1
2
|Bl,i,jh| =

kl,i,j

1 + |Bl,i,jh|
2kl,i,j

+
1
2
|Bl,i,jh| = kl,i,j + C1(x)h2,

k̃l,i,j +
1
2
|bl,i,jh| =

kl,i,j

1 + |bl,i,jh|
2kl,i,j

+
1
2
|bl,i,jh| = kl,i,j + C2(x)h2,

�� C1(x) ∼ (µeu
n−1
h,l )2, C2(x) ∼ (µeu

n
l )2. .&��

−(Wl,i,j − wl,i,j) = kl,i,jδxl
ξn
e,i,j + C1(x)δxl

en
h,i,jh

2 − C2(x)δxl
en

i,jh
2,
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�

−
2∑

l=1

∑
P∈ω+

l

(Wl,i,j − wl,i,j)δxl
ξn
e,i,jh

2

≥ C0

2∑
l=1

‖δxl
ξn
e �|2l −

2∑
l=1

∑
P∈ω+

l

C1(x)(δxl
ξn
e,i,j)

2h4

−
2∑

l=1

∑
P∈ω+

l

|(C1(x) − C2(x))||δxl
en

i,jδxl
ξn
e,i,j |h4

≥ 3
4
C0|ξn

e |21,h − C(C1)h4. (3.7)

*�H9 (3.4) V^_M0; T1 � T2, ^XAB7*�H9

|T1| ≤ 1
2

∫ tn

tn−1

∥∥∥∥∂2e

∂t2

∥∥∥∥2

dt∆t+
1
2
‖ξn

e ‖2
0,h, (3.8)

|T2| ≤
∥∥∥∥ζn

e − ζn−1
e

∆t

∥∥∥∥ ‖ξn
e ‖0,h ≤ C{h4 + ‖ξn

e ‖2
0,h}. (3.9)

; T3, ,77 (1.6) ^\+34�OBAB
|T3| ≤ C{‖ξn−1

e ‖2 + ‖ξn−1
p ‖2 + h4 + (∆t)2}. (3.10)

#!H9 T4 � T5, OBab"$7*�J30
+, 3.4 I e, p ∈ H3(Ω), µe, De ∈ W 1∞(Ω), T�

‖ηl�|l ≤ Ch2‖en‖3, l = 1, 2, (3.11)

‖ρl�|l ≤ Ch2‖en‖2, l = 1, 2. (3.12)

. OBee/J3 3.3 ��+h^_ ��b�?bc�D n. ab^5 (3.11) E0,
)C

η1,i,j =
1
h

{(
k̃1,i,j +

1
2
|b1,i,jh|

)
(ei,j − ei−1,j) −

∫
s1

De
∂e

∂x1
dγ
}
,

, Taylor e:)3A

k̃1,i,j +
1
2
|b1,i,jh| =

k1,i,j

1 + 1
2 |b1,i,jh|/k1,i,j

+
1
2
|b1,i,jh|

= k1,i,j + C1(x)h2, C1(x) ∼ b21(x),

.&

η1,i,j = C1(x)h(ei,j − ei−1,j) +
1
h

{
k1,i,j(ei,j − ei−1,j) −

∫
s1

De
∂e

∂x1
dγ
}
. (3.13)
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; (3.13) V^@"M�,I [12] �
|ei,j − ei−1,j | ≤ C(|e|1,E + h2|e|3,E).

; (3.13) V^@�M�� {} ��Z�# I, e/J3 3.3 ��+h�?)C

a =
∫ 1

2

− 1
2

D̂e

(
−1

2
, z2

)
dz2, b =

∫ 1
2

− 1
2

∫ 0

−1

∂ê

∂z1
(z1, z2)dz1dz2,

OBAB I = I1 + I2, #$

I1 =
1
h
a
[
ê(0, 0) − ê(−1, 0) −

∫ 1
2

− 1
2

∂ê

∂z1

(
− 1

2
, z2

)
dz2
]
,

I2 =
1
h

∫ 1
2

− 1
2

[
a− D̂e

(
− 1

2
, z2

)][ ∂ê
∂z1

(
− 1

2
, z2

)
− b
]
dz2,

�� I2 �a/! ∫ 1
2

− 1
2

[
a− D̂e

(
− 1

2
, z2

)]
bdz2 = 0.

; I1, a/J3 3.3 ��^5 8�XA
|I1| ≤ C0|De|0,∞h|e|3,E.

; I2, a/Rf� 8��

|I2| ≤ C0h
−1 sup

(z1,z2)∈Ê

∣∣∣∂D̂e

∂z2

∣∣∣( ∫ ∫
Ê

((∂2ê

∂z2
1

)2

+
( ∂2ê

∂z1∂z2

)2)
dz1dz2

) 1
2

≤ C0|De|1,∞h|e|2,E.

a-�g)>�H9�OBAB

|η1,i,j | ≤ Ch

3∑
k=2

|e|k,E ,

.&
‖η1�|1 =

( ∑
x∈ω+

1

h2η2
l,ij

) 1
2

≤ Ch2

( ∑
x∈ω+

1

‖e‖2
3,E

) 1
2

≤ Ch2‖e3‖.

; η2 �0^�H9E0h-� (3.11) A^0
*�OB^5 (3.12). ,)C

ρ1,i,j =
1
h

∫ x2,j+ 1
2

x2,j− 1
2

b1(x1,i− 1
2
, x2)e(x1,i− 1

2
, x2)dx2 − b1,i− 1

2 ,j

ei,j + ei−1,j

2

= b̂1

(
− 1

2
, 0
) ê(0, 0) + ê(−1, 0)

2
−
∫ 1

2

− 1
2

b̂1

(
− 1

2
, z2

)
ê
(
− 1

2
, z2

)
dz2,
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,I [12] ��J3 3.4, OBAB

|ρ1,i,j | ≤ Ch‖e‖2,E,

.&�
‖ρ1�| ≤ Ch2‖e‖2.

; ρ2 �0^�%=CQ�S (3.12) ECQ0J3^d0
a/J3 3.4, OB8>; T4 � T5 i7*�H9

|T4 + T5| ≤ C

2∑
l=1

(‖ηl�|2l + ‖ρl�|2l ) + ε|ξn
e |21,h ≤ Ch4 + ε|ξn

e |21,h. (3.14)

*�OB9H9 (3.4) EV^AI"M0a/idUI (3.6), �

|V1,i,j − v1,i,j | =
1
2
|µe,i− 1

2 ,j | ·
∣∣un−1

h,1,i− 1
2 ,j

(en
h,i,j + en

h,i−1,j) − un
1,i− 1

2 ,j(e
n
i,j + en

i−1,j)
∣∣

≤ C(C1){|ξn
e,i,j | + |ξn

e,i−1,j | + h2 + ∆t+ |δx1θ
n
i,j |},

.&�; T6, OB8>AB
|T6| ≤ C(C1){‖ξn

e ‖2
0,h + ‖ξn−1

e ‖2
0 + ‖ξn

p ‖2
0 + h4 + (∆t)2} + ε|ξn

e |21,h. (3.15)

(B�OBAB! (3.4) EU^�V^\�_M�H9�A#jH9%=7V (3.4) E�
?# ε OjQ�8A

1
2∆t

{‖|ξn
e ‖|2 − ‖|ξn−1

e ‖|2} +
C0

2
|ξn

e |21,h

≤ C(C1)
{
‖ξn

e ‖2
0,h + ‖ξn−1

e ‖2
0,h + ‖ξn−1

p ‖2
0,h +

∫ tn

tn−1

∥∥∥∥∂2e

∂t2

∥∥∥∥2

dt+ h4 + (∆t)2
}
. (3.16)

(3.16) ?^Ra> 2∆t ? . n e 1 B L =��?a/J3 3.2, A

‖ξL
e ‖2

0,h + ∆t
L∑

n=1

|ξn
e |21,h ≤ C(C1)

{
L∑

n=0

‖ξn
e ‖2

0,h∆t+
L∑

n=0

‖ξn
p ‖2

0,h∆t+ h4 + (∆t)2
}
. (3.17)

R3�;���# !�0^�H9%=

‖ξL
p ‖2

0,h + ∆t
L∑

n=1

|ξn
p |21,h ≤ C(C1)

{
L∑

n=0

‖ξn
e ‖2

0,h∆t+
L∑

n=0

‖ξn
p ‖2

0,h∆t+ h4 + (∆t)2
}
. (3.18)

A (3.17) � (3.18) ?E_k�?a/>�� Gronwall J3�T8AB

‖ξL
e ‖2

0,h + ‖ξL
p ‖2

0,h + ∆t
L∑

n=1

(|ξn
e |21,h + |ξn

p |21,h) ≤ C(C1){h4 + (∆t)2}. (3.19)

`, (3.2), �
‖θL‖1,h ≤ C(C1){h2 + ∆t}. (3.20)
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*�OBE^idUI (3.6). OBIK�f!MO7* )
∆t = o(h). (3.21)

,.OBAIAB�F>H9%=& O(h2 + ∆t), a-UI (3.21) &)3�0, (2.6), �
ξ0e = ξ0p = 0, .&, (3.2)�fH9>^ (3.21)� (3.6); L = 1CQ(UI (3.6); 1 ≤ L < N

CQ�T, (3.21) �fH9>^ (3.21) � (3.6) ; L+ 1 CQ�,idUIj3� (3.6) ;\
�� 0 ≤ n ≤ N �CQ�S C1 #�K�f!k ��&!0a/J3 3.1 ?g)\+F>
H9�OBAB*��)3

/, I {e, p, ψ} &� (1.1)–(1.5) �QCC� e, p ∈ H3(Ω), ψ ∈ H3(Ω), {eh, ph, ψh} &
,!+98EE (2.1) >^ (2.3)–(2.5) C)�!+C�T�F>H9

max
0≤n≤ T

∆t

{‖e− eh‖(tn) + ‖p− ph‖(tn) + h‖ψ − ψh‖1(tn)} ≤ C{h2 + ∆t}. (3.22)

4 0123
��7*� 

∂u

∂t
+ k

∂u

∂x
+ k

∂u

∂y
= ε

∂2u

∂x2
+ ε

∂2u

∂y2
, (x, y) ∈ (0, 2) × (0, 2), t > 0, (4.1)

�QCC#

u(x, y, t) =
1

4t+ 1
exp

(
− (x− kt− 0.5)2

ε(4t+ 1)
− (y − kt− 0.5)2

ε(4t+ 1)

)
.

OB/NI9$�J�DL�@�R8 8=C� (4.1), %=+' 1 �' 2, ��
E = u − uh #F>�!� ‖E‖l2 '+F>�>� L2 M!� rate '+F>*l�� β '+

F> . h �G!0' 1 "$�&��M)! ε = 0.2 �;6M)! k = 0.2 /�%=(' 2
"$�&��M)! ε = 0.2 �;6M)! k = 10 /�%=0%='5�?Fhi*� 8
g&l)�PG��@"Fhi*�PGGh. 2, @�Fhi*�S*� &;656�
/m�PGGQ. 2, PAfYnQ�/VijjB�@"Fhi0^�Q#�#Hm5;
656� ;!+ 8�Y=no0

k 1 ε = 0.2, k = 0.2, ∆t
h2 = 1, t = 0.125

M 8 16 32 64

‖E‖l2 0.67250 × 10−2 0.17479 × 10−2 0.44062 × 10−3 0.88263 × 10−4

rate 1.94 1.99 2.31
β 3.61 3.05 2.78 2.69

k 2 ε = 0.2, k = 10, ∆t
h2 = 1, t = 0.78125 × 10−2

M 32 64 128 256

‖E‖l2 0.21541 × 10−1 0.68665 × 10−2 0.20051 × 10−2 0.52896 × 10−3

rate 1.65 1.78 1.92
β 1.38 1.44 1.49 1.55
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MODIFIED UPWIND FINITE VOLUME SCHEME

FOR SEMICONDUCTOR DEVICE

YANG Qing

(School of Mathematics Science, Shandong Normal University, Jinan 250014)

Abstract The mathematical model of the semiconductor device is described by the
initial boundary value problem for a system of three quasilinear partial differential equations,
where the electrostatic potential equation is elliptic, the electronic conservation equation and
the hole concentration equation are convection-dominated diffusive. The electrostatic potential
equation is approximated with the aid of finite volume method, while the electron and hole
concentration equations are approximated with modified upwind finite volume schemes. Error
order O(h+ ∆t) in H1-norm and error order O(h2 + ∆t) in L2-norm are obtained, respectively
for potential and concentration.

Key words Semiconductor device, initial boundary value problem, upwind scheme, finite
volume method, error estimates.


