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2 $%D&EF'()*GH+I,-
HI.JSN SISO TO?=)�� [8]⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ẋ1 = x2,
...

ẋn−1 = xn,
ẋn = f(X, t) + b(X, t)u(t) + d(t),
y = x1,

(1)

�J&02P3 X = (x1, x2, · · · , xn)T = (x, ẋ, · · · , x(n−1))
T
, u(t) ���QR7 y ���

�Q"!K5 b(X, t) %%KL�& f(X, t) �#<1�5�L�S
|f(X, t) − f∗(X, t)| ≤ F (X, t), (2)

�J& f∗(X, t) % f(X, t) �MNL&S5 F = fmax−fmin

2 . OT& d(t) �TUU&K5��
TUU d(t) 5�&PM

|d(t)| ≤ D(t). (3)

��������3 f(X, t) #<1(V3TUU d(t) �ÆQV6��02WNOW5
1�XHP3 Xd =

(
xd, ẋd, · · · , x(n−1)

d

)T

RP6��Q" y(t) WNXHXS yr(t), Y6�

�Z[11ST5D?�)!!Y5WN38% e = y(t) − yr(t) = x1 − xd, +��L�

S(t) =
(

d
dt

+ λ

)n−1

e = λ1e1 + λ2e2 + · · · + λn−1en−1 + en, (4)

ZJ e1 = e, e2 = ė1 = ė, e3 = ė2 = e(2), · · · , en = ėn−1 = e(n−1), λ �.Q�& d
dt %[\\

R&3� λ1, λ2, λ3, · · · , λn PMU]]S11^^Z [9]: λn−1 +Cn−1λ
n−2 + · · ·+C2λ+C1.

TÆ 1 >6Z (1) E=D���&+Z (4) ���L�&;*��QRXS+%
u(t) = b−1(X, t)[ueq − k(X, t)sgn(S(t))], (5)

ZJ
ueq = −f∗(X, t) −

n−1∑
i=1

λiei+1 + x
(n)
d ,

k(X, t) = F (X, t) + D(t) + ε, (ε > 0). (6)

+4IV2V3S;_!
. Z (4) >�@_=

Ṡ(t) = λ1ė1 + λ2ė2 + · · · + λn−1ėn−1 + ėn

= λ1e2 + λ2e3 + · · · + λn−1en + ėn. (7)

+ Lyapunov L� V = 1
2 S2, +

V̇ = SṠ = S(λ1e2 + λ2e3 + · · · + λn−1en + ėn)

= S

(
n−1∑
i=1

λiei+1 + ėn

)
= S

(
n−1∑
i=1

λiei+1 + x
(n)
1 − x

(n)
d

)
. (8)
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GCZ (1) ;K
x

(n)
1 = ẋn = f(X, t) + b(X, t)u + d(t). (9)

ÆZ (9) 2`Z (8) ;6

V̇ = S

( n−1∑
i=1

λiei+1 + f(X, t) + b(X, t)u + d(t) − x
(n)
d

)

= S

( n−1∑
i=1

λiei+1 + f(X, t) + b(X, t)b−1(X, t)(ueq − k(X, t)sgn(S(t)) + d(t) − x
(n)
d

)

= S

( n−1∑
i=1

λiei+1 + f(X, t) + ueq − k(X, t)sgn(S(t)) + d(t) − x
(n)
d

)
= S(f(X, t) − f∗(X, t) − (F (X, t) + D(t) + ε)sgn(S(t)) + d(t))

= S(f(X, t) − f∗(X, t) + d(t)) − (F (X, t) + D(t) + ε)|S|

≤ |S|(f(X, t) − f∗(X, t) + d(t)) − (F (X, t) + D(t) + ε)|S|

< −ε|S|.

GC4IV2`_aY

V (x) =
1
2

S2, V̇ (x) < 0,

;K1Z 1 ��[�Q<�!

3 /HU0VWG1X
3'*�+(.a�0"*�+1: β #��4(L� sat( s

β ) 2'Z (5) J�\7L
� sgn(S), GC K(X, t) �#�bL<1*�+1: β, BC;(44� &9/�:Y��
��1238!;*'+01238&]cZ+0*�+�1: β, <Æ9#!5,C44
� !;�*�+(�GC#<1)�0)TUU��0(��1238@HI2K[*�
+�1:&\_#]�*�+1:&^_+0� (PM��1238&�d���A ,
*!34V���e"1^.f*�+1:;b�@�`�4(()B B(t),

B(t) = {X(t), |S(t)| < β(t)}, (10)

�J& β(t) �76�@ t �L�&gc*�+�1:!>6��Z (1) #>&;Jd3'�
*�+(&0"*�+1:�`�4(L�2'��QRXS u(t) J�\7L� sgn(S)

u(t) = b−1(X, t)(ueq − k̂(X, t)sat(S(t), β(t))), (11)

ZJ
ueq = −f∗(X, t) −

n−1∑
i=1

λiei+1 + x
(n)
d , (12)

k̂(X, t) = F (X, t) + D(t) + ε − β̇(t), ε > 0. (13)
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4(()L� sat(S(t),�(t)) �1^;V

sat(S(t), β(t)) =

⎧⎨⎩
S(t)
β(t)

, |S(t)| ≤ β(t),

sgn(S(t)), |S(t)| ≥ β(t).
(14)

:Z (6) (Z (13) ;K
k̂(X, t) = k(X, t) − β̇(t). (15)

h���02,-3 |S(t)| > β(t) .,�&��(),/63'������&'Z_4(
B B(t) T���02,->aie`a4(Bbj&cZPMV�4VV3aY [5]

1
2

d
dt

(S2(t)) = SṠ ≤ (β̇(t)) − ε)|S(t)|, (ε%.Q�b:3�). (16)

kc1Z 1 �_c$(&>fd_c��PM4VV3aYZ (16); h���02,-3
|S(t)| ≤ β(t) .,�&0"�*�4(()2'\7()&*�+1:;(I2J�&<Æ
#d!+�������� &9!PM��1238�@H&5,BE)3'*�+(�
F/!

4 )*234eGf5
h���02,-3 |S(t)| ≤ β(t) .,�&0")�*�4(I2()&FG�")V

Def1Z&A")��1238)*�+1:>@�13=D&%!";�*�+(�l
)Z[gC!

TÆ 2 Y>6i�>�Z (1) 0";�*�+(fg��&��PM4VV3aY
Z&+*�+1: β(t) hVg$mhi

β̇(t) = −γβ(t) + k(Xd, t), (17)

ZJ
γ =

k̂(Xd, t)
β(t)

.

. h |S(t)| ≤ β(t) �&:Z (1), Z (7), Z (11) (Z (14) fd6`

Ṡ(t) =
n−1∑
i=1

λiei+1 − xd(n) + f(X, t) + b(X, t)u + d(t)

= − k̂(X, t)
β(t)

S(t) − ∆f∗(X, t) + d(t),

ZJ
∆f(X, t) = f(X, t) − f∗(X, t).

Æ Ṡ 3 X = Xd nkjhi�i\&+.6"d&�jd6^ Y% o(ξ), 5

Ṡ(t) = − k̂(Xd, t)
β(t)

S(t) − ∆f(Xd, t) + d(t) + o(ξ), (18)
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ZJ& o(ξ) ;j; Xd 2' X op7�d6kl0!k γ = k̂(Xd,t)
β(t) , k:Z (15) ;K

β̇(t) = −γβ(t) + k(Xd, t).

TÆ 3 Y>6i�>�Z (1) 0";�*�+(��&+PM���123806A
1L em �q\aY�4(()1: β(t) �$m β̇(t) = −γβ(t) + k(Xd, t) J�X� γ cZ
PM

γ >
max
∀t

(F (Xd, t) + D(t))

λn−1em
. (19)

. :Z (18), ��3 |S(t)| ≤ β(t) .,b& −∆f(Xd, t) + d(t) + o(ξ) l%QR& S(t)
l%Q"�,,lm;m 1 Ec!:6 o(ξ) %d6kl0&oZ (19) <1� γ L�.fr
n&7s3V��\oJ;(m o(ξ) no&m 1 EcQ" S(t) )QR −∆f(Xd, t) + d(t) >
@�7�%

S(s) =
1

s + γ
(−∆f(s) + d(s)). (20)

GCmL1Z;K

lim
t→∞S(t) = lim

s→0
sS(s) = lim

s→0

s

s + γ
(−∆f(s) + d(s))

= lim
s→0

1
s + γ

lim
s→0

s(−∆f(s) + d(s))

=
1
γ

lim
t→∞(−∆f((Xd, t) + d(t))

≤
max
∀t

(F (Xd, t) + D(t))

γ
.

6�&���124V38 S∞ !.3VD�rnb

S∞ ≤
max
∀t

((F (Xd, t), t) + D(t))

γ
. (21)

:Z (4) ;K

em = lim
t→∞ e(t) = lim

s→0
se(s) = lim

s→0
s

1
(s + λ)n−1

S(s)

=
1

λn−1
lim
s→0

sS(s) =
1

λn−1
lim

t→∞S(t) =
1

λn−1
S∞. (22)

:Z (21) (Z (22) ;(H="

γ >
max
∀t

(F (Xd, t) + D(t))

λn−1em
.
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p 1 qpqP��rp

−∆f(Xd, t) + d(Xd, t) + σ(ξ)
1
S

S(t)

γ

t
s

e(t)

p 2 �����

e(t)

t
s

p 3 ��
���
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5 n678
HI;V?=)��⎧⎨⎩

ẋ1 = x2,
ẋ2 = −(1 + 0.25 sin t)x2

1 + u + sin(2t),
y = x1.

(23)

:Z (23) ;Kt
d(t) = sin(2t), f∗(X, t) = −x2

1, ∆f(X, t) = −0.25x2
1 sin t,

b(X, t) = 1, F (X, t) = 0.25x2
1, D(t) = 1.

K5XHQ"XS%
yr = Xd = sin(2t); λ = 2,

+4V���%
S(t) = 2e1(t) + e2(t) = 2e(t) + ė(t),

�J e(t) = e1(t) = x1 − xd = y − yr, ��'_�38@H em = 0.1. Frs0"N\top
MATLAB/SIMULINK fg)Tq&Tq� x1(0), x2(0), β(0) ( ε \u+ 5, -0.45, 0.2 ( 0.2,
N\t0Æ�@+% 1ms. ;�*�+(�5N;Vt

(1) GC1Z 3 N\ γ L
max
∀t

(F (xd, t) + D(t)) = 0.25 sin2(2t) + 1 = 1.25,

γ >
1.25

2 × 0.1
= 6.25, +γ = 7.

(2) :Z (11) ;<1��vo
u(t) = x2

1 − 2x2 − 4 sin(2t) + 4 cos(2t) − k̂(X, t)sat(s(t), β(t)),

ZJ
k̂(X, t) = 0.25x2

1 + 1.2 − β̇(t).

:1Z 2 ;<1*�+1: β(t) �hi$m%
β̇(t) = −7β(t) + 0.25 sin2(2t) + 1.2.

�Tq�*;m 2, m 3 Ec!wmJ;(j"��3�� cs"#&YS1238/_
`)OW5N�'_!

6 + 9
FGr>.JSN SISO TO?=)��&�").=;�*�+(&A")����

����1238)*�+1:>@��?7�&GC<=7�;5N"*�+1:I2
�`�4(()!N\tTqrs�*gc.$(5,BE)x�*�+(�F/&>?C
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CHATTERING REDUCTION USING VARIABLE BOUNDARY

LAYER SOLUTION IN A CLASS OF NONLINEAR VARIABLE

STRUCTURE SYSTEMS

LI Junhong LI Lanjun YANG Wujiao

(Faculty of Electrical Engineering, Nanhua University, Hengyang 421001)

Abstract A new method, variable boundary layer solution, is proposed in this paper
for a class of nonlinear variable structure systems to restrain the chattering. The mathemat-
ical relationship between the static errors and the width of saturating property is presented.
The saturating property with time-varying boundary layer width can be designed through the
specification of the static errors, which can not only reduce the chattering in the system but
also simultaneously satisfy the specification of the static errors. The simulation results show
the validity of the method.

Key words Variable structure control, nonlinear systems, boundary layer, chattering.


