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1 � �
���� T ����� !" N + 1(N #$%�) �&��� "'(�#)# Bethe

�"$* TB,N . (��+,%-�� *#&� ('#&), ($# o.  σ, τ #��!��
 "") τ ./#* o + σ �0-$%�"'$ τ ≤ σ, &$ |σ| #1'$%��� �,-
(2�!�� σ, τ , $ σ ∧ τ #)3

σ ∧ τ ≤ σ, σ ∧ τ ≤ τ

* o 45�� ,
") σ �= o, σ ≤ σ, |σ| = |σ| − 1, '(�# σ # σ �6� "+7,."& o " N + 1 �

6� "-.� " N �6� ,
(�/0812�3-9���/ Cayley �"$* TC,N . : TC,N �"&� " N �

&�� "0-.� " N + 1 �&�� "14" Cayley ��� !" N �6� ,2
N = 1 0" TC,1 1#34%�;5,:5<=" TB,N 6 TC,N !$* T .

") |σ| = n, (�#� σ :� T �7 n 8�,$ T (n) #9:6;7 0 8+7 n 8�

4"� �<="$ Ln #7 n 8��4"� �<=,$ s(σ) #� σ �4"6� �
<="+7,."") T 7 Bethe �"' |s(o)| = N + 1, |s(σ)| = N(σ �= o), ") T 7 Cayley
�"' |s(σ)| = N .

 (Ω ,F)#Æ>8?"{Xσ, σ ∈ T }#%>: (Ω ,F)&9?/@:8? S = {0, 1, · · · , b−
1} (b#$%�)�;@A<A,µ#-B=>C"(�# µ#� T ��;@D,$ {Xσ, σ ∈ T }
: µ B�EF# µ(XT (n)

= xT (n)
) = µ(xT (n)

).
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J� 1[1]  T #���" S #@:8?" {Xσ, σ ∈ T } #%>:B=8? (Ω ,F , P )
�9?/ S �;@A<A" 

p = {p(x), x ∈ S} (1)

# S ��-�EF"
P = (P (y|x)), x, y ∈ S (2)

# S2 ��;@HK"")-(2!�� σ, τ ,

P (Xσ = y|Xσ = x 6 Xτ )3 σ ∧ τ ≤ σ) = P (Xσ = y|Xσ = x) = P (y|x), x, y ∈ S (3)

&
P (X0 = x) = p(x), x ∈ S, (4)

'# {Xσ, σ ∈ T } #:B=>C P BI"OJEF (1) 6LMHK (2) (: S =9?��N
PKLM,

$ {Xσ, σ ∈ T } :B=>C P B�EF# P (XT (n)
= xT (n)

) = P (xT (n)
), +7,."�

{Xσ, σ ∈ T } :B=>C P B#�NPKLM"'

P (xT (n)
) = p(x0)

∏
τ∈L1

P (xτ |x0)
∏

σ∈L1

∏
τ∈s(σ)

P (xτ |xσ) · · ·
∏

σ∈Ln−1

∏
τ∈s(σ)

P (xτ |xσ). (5)

#QNROOP"PBS% µ(xT (n)
) #QT$�,

� 1 2 T # Cayley �0" - N = 1, R (5) S

P (xT (n)
) = P (X0 = x0, · · · , Xn = xn) = p(x0)

n∏
m=0

P (xm+1|xm).

17KLM�U5T<EF,
J� 2[2]  {Xσ, σ ∈ T } 7%>:Æ>8? (Ω ,F) &: S =9?�;@A<A"-

(2 x, y ∈ S, " p(x) > 0 & P = (P (y|x)) #$�;@HK" µ, P # (Ω ,F) ��!�B=
>C"-= {Xσ, σ ∈ T } : P B#�NPKLM,Q

ϕn(ω) =
µ(XT (n)

)
P (XT (n))

, (6)

ϕ(ω) = lim sup
n→∞

1∣∣T (n)
∣∣ ln ϕn(ω), (7)

ϕ(ω) ##VR-�STÆ,
� 2 UT2 µ = P 0 ϕ(ω) ≡ 0, RBUVV 1 ÆP,.":-WWXBX" ϕ(ω) ≥ 0

µ − a.s., Y ϕ(ω) Æ*# T ��(2 Markov ;@DZR�-9C<,
�YWRZ[XV\YVZ"B=2[[\2\�]^]], Berger 6^=_`^6

�_�`9aa;@D�b=_:c [3], )`^=_d Berger e`^6�� PPG aA[b
b;@D� Shannon-McMillan %V [4]. Benjamini 6 Peres Vc6�NPKLM�Bd"&
`^6-cdc6efcdc [1]. RZ["ghe`^6����Æ5��KLM�ffi
cjd����"i��KLM�fg�%g6VRhEc (AEP)[5], ghe6^=_`^
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6����Æ53��KLM�fficjd����"i3��KLM�fg�%g6
VRhEc [6], j<6lkm`^6l/ Cayley ��(2;@D6KLMD�flm%V
(n< [2]).

5<moVcVR-�STÆ*#����(2 Markov ;@DZR�-9C<"mo
pno�qr"sn6l/;@D�-oflm (8#plm) %V,4tu2p]6< [2]
�qru),
�s 1[2]  µ1 d µ2 7 (Ω ,F) ��!�B=>C" D ∈ F , {τn, n ≥ 1} 7-5$?

;@A<;5qt
lim inf
n→∞

τn∣∣T (n)
∣∣ > 0, µ1 − a.e./ D, (8)

'
lim sup

n→∞
1
τn

ln
µ2(XT (n)

)
µ1(XT (n))

≤ 0, µ1 − a.e./ D. (9)

� 3 Q µ1 = µ, µ2 = P , R (9) S"_: A ∈ F , µ(A) = 1 qt

lim sup
n→∞

1∣∣T (n)
∣∣ ln

P (XT (n)
)

µ(XT (n))
≤ 0, ω ∈ A,

tv" ϕ(ω) ≥ 0, ω ∈ A.

 k, l ∈ S, Sn(k, ω)('$ Sn(k)) 7 XT (n)
= {Xt : t ∈ T (n)} = k ���" Sn(k, l, ω)('

$ Sn(k, l)) 7;@A<;r
{(X0, Xτ ), τ ∈ L1, (Xσ, Xτ ), σ ∈ Li, τ ∈ s(σ), 1 ≤ i ≤ n − 1}

=@:;r (k, l) ���"1

Sn(k) =
n∑

m=0

∑
σ∈Lm

δk(Xσ), (10)

Sn(k, l) =
n−1∑
m=0

∑
σ∈Lm

∑
τ∈s(σ)

δk(Xσ)δl(Xτ ), (11)

-= δk(·)(k ∈ S) 7 S �� Kronecker-δ w�,
�s 2[2]  µ#Æ>8? (Ω ,F)B�B=>C"ϕ(ω) " (7)4$"0 ≤ c < ln(1−ak)−1

#-c�"Q
D(c) = {ω : ϕ(ω) ≤ c}, (12)

Mk = max

{
[ln 1−ak

1−λ + c]

ln λ(1−ak)
bk(1−λ)

, 0 < λ ≤ 1 + (ak − 1)ec

}
, (13)

-= ak = max{P (k|i), i ∈ S}, bk = min{P (k|i), i ∈ S}, '

lim inf
n→∞

Sn−1(k)∣∣T (n)
∣∣ ≥ Mk

N
, µ − a.e./ D(c). (14)
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�s 3  P (l|k) "s4$" 0 < α ≤ 1, '
1 + (λα − 1)P (l|k)
1 + (λ − 1)αP (l|k)

≤ 1

--t� λ > 0 Xxn,
� Q

f(λ) = λα − λα + α − 1,

/7" f(0) ≤ 0, f(1) = 0, f ′(λ) = α(λα−1 − 1), &2 0 < λ ≤ 1 0" f ′(λ) ≥ 0, 2
λ > 1 0" f ′(λ) < 0, ;0--t λ > 0 " f(λ) ≤ 0, 1 λα − λα + α − 1 ≤ 0, 4P
(λα − 1)P (l|k) ≤ (λ− 1)αP (l|k), u2+--t� λ > 0 " 1 + (λ− 1)αP (l|k) > 0 Xxn"Y
u2xn,

�s 4  {αm : 0 < αm ≤ 1, m ∈ N} #-5$u�" N #34%�<"-(2
x, y ∈ S, p(x) > 0 & P = (P (y|x)) #$�;@HK" Fn = σ(XT (n)

), µ, P # (Ω ,F) ��!
�B=>C"-= {Xσ, σ ∈ T } : P B#�NPKLM,Q

tn(λ, ω) =
n−1∏
m=0

∏
σ∈Lm

∏
τ∈s(σ)

λαmδk(Xσ)δl(Xτ )[
1 + (λ − 1)EP (αmδk(Xσ)δl(Xτ )|Xσ)

] P (XT (n)
)

µ(XT (n))
, (15)

-= EP #RB=>C P yv��Zwv"' (tn(λ, ω),Fn, n ≥ 1) #34 µ- �o,
� R/

tn(λ, ω) = tn−1(λ, ω)
∏

σ∈Ln−1

∏
τ∈s(σ)

λαn−1δk(Xσ)δl(Xτ )[
1 + (λ − 1)EP (αn−1δk(Xσ)δl(Xτ )|Xσ)

] P (XLn |XT (n−1)
)

µ(XLn |XT (n−1))
,

-= P (XLn |XT (n−1)
) # XLn l/ XT (n−1) :>C P B�'zB=,

Eµ(tn(λ, ω)|Fn−1) = tn−1(λ, ω)
∑
xLn

∏
σ∈Ln−1

∏
τ∈s(σ)

λαn−1δk(Xσ)δl(Xτ )[
1 + (λ − 1)EP (αn−1δk(Xσ)δl(Xτ )|Xσ)

]
×P (XLn = xLn |XT (n−1)

)
µ(XLn = xLn |XT (n−1))

µ(XLn = xLn |XT (n−1)
)

= tn−1(λ, ω)
∑
xLn

∏
σ∈Ln−1

∏
τ∈s(σ)

λαn−1δk(Xσ)δl(xτ )P (xτ |Xσ)

∏
σ∈Ln−1

∏
τ∈s(σ)

[1 + (λ − 1)EP (αn−1δk(Xσ)δl(Xτ )|Xσ)]

= tn−1(λ, ω)

∑
xLn

∏
σ∈Ln−1

∏
τ∈s(σ)

λαn−1δk(Xσ)δl(xτ )P (xτ |Xσ)

[1 + (λ − 1)αn−1P (l|k)]
N

∑
σ∈Ln−1

δk(Xσ)

= tn−1(λ, ω)
[1 + (λαn−1 − 1)P (l|k)]

N
∑

σ∈Ln−1

δk(Xσ)

[1 + (λ − 1)αn−1P (l|k)]
N

∑
σ∈Ln−1

δk(Xσ)
, µ − a.s.
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RVV 3, 2 0 < αn−1 ≤ 1 0"

1 + (λαn−1 − 1)P (l|k)
1 + (λ − 1)αn−1P (l|k)

≤ 1

--t� λ > 0 Xxn"4P
Eµ(tn(λ, ω)|Fn−1) ≤ tn−1(λ, ω), µ − a.s.,

VV 4 w{,

2 �Æxy
Js 1  µ, P # (Ω ,F) ��!�B=>C"-= {Xσ, σ ∈ T } : P B#�NPKL

M"-(2 x, y ∈ S, p(x) > 0 & P = (P (y|x)) #$�;@HK" D(c) d Mk E|R (12) 6
(13)4$"{αm : 0 < αm ≤ 1, m ∈ N}#-5$u�"N #$%�<, 0 ≤ c < ln(1−ak)−1,
$

Hn(ω) =
n−1∑
m=0

∑
σ∈Lm

∑
τ∈s(σ)

αmδk(Xσ)δl(Xτ ), (16)

Gn(ω) =
n−1∑
m=0

∑
σ∈Lm

∑
τ∈s(σ)

EP (αmδk(Xσ)δl(Xτ )|Xσ), (17)

'
lim sup

n→∞
Hn(ω) − Gn(ω)

NSn−1(k)
≤ c

Mk
+ 2

√
cP (l|k)

Mk
, µ − a.e./ D(c) (18)

&2 0 ≤ c ≤ P (l|k)Mk 0

lim inf
n→∞

Hn(ω) − Gn(ω)
NSn−1(k)

≥ −2

√
cP (l|k)

Mk
, µ − a.e./ D(c). (19)

� 9 tn(λ, ω) " (15) 4%>"'RVV 4 S (tn(λ, ω),Fn, n ≥ 1) #34 µ- �o"R
Doob oxy%V"

lim
n→∞ tn(λ, ω) = t(λ, ω) < ∞ , µ − a.e.

4P
lim sup

n→∞
1

|T (n)| ln tn(λ, ω) ≤ 0, µ − a.e.

R (14) t

lim sup
n→∞

ln tn(λ, ω)
NSn(k)

≤ lim sup
n→∞

|T (n)|
NSn(k)

lim sup
n→∞

1
|T (n)| ln tn(λ, ω) ≤ 0, µ − a.e. / D(c).



582 Æ E F H I � H 29 G

R (6) d (15) t

lim sup
n→∞

1
NSn(k)

[
Hn(ω) ln λ −

n−1∑
m=0

∑
σ∈Lm

∑
τ∈s(σ)

ln(1 + (λ − 1)EP (αmδk(Xσ)δl(Xτ )|Xσ)

− ln ϕn(ω)
]
≤ 0, µ − a.e./ D(c).

4P

lim sup
n→∞

Hn(ω) ln λ

NSn(k)

≤ lim sup
n→∞

1
NSn(k)

[ n−1∑
m=0

∑
σ∈Lm

∑
τ∈s(σ)

ln[1 + (λ − 1)EP (αmδk(Xσ)δl(Xτ )|Xσ)]

+ lnϕn(ω)
]
, µ − a.e. / D(c). (20)

z&z (7), (12), (14) [ (20) S2 0 ≤ c < ln(1 − ak)−1 0

lim sup
n→∞

Hn(ω) ln λ

NSn−1(k)

≤ lim sup
n→∞

n−1∑
m=0

∑
σ∈Lm

∑
τ∈s(σ)

ln[1 + (λ − 1)EP (αmδk(Xσ)δl(Xτ )|Xσ)]

NSn−1(k)

+
c

Mk
, µ − a.e. / D(c), (21)

9 λ > 1 "R (21) "

lim sup
n→∞

Hn(ω) − Gn(ω)
NSn−1(k)

≤ lim sup
n→∞

n−1∑
m=0

∑
σ∈Lm

∑
τ∈s(σ)

ln[1+(λ−1)EP (αmδk(Xσ)δl(Xτ )|Xσ)]
ln λ − Gn(ω)

NSn−1(k)

+
c

Mk ln λ
, µ − a.e. / D(c). (22)

R (17) [ (22), {{ah| 1 − 1
x ≤ ln x ≤ x − 1 (x > 0) t

lim sup
n→∞

Hn(ω) − Gn(ω)
NSn−1(k)

≤ (λ − 1) lim sup
n→∞

Gn(ω)
NSn−1(k)

+
λc

(λ − 1)Mk
, µ − a.e. / D(c). (23)

R/ 0 < αm ≤ 1, 4P lim sup
n→∞

Gn(ω)
[NSn−1(k)] ≤ P (l|k), Y

lim sup
n→∞

Hn(ω) − Gn(ω)
NSn−1(k)

≤ (λ − 1)P (l|k) +
λc

(λ − 1)Mk
, µ − a.e. / D(c). (24)
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$ g(λ) = (λ−1)P (l|k)+ λc
[(λ−1)Mk] (λ > 1),2 c > 00"g(λ): λ = 1+

√
c

[P (l|k)Mk] }+}:~
? (1,∞)��4p? g

(
1+

√
c

[P (l|k)Mk]

)
= 2

√
P (l|k) c

Mk
+ c

Mk
. : (24)=9 λ = 1+

√
c

[P (l|k)Mk]

1t (18) |~2 c = 0 0"9 λi → 1 + 0(i → ∞), R (24) S (18) v08xn,
9 0 < λ < 1, R (21) "

lim inf
n→∞

Hn(ω) − Gn(ω)
NSn−1(k)

≥ lim inf
n→∞

n−1∑
m=0

∑
σ∈Lm

∑
τ∈s(σ)

ln[1+(λ−1)EP (αmδk(Xσ)δl(Xτ )|Xσ)]
ln λ − Gn(ω)

NSn−1(k)

+
c

Mk ln λ
, µ − a.e. / D(c), (25)

R (17), (25), {{ah| 1 − 1
x ≤ ln x ≤ x − 1 (x > 0) t

lim inf
n→∞

Hn(ω) − Gn(ω)
NSn−1(k)

≥ (λ − 1)P (l|k) +
c

(λ − 1)Mk
, µ − a.e. / D(c). (26)

$ h(λ) = (λ − 1)P (l|k) + c
[(λ−1)Mk] (0 < λ < 1), 2 0 ≤ c ≤ P (l|k)Mk 0" h(λ) : λ =

1 −
√

c
[P (l|k)Mk] }+}:~? (0, 1) ��4p?

h

(
1 −

√
c

[P (l|k)Mk]

)
= −2

√
cP (l|k)

Mk
.

: (26) =9 λ = 1−
√

c
[P (l|k)Mk] 1t (19) |~2 c = 0 0"9 λi → 1− 0(i → ∞), R (26) S

(19) v08xn,%Vw{,
�| 1 :%V 1 �'zB"

lim
n→∞

Hn(ω) − Gn(ω)
NSn−1(k)

= 0, µ − a.e./ D(0).

� :%V 1 =Q c = 0 1Æ"w{,
�| 2 :%V 1 �'zB"

lim
n→∞

Hn(ω) − Gn(ω)
NSn−1(k)

= 0, P − a.e.

� :%V 1 =9 µ = P , ' ϕn(ω) ≡ 0, D(0) = Ω . /75u2ÆRp2 1 t."w{,
�| 3[2] �� T # Cayley �"':%V 1 �'zB"

lim sup
n→∞

[ Sn(k, l)
NSn−1(k)

− P (l|k)
]
≤ 2

√
cP (l|k)

Mk
+

c

Mk
, µ − a.e. / D(c)

&2 0 ≤ c ≤ MkP (l|k) 0""

lim inf
n→∞

[ Sn(k, l)
NSn−1(k)

− P (l|k)
]
≥ −2

√
cP (l|k)

Mk
, µ − a.e. / D(c).
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� :%V 1 =9 αm ≡ 1, u2+v0 Hn(ω) = Sn(k, l), Gn(ω) = NSn−1(k)P (l|k), Y
u2xn,

� 4 p2 3 1#< [2] �qru),

} ~ � �

[1] Benjamini I, Peres Y. Markov chains indexed by trees. Ann. Probab., 1994, 22: 219–243.

[2] Liu W, Wang L Y. The Markov approximation of the random field on Cayley tree and a class of

small deviation theorems. Statist. Probab. Lett., 2003, 63: 113–121.

[3] Berger T, Ye Z. Entropic aspects of random fields on trees. IEEE Trans. Inform. Theory, 1990,

36(5): 1006–1018.

[4] Ye Z, Berger T. Entropic, regularity and asymptotic equipartition property of random fields on

trees. J. Combin. Inform. System. Sci., 1996, 21(2): 157–184.

[5] Yang W G. Some limit properties for Markov chains indexed by a homogeneous tree. Statist.

Probab. Lett., 2003, 65: 241–250.

[6] Yang W G, Ye Z. The asympotoic equipartition property for nonhomogeneous Markov chains

indexed by a homogeneous tree. IEEE Trans. Inform. Theory, 2007, 53(9): 3275–3280.

[7] Spitzer F. Markov random fields on an infinite tree. Ann. Probab., 1975, 3: 287–298.

[8] Liu W, Yang W G. The Markov approximation of the sequences of N-valued random variables and

a class of small deviation theorems. Stochastic Process. Appl., 2000, 89: 117–130.

A CLASS OF SMALL DEVIATION THEOREMS

FOR RANDOM FIELDS ON A HOMOGENEOUS TREE

PENG Weicai YANG Weiguo

(Faculty of Science, Jiangsu University, Zhenjiang 212013)

Abstract By introducing the asymptotic logarithmic likelihood ratio as a measure of
Markov approximation of the arbitrary random field on a homogeneous tree, and constructing
a non-negative martingale, a class of small deviation theorems for random fields is established,
and an existing result is generalized.

Keywords Small deviation theorems, homogeneous tree, random field.


