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N!�*B@�OO%)L@/1!�$% (VP) �@/%MNA CP,QP�RSBC
B OP%R%MQ*�

2 �P��
, p 5 Euclid 78 Rp ? Q v = (v1, v2, · · · , vp)T ∈ Rp, R>R Rp

+ = {v ∈ Rp; vi ≥
0, i = 1, 2, · · · , p} � Rp �$�QR�%2 y1, y2 ∈ Rp, 9&AQ

y1 ≤ y2 ⇐⇒ y2 − y1 ∈ Rp
+, y1 < y2 ⇐⇒ y2 − y1 ∈ intRp

+.

S� 2.1 T y ∈ A ⊂ Rp.

(I) R y�>R A'2QR Rp
+ � US Q� y ∈ Min(A, Rp

+),-- A∩(y−Rp
+) = {y};

(II) R y �>R A '2QR Rp
+ �R US Q� y ∈ WMin(A, Rp

+), -- A ∩ (y −
intRp

+) = ∅.
S� 2.2 T y ∈ A ⊂ Rp.

(I) R y �>R A '2QR Rp
+ �ST'US Q� y ∈ LMin(A, Rp

+), --U, y �

T: V , VV A ∩ (y − Rp
+) ∩ V = {y};

(II) R y �>R A '2QR Rp
+ �RST'US Q� y ∈ LWMin(A, Rp

+), --U,
y �T: V , VV A ∩ (y − intRp

+) ∩ V = ∅.
T X �' Banach 78 f : X → Rp �$�/10TWW gi : X → R (i ∈ I =

{1, 2, · · · , q}) � X *�*(UUN!�9&56- ;)4.A6�/1!�$%

(VP)

⎧⎪⎪⎨
⎪⎪⎩

min f(x) = (f1(x), f2(x), · · · , fp(x))T

s.t. gi(x) ≤ 0, i ∈ I = {1, 2, · · · , q},
x ∈ X.

V E = {x ∈ X : gi(x) ≤ 0, ∀i ∈ I} ⊂ X, A = {f(x) : x ∈ X, gi(x) ≤ 0, ∀i ∈ I} = f(E) ⊂
Rp. �XR E ( A �$% (VP) ,WY78�LX:(,��78�LZ:�

S� 2.3 T x ∈ E.

(I) x R�$% (VP) � UX Q� x ∈ E(VP), -- f(x) ∈ Min(A, Rp
+);

(II) x R�$% (VP) �R UX Q� x ∈ Ew(VP), -- f(x) ∈ WMin(A, Rp
+).

S� 2.4 T x ∈ E.

(I) x R�$% (VP) �ST'UX Q� x ∈ EL(VP), --U, x �T: V , VV
A ∩ (f(x) − Rp

+) ∩ f(V ) = {f(x)};
(II) x R�$% (VP) �RST'UX Q� x ∈ EL

w(VP), --U, x �T: V , VV
A ∩ (f(x) − intRp

+) ∩ f(V ) = ∅.
T D � X ?�.7V> >R D− := {v ∈ X∗ : 〈v, z〉 ≤ 0, ∀z ∈ D}, D+ := {v ∈ X∗ :

〈v, z〉 ≥ 0, ∀z ∈ D} �XR� D �[%MR(W%MR�
S� 2.5[1] T i : X → R �'0N! h ∈ X, t > 0, %2S x ∈ X, */ d ∈ X, *'4

i′+(x, d) = lim sup
h→d

t↓0

i(x + th) − i(x)
t
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R�N! i ,S x ∈ X \Z*/ d ∈ X �**/A!W '4

i′−(x, d) = lim inf
h→d

t↓0

i(x + th) − i(x)
t

R�N! i ,S x ∈ X \Z*/ d ∈ X � */A!�

[ i′+(x, d) = i′−(x, d) RN! i ,S x ∈ X \Z*/ d ∈ X */L@ Q� i′(x, d).
S� 2.6[2] %'0N! f : X → R, S x ∈ X, */ d ∈ X, '4

f ′(x, d) = lim
t↓0

f(x + td) − f(x)
t

.

RN! f ,S x \Z*/ d �*/A!�

S� 2.7[2] %'0N! f : X → R, S x ∈ X, */ d ∈ X, *'4

f0(x, d) = lim sup
y→x

t↓0

f(y + td) − f(y)
t

.

RN! f ,S x \Z*/ d �@/*/A!�
S� 2.8[3] %'0N! f : X → R, S x ∈ X, [

lim
y→x

f(y) − f(x) − f ′(x)(y − x)
‖ y − x ‖ = 0.

RN! f ,S x \L@ f ′(x) �\A!�
�� 2.1 T f : X → R ,S x ∈ X �L@� [%][ d ∈ X, @ f ′(x, d) = f ′

+(x, d) =
f ′(x) · d.

� f ,S x ∈ X �L@� 1Q/ 2.8 \ lim
y→x

f(y)−f(x)−f ′(x)(y−x)
‖y−x‖ = 0. V y = x + td,

P y → x, ^;@ t → 0, 2�@ lim
t→0

f(x+td)−f(x)−f ′(x)(td)
‖td‖ = 0. 6]LV lim

t↓0
f(x+td)−f(x)

t =

f ′(x) · d. 1Q/ 2.6 \

f ′(x, d) = lim
t↓0

f(x + td) − f(x)
t

= f ′(x) · d. (2.1)

1Q/ 2.5, f ′
+(x, d) = lim sup

h→d

t↓0

f(x+th)−f(x)
t , 1 f ,S x ∈ X �L@� 9&V:

lim
h→d

t→0

f(x + th) − f(x) − f ′(x)(th)
‖ th ‖ = 0.

6]LV f ′
+(x, d) = f ′(x) · d.

�� 2.2 %'0N! f : X → R, */ d ∈ X, @ f ′
+(x, d) ( f ′−(x, d) '2*/ d �W

_B��

� 1Q/ 2.5 \ %2].^Q� k > 0,

f ′
+(x, kd) = lim sup

kh→kd

t↓0

f(x + tkh) − f(x)
t

= k lim sup
h→d

tk↓0

f(x + (tk)h) − f(x)
tk

= kf ′
+(x, d).
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"*L] f ′−(x, d) '2*/ d �W_B��
�� 2.3 %'0N! f : X → R, */ d ∈ X, @ −f ′

+(x, d) = (−f)′−(x, d).
� 1Q/ 2.5 \ f ′

+(x, d) = lim sup
h→d

t↓0

f(x+th)−f(x)
t . _LV

−f ′
+(x, d) = lim inf

h→d

t↓0

f(x) − f(x + th)
t

= lim inf
h→d

t↓0

(−f)(x + th) − (−f)(x)
t

= (−f)′−(x, d).

�� 2.4 %'0N! f : X → R, P f �SN!# f ′
+(x, d) '2*/ d ∈ X �BL

\��

� 1Q/ 2.5 ( f �SB\ 

f ′
+(x, d1 + d2) = lim sup

h→d1+d2
t↓0

f(x + th) − f(x)
t

= lim sup
h1→d1,h2→d2

t↓0

f(x + t(h1 + h2)) − f(x)
t

= lim sup
h1→d1,h2→d2

t↓0

f [(1
2x + t(h1)) + (1

2x + t(h2))] − f(x)
t

≤ lim sup
h1→d1

t↓0

f(x + 2t(h1)) − f(x)
2t

+ lim sup
h2→d2

t↓0

f(x + 2t(h2)) − f(x)
2t

= f ′
+(x, d1) + f ′

+(x, d2).

S� 2.9 T X∗ �' Banach 78 X �%M78 %'0N! f : X → R, S x ∈ X,

>R ∂+f(x) := {x∗ ∈ X∗ | 〈x∗, d〉 ≤ f ′
+(x, d), ∀d ∈ X} R�N! f ,S x \�*B@��

x∗ ∈ ∂+f(x) R�N! f ,S x \�*B`7�

 ^ 2.1 [2] (Hahn-Banach) T X �'aB78 Y ⊂ X �aBV78�[ P : X → R

�W_B(BL\N! f : Y → R �aBN! P ∀y ∈ Y, f(y) ≤ P (y), [U,$�aB
N! F : X → R, VV F (y) = f(y), ∀y ∈ Y, P F (x) ≤ P (x), ∀x ∈ X.

 ^ 2.2 [4] T (X, ‖ . ‖1), (Y, ‖ . ‖2) �"$!:*�`aaB78 T : X → Y �$
�aBbV [ ]bc�4^��

(I) T , X *�UU��
(II) T �@!aBbV�_U, M > 0, VV ‖ Tx ‖≤ M ‖ x ‖, ∀x ∈ X.

�� 2.5 f : X → R �SN! P f ′
+(x, d) '2*/ d ,cde U(X) *@! _U

,cde U(X) (/! M ∈ R, `_ | f ′
+(x, d) |≤ M, ∀d ∈ U(X), [ ∂+f(x) �.7��

� P f �SN!# 1BC 2.2 (BC 2.4 L\ f ′
+(x, d) '2*/ d ∈ X �W_B�

(BL\� 16* 2.1, V Y 78� 0 V78 f(0) = 0, L\ f(0) = f ′
+(x, 0) = 0, U,a

BN! F : X → R, VV F (0) = f(0) = 0,

F (d) ≤ f ′
+(x, d), ∀d ∈ X. (2.2)

`1 f ′
+(x, d) '2*/ d ,cde U(X) *@! _U, M VV |f ′

+(x, d)| ≤ M ‖ d ‖ . P

F (d) ≥ 0 # |F (d)| = F (d) ≤ |f ′
+(x, d)| ≤ M ‖ d ‖ . P F (d) < 0 # 3 F �aB� _

F (d) = −F (−d), 6]@
F (−d) > 0, |F (d)| = F (−d) ≤ f ′

+(x,−d) ≤ M ‖ d ‖ .
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a* @ |F (d)|) ≤ M ‖ d ‖, ∀d ∈ X. _ F �@!aBbV 16* 2.2 L\ F �UU� f
5 F ∈ X∗, b1 (2.2) .(Q/ 2.9 \ F ∈ ∂+f(x), 3# ∂+f(x) �.7��

 ^ 2.3 [8] T f : X → R∪+∞�gh78 X *�cSN!�--U, x0 ∈ int(domf),
VV f , x0 �T:a@! _U,bT: U (/! C, `_ f(x) ≤ C, ∀x ∈ x0 + U, cd f

, int(domf) ?UU�
�� 2.6 [ f : X → R �SN! P f ′

+(x, d) '2*/ d ,cde U(X) *@! [
∂+f(x) � X∗ ?�eS>�

� ;] ∂+f(x) �S>�T ξ1, ξ2 ∈ ∂+f(x), λ ∈ (0, 1), 1Q/\ ∀d ∈ X,

〈ξ1, d〉 ≤ f ′
+(x, d), 〈ξ2, d〉 ≤ f ′

+(x, d).

〈λξ1 + (1 − λ)ξ2, d〉 = λ〈ξ1+, d〉 + (1 − λ)〈ξ2, d〉 ≤ λf ′
+(x, d) + (1 − λ)f ′

+(x, d) = f ′
+(x, d).

@
λξ1 + (1 − λ)ξ2 ∈ ∂+f(x).

 +b] ∂+f(x) �d>�TQ] {ξn} ⊂ ∂+f(x) P lim
n→∞ ξn = ξ. L\ ∀d ∈ X,

〈ξn, d〉 ≤ f ′
+(x, d), n = 1, 2, · · · .

V n → ∞ V: 〈ξ, d〉 ≤ f ′
+(x, d). 6]@ ξ ∈ ∂+f(x). def ∂+f(x) �d>�

 +b] ∂+f(x) �e>� (∂+f(x))0 = {d ∈ X | f ′
+(x, d) ≤ 1}. 1BC 2.2 (BC 2.4 L

\ f ′
+(x, d) '2*/ d �W_B(BL\� 6] f ′

+(x, d) '2*/ d �S� P f ′
+(x, d)

'2*/ d ,cde U(X) *@! 16* 2.3 L\ f ′
+(x, d) '2*/ d �UU� *.e

fij� X �bT:�3# k%RbT: U ⊂ (∂+f(x))0, [1 Alaoglu-Bourbaki Q*L
\ U0 � σ(X∗, X) eS>�] ∂+f(x) ⊂ (∂+f(x))00 ⊂ U0 � U0 � σ(X∗, X) dSV> 
_f� σ(X∗, X) eS>�

�� 2.7 T f : X → R �SN! f ′
+(x, ·) '2*/ d ,cde U(X) *@! [%

][ d ∈ X , @
f ′
+(x, d) = sup{〈x∗, d〉 | x∗ ∈ ∂+f(x)}, ∀d ∈ X.

� 1Q/ 2.9 \ f ′
+(x, d) ≥ sup{〈x∗, d〉 | x∗ ∈ ∂+f(x)}. 9&ghb]^g*/�)4

.,P�[\)j U, d1 ∈ X, VV

f ′
+(x, d1) > sup{〈x∗, d1〉 | x∗ ∈ ∂+f(x)}.

gl2BC 2.5�]f hh6* 2.1L\ U,aBN! F : X → R,VV f ′
+(x, d1) = F (d1);

f ′
+(x, d) ≥ F (d), ∀d ∈ X. `12 f ′

+(x, d) '2*/ d ,cde U(X) *@! 'iBC 2.5
�^;]fT� L\ F ∈ X∗, F ∈ ∂+f(x).

F (d1) = f ′
+(x, d1) > sup{〈x∗, d1〉 | x∗ ∈ ∂+f(x)} ≥ F (d1).

ij�_jT),P BCV]�
�� 2.8 T f1, f2 : X → R, d ∈ X, [

(f1 + f2)′+(x, d) ≤ (f1)′+(x, d) + (f2)′+(x, d).
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� 1Q/ 2.5 \ 

(f1 + f2)′+(x, d) = lim sup
h→d

t↓0

(f1 + f2)(x + th) − (f1 + f2)(x)
t

= lim sup
h→d

t↓0

f1(x + th) − f1(x)
t

+
f2(x + th) − f2(x)

t

≤ lim sup
h→d

t↓0

f1(x + th) − f1(x)
t

+ lim sup
h→d

t↓0

f2(x + th) − f2(x)
t

= (f1)′+(x, d) + (f2)′+(x, d).

�� 2.9 T C1, C2 � X ?�dS> x∗ ∈ X∗, V σC1(x∗) = sup
c∈C1

〈c, x∗〉. R σC1(x∗) �

C1 �)kN! V σC2(x∗) = sup
c∈C2

〈c, x∗〉. R σC2(x∗) � C2 �)kN! 9&@ C1 ⊂ C2 ⇐⇒
σC1(x∗) ≤ σC2(x∗).

� 3� C1 ⊂ C2, P_LV σC1(x∗) ≤ σC2(x∗). gi )lT C1 )Æm2 C2, [U
, c ∈ C1, c /∈ C2. `3� C2 �dS> 1S>�kQ* U, ξ ∈ X∗\{0}, VV 〈ξ, c〉 >

〈ξ, x〉, ∀x ∈ C2. f5 σC1(ξ) ≥ 〈ξ, c〉 > sup
x∈C2

〈ξ, x〉 = σC2(ξ). d8CBij _jT),P 
BCV]�

�� 2.10 T f1, f2 : X → R �UUN! P (f1)′+(x, ·) ( (f2)′+(x, ·) '2*/ d ,c
de U(X) *@! [

∂+(f1 + f2)(x) ⊆ ∂+f1(x) + ∂+f2(x).

� 1BC 2.6 L\ ∂+(f1 + f2)(x) �dS> 1BC 2.7 L\ ∂+(f1 + f2)(x) �
)kN!� (f1 + f2)′+(x, d), 1BC 2.6 L\ ∂+f1(x) �eS> ∂+f2(x) �eS> _
∂+f1(x) + ∂+f2(x) �dS> ∂+f1(x) + ∂+f2(x) �)kN!� (f1)′+(x, d) + (f2)′+(x, d), 1
BC 2.8 @

(f1 + f2)′+(x, d) ≤ (f1)′+(x, d) + (f2)′+(x, d),

b1BC 2.9 V:
∂+(f1 + f2)(x) ⊂ ∂+f1(x) + ∂+f2(x).

3 !j"k#lm$"%nopq&
,d$l X �' Banach 78 E ⊂ X, ( f : X → Rp �$�/10TWW9&A

E2 */A!<8m [5] ?�m)<@:@//13�)4.�9&6?5 3�)4.
�nn�

T h : E → R, nS y ∈ E, VV

(GMVI) h′
−(x, y − x) ≤ 0, ∀x ∈ E. (3.1)

R (3.1) � Minty A@/3�)4.�9&\oP h L@# *c Minty A@/3�)4.
� + Minty A3�)4.�<@�nS y ∈ E, VV

(MVI) h′(x)(y − x) ≤ 0, ∀x ∈ E.
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T f : E → Rp �L@/10N! nS y ∈ E, VV

(MVVI) (y − x)∇f(x) �≥Rp
+\{0} 0, ∀x ∈ E. (3.2)

R (3.2) � Minty A/13�)4.�
T f : E → Rp �L@/10N! nS y ∈ E, VV

(MWVVI) (y − x)∇f(x) �≥intRp
+

0, ∀x ∈ E. (3.3)

R (3.3) � Minty AR/13�)4.�
T f : E → Rp, nS y ∈ E, VV 

(GMVVI) f ′
−(x, y − x) = ((f1)′−(x, y − x), · · · , (fp)′−(x, y − x))T �≥Rp

+\{0} 0, ∀x ∈ E. (3.4)

R (3.4) � Minty A@//13�)4.�1BC 2.1 (BC 2.3 L5o8 P f(x) L@# 
�p�$% (MVVI), 3#$% (GMVVI) �$% (MVVI) �<@�

T f : E → Rp, nS y ∈ E, VV

(GMWVVI) f ′
−(x, y − x) = ((f1)′−(x, y − x), · · · , (fp)′−(x, y − x))T �≥intRp

+
0, ∀x ∈ E. (3.5)

R (3.5) � Minty A@/R/13�)4.�1BC 2.1 (BC 2.3 L5o8 P f(x) L@
# �p�$% (MWVVI), 3#$% (GMWVVI) �$% (MWVVI) �<@�

S� 3.1 >R E∗ := {x∗ ∈ E : [x∗, x] ⊂ E, ∀x ∈ E}. R�>R E �q�[ E∗ �= ∅  9
&R>R E �op��

S� 3.2 T>R E ⊂ X �op� x∗ ∈ E∗. -- ∀x ∈ E, N! h : E → R ,ap
[x∗, x] *�r\� 9&R h , E *ZDq2 x∗ �Wa�r\� Q� h ∈ IAR(E, x∗). (f
p� V x(t) = (1 − t)x∗ + tx, 0 ≤ t ≤ 1. P 0 ≤ t1 < t2 ≤ 1, @ h(x(t1)) ≤ h(x(t2)), 9&R h

, E *ZDq2 x∗ �Wa�r\��)
S� 3.3 T>R E ⊂ X �op� x∗ ∈ E∗, -- ∀x ∈ E, N! h : E → R ,ap

[x∗, x] *�rr� 9&R h , E *ZDq2 x∗ �Wa�rr��Q� h ∈ DAR(E, x∗).
(fp� V x(t) = (1 − t)x∗ + tx, 0 ≤ t ≤ 1. P 0 ≤ t1 < t2 ≤ 1, @ h(x(t2)) ≤ h(x(t1)), 9&
R h , E *ZDq2 x∗ �Wa�rr��)

' 1 ij][$�.7S> E �op� P E∗ = E.

() 3.1 T E � X ?�.7S> P C � X ?�.7SdSR P E − x∗ ⊂ C, h :
E → R �cqr� [ h ∈ IAR(E, x∗).

� ∀x ∈ E, V x(t) = x∗ + t(x − x∗), t ∈ [0, 1], )lT 0 ≤ t1 < t2 ≤ 1, [ x(t2) −
x(t1) = (x − x∗)(t2 − t1). 1 E − x∗ ⊂ C L\ x − x∗ ∈ C, `1 C �$�.7SdSR 
(x − x∗)(t2 − t1) ∈ C. def rR C sA�sQ@ x(t2) ≥C x(t1), `3� h cqr\ 
h(x(t2)) ≥ h(x(t1)). 1Q/ 3.2 L\ h ∈ IAR(E, x∗).

() 3.2 T>R E ⊂ X �op� N! h : E → R UU [ x∗ ∈ E∗ �@/ Minty A
3�)4. h′−(x, y − x) ≤ 0, ∀x ∈ E �X [ h ∈ IAR(E, x∗).

� ]k x ∈ E, V x(t) = (1 − t)x∗ + tx, 0 ≤ t ≤ 1. 1 h′
−(x(t), x∗ − x(t)) ≤

0, h′
−(x(t), t(x∗ − x)) ≤ 0. 1BC 2.2   */A!'2*/�W_B� 6]

h′
−(x(t), x∗ − x) ≤ 0, 0 ≤ t ≤ 1. (3.6)
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9&&,�]f h ∈ IAR(E, x∗)  ]k 0 ≤ t1 < t2 ≤ 1, rQ/ 3.2, gh]f h(x(t1)) ≤
h(x(t2)). OOsEN!

ϕ(t) = h((1 − t)x∗ + tx) − t2 − t

t2 − t1
h(x(t1)) − t − t1

t2 − t1
h(x(t2)), t ∈ [t1, t2].

3� h UU f5 ϕ(t) , [t1, t2] *�UU� f5 ϕ(t) , [t1, t2] * $S t̂ Z:��tS 
U�[ t̂ = t1  3� ϕ(t1) = ϕ(t2) = 0  L\, t2 *fZ:tS U�V t̂ = t2. %2 t̂ �= t1,

1 t̂ �Q/(Q/ 2.5 L\ ϕ′
−(t̂,−1) ≥ 0.

ϕ′
−(t̂,−1) = lim inf

s↓0
ϕ(t̂ − s) − ϕ(t̂)

s

= lim inf
s↓0

h(x(t̂) + s(x∗ − x)) − h(x(t̂)
s

− h(x(t1))
t2 − t1

+
h(x(t2))
t2 − t1

= h′
−(x(t̂), x∗ − x) − h(x(t1)) − h(x(t2))

t2 − t1
≥ 0.

1 (3.6) .LV h(x(t1)) − h(x(t2)) ≤ (t2 − t1)h′
−(x(t̂), x∗ − x) ≤ 0; h(x(t1)) ≤ h(x(t2)). _

h ∈ IAR(E, x∗).
' 2 6*c]fL\ [*c@/ Minty A3�)4.ttU2 0, [ h , E *ZD

q2 x∗ �Wa�ttr\��
() 3.3 >R E ⊂ X �op� N! h : E → R UU [ x∗ ∈ E∗ �@/ Minty A3

�)4. h′
−(x, x∗ − x) ≥ 0, ∀x ∈ E �X [ h ∈ DAR(E, x∗).

� 8s% 3.2 �]ft" _u�
' 3 6*c]fL\ [*c@/ Minty A3�)4.tt!2 0, [ h , E *ZD

q2 x∗ �Wa�ttrr��
() 3.4 >R E ⊂ X �op� x∗ ∈ E∗,N! h : E → R�UU� P h ∈ IAR(E, x∗),

[ x∗ �@/ Minty A3�)4. h′
−(x, y − x) ≤ 0, ∀x ∈ E �X�

� 3� h �UU� 1Q/ 2.5 \

h′
−(x, x∗ − x) = lim inf

t↓0
h(x + t(x∗ − x)) − h(x)

t
, ∀x ∈ E.

`3� h ∈ IAR(E, x∗),1Q/ 3.2L\ h(x+t(x∗−x)) ≤ h(x).h#(*.V: h′
−(x, x∗−x) ≤

0, ∀x ∈ E.
S^ 3.1 >R E ⊂ X �op� x∗ ∈ E∗, P (VP) $%���N! f(x) �UU� 

[ x∗ �$% (GMWVVI)

f ′
−(x, y − x) = ((f1)′−(x, y − x), · · · , (fp)′−(x1, y − x))T �≥intRp

+
0, ∀x ∈ E

�X [ x∗ �$% (VP) �R UX _ x∗ ∈ Ew(VP).
� [ x∗ �$% (GMWVVI) �X 1 (3.5) .

f ′
−(x, x∗ − x) = ((f1)′−(x, x∗ − x), · · · , (fp)′−(x1, x

∗ − x))T �≥intRp
+

0, ∀x ∈ E.

3#U, i ∈ {1, 2, · · · , p}, VV (fi)′−(x, x∗ −x) ≤ 0, ∀x ∈ E. 1s% 3.2 L\ fi ∈ IAR(E, x∗),
b1Q/ 3.2 L\ fi(x∗) ≤ fi(x), ∀x ∈ E. 1#<8 f(E) ∩ (f(x∗) − intRp

+) = ∅. 2� 1
Q/ 2.3(II) @ x∗ ∈ Ew(VP).
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S^ 3.2 >R E ⊂ X �op� x∗ ∈ E∗, P (VP) $%���N! f(x) �UU� 
[ x∗ �$% (VP) �ST'UX _ x∗ ∈ EL(VP), [ x∗ �$% (GMVVI)

f ′
−(x, y − x) = ((f1)′−(x, y − x), · · · , (fp)′−(x, y − x))T �≥Rp

+|{0} 0, ∀x ∈ E

�X�

� (g]+) jT x∗ )� (GMVVI) �X [U, x ∈ E VV

f ′
−(x, x∗ − x) = ((f1)′−(x, x∗ − x), · · · , (fp)′−(x, x∗ − x))T ≥Rp

+|{0} 0.

h# @ (fi)′−(x, x∗−x) ≥ 0, ∀i ∈ {1, 2, · · · , p},PU, i0 ∈ {1, 2, · · · , p}VV (fi0)
′
−(x, x∗−x) >

0. 1s% 3.3 L\ fi(x) ,ap [x∗, x] *�rr� 17 3 L\ fi0(x) ,ap [x∗, x] *
�ttrr��def ∀y ∈ [x∗, x], @ fi(y) ≤ fi(x∗), fi0(y) < fi0(x∗), ]k x∗ �T: V ,
u@ x̂ ∈ (x∗, x] ∩ V, 1Q/ 2.4(i), x∗ /∈ EL(VP), d8 x∗ � (VP) $%�ST'UXij�

S^ 3.3 >R E ⊂ X �op� x∗ ∈ E∗, P$% (VP) ���N! f(x) �UU� 
[ x∗ � GMVVI

f ′
−(x, y − x) = ((f1)′−(x, y − x), · · · , (fp)′−(x, y − x))T �≥Rp

+|{0} O, ∀x ∈ E.

�X [ x∗ � (VP) $%� UX _ x∗ ∈ E(VP).
� T x∗ � GMVVI �X _

f ′
−(x, x∗ − x) = ((f1)′−(x, x∗ − x), · · · , (fp)′−(x1, x

∗ − x))T �≥Rp
+|{0} 0, ∀x ∈ E.

]d@v-LwuxvU, i ∈ {1, 2, · · · , p} VV (fi)′−(x, x∗−x) < 0;xv f ′
−(x, x∗−x) = 0.

P (fi)′−(x, x∗ − x) < 0 # 17 2 L\ fi(x) ZDWa [x∗, x] �ttr\� fp� ∀x ∈
E, fi(x∗) < fi(x).1Q/ 2.3(I)L\ x∗ ∈ E(VP).P f ′

−(x, x∗−x) = 0# 1s% 3.2,3.3L\
∀i ∈ {1, 2, · · · , p}, fi(x) ZDWa.r.r fp� ∀x ∈ E, ∀i ∈ {1, 2, · · · , p}, fi(x∗) = fi(x),
6]@ f(x) = f(x∗), ∀x ∈ E. 1Q/ 2.3(I) L\ x∗ ∈ E(VP).

4 m$w*+,-.w*xy
,d$ly 9&D<N!�*B@�OO%)L@/1!�$% (VP) �@/%MN

A CP,QP�RSBCB OP%R%MQ*�d�%8m [6] �<@�56v 2 l=
.w8�/1!�$%

(VP)

⎧⎪⎪⎨
⎪⎪⎩

min f(x) = (f1(x), f2(x), · · · , fp(x))

s.t. gi(x) ≤ 0, i ∈ I = {1, 2, · · · , q},
x ∈ X.

\? X �$�' Banach 78 f : X → Rp �$�/10UUTW� gj : X → R (j =
1, 2, · · · , q) � X *�UUN!� (fi)′+(x, ·), (gj)′+(x, ·)(i = 1, 2, · · · , p, j = 1, 2, · · · , q) �@!
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��9&18 (VP) �- @/%MNA

(VD1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
(
f1(u) +

∑
j∈J0

yjgj(u), · · · , fp(u) +
∑
j∈J0

yjgj(u)
)

s.t. 0 ∈ ∂+

( p∑
i=1

λifi(u) +
q∑

j=1

yjgj(u)
)
,∑

j∈Jr

yjgj(u) ≥ 0, r = 1, 2, · · · , γ,

yj ≥ 0, j = 1, 2, · · · , q,
λ = (λ1, λ2, · · · , λp)T ∈ Λ+.

\? Jr ⊂ I = {1, 2, · · · , q}, r = 0, 1, · · · , γ,
γ∑

r=0

Jr = I, P[ r1 �= r2, [ Jr1 ∩ Jr2 = ∅.

Λ+ = {λ ∈ Rp|λi > 0,
p∑

i=1

λi = 1}, y = (y1, y2, · · · , yq)T. R (VD1) �LXS (u∗, λ∗, y∗) �

(VD1) �$�@uX --% (VD1) �].LXX (u, λ, y), CB

fi(u) +
∑
j∈J0

yjgj(u) ≥ fi(u∗) +
∑
j∈J0

y∗
j gj(u∗), ∀i ∈ P = {1, 2, · · · , p},

zx
fi(u) +

∑
j∈J0

yjgj(u) = fi(u∗) +
∑
j∈J0

y∗
j gj(u∗), ∀i ∈ P = {1, 2, · · · , p}.

 +6?(<@)L@N!�@/ F − ρ- Snnu
T K � X �$�V> \? X �$�' Banach 78�RN! F : K × K × X∗ → R

�BaB� --%]. x, u ∈ K, @
(I) F (x, u, α1 + α2) ≤ F (x, u, α1) + F (x, u, α2), ∀α1, α2 ∈ X∗;
(II) F (x, u, rα) = rF (x, u, α), ∀r ∈ R, r ≥ 0, α ∈ X∗.
S� 4.1 T F : K × K × X∗ → R �BaBN! φ : K → R �'0N! ρ ∈ R, P

θ : K × K → R.
(I) RN! φ ,S u ∈ K \� (F, ρ, θ)− S� --%f@ x ∈ K ( ξ ∈ ∂+φ(u), @

φ(x) − φ(u) ≥ F (x, u, ξ) + ρ ‖ θ(x, u) ‖2 .

-- φ , K �z$S"� (F, ρ, θ)− S� [RN! φ , K *� (F, ρ, θ)− S��
(II) RN! φ ,S u ∈ K \� (F, ρ, θ)− {S� --%f@ x ∈ K ( ξ ∈ ∂+φ(u), @

φ(x) ≤ φ(u) ⇒ F (x, u, ξ) ≤ −ρ ‖ θ(x, u) ‖2 .

-- φ , K �z$S"� (F, ρ, θ)− {S� [RN! φ , K *� (F, ρ, θ)− {S��
(III) RN! φ ,S u ∈ K \� (F, ρ, θ)− vS� --%f@ x ∈ K ( ξ ∈ ∂+φ(u), @

F (x, u, ξ) ≥ −ρ ‖ θ(x, u) ‖2⇒ φ(x) ≥ φ(u).

-- φ , K �z$S"� (F, ρ, θ)− vS� [RN! φ , K *� (F, ρ, θ)− vS��
(IV) RN! φ ,S u ∈ K \� (F, ρ, θ)− ttvS� --%f@ x ∈ K, x �= u (

ξ ∈ ∂+φ(u), @
F (x, u, ξ) ≥ −ρ ‖ θ(x, u) ‖2⇒ φ(x) > φ(u).
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-- φ , K �z$S"� (F, ρ, θ)− ttvS� [RN! φ , K *� (F, ρ, θ)− ttvS
��

' 4 -- φ �S*(UUN!# *cQ/w��8m [6] ?�Q/ 1.1.10. -- φ �

L@N!# *cQ/w��8m [7] ?�Q/ 1.1.

S^ 4.1 (R%M) T x � (VP) �].LXX (u, λ, y) � (VD1) �].LXX�-
-

∑
j∈Jr

yjgj(·), r = 1, 2, · · · , γ , u � (F, βr, θ)− {S� CP + 3 �CB?@$�,P
(I) fi(·) +

∑
j∈J0

yjgj(·) , u |� (F, ρi, θ)− {S� `� (F, ρi, θ)− vS� i ∈ P, P

γ∑
r=1

βr +
p∑

i=1

λiρi ≥ 0.

(II) fi(·) +
∑

j∈J0

yjgj(.) , u |� (F, ρi, θ)− {S� ∀i ∈ P, PU, i0 ∈ P VV

fi0(·) +
∑

j∈J0

yjgj(·) , u � (F, ρi0 , θ)− tt{S� P
γ∑

r=1
βr +

p∑
i=1

λiρi ≥ 0.

(III)
p∑

i=1

λifi(·) +
∑

j∈J0

yjgj(·) , u � (F, ρ, θ)− vS� P
γ∑

r=1
βr + ρ ≥ 0.

[ ]m))"#,P 
fi(x) ≤ fi(u) +

∑
j∈J0

yjgj(u), ∀i ∈ P ; (4.1)

(

fi(x) < fi(u) +
∑
j∈J0

yjgj(u), ∃i ∈ P. (4.2)

� 12 x � (VP) �LXX (u, λ, y) � (VD1) �LXX 9&@∑
j∈Jr

yjgj(u) ≥ 0 ≥
∑
j∈Jr

yjgj(x), r = 1, 2, · · · , γ.

3� ∑
j∈Jr

yjgj(·), r = 1, 2, · · · , γ, � (F, βr , θ)− {S� f5%]. ξr ∈ ∂+(
∑

j∈Jr

yjgj(u)), @

F (x, u, ξr) ≤ −βr ‖ θ(x, u) ‖2 .

}$*+ 1 0 ∈ ∂+(
p∑

i=1

λifi(u) +
q∑

j=1

yjgj(u)) (*B@��BC 2.10, @

∂+

( p∑
i=1

λifi(u) +
q∑

j=1

yjgj(u)
)

⊂ ∂+

( p∑
i=1

λifi(u) +
∑
j∈J0

yjgj(u)
)

+ ∂+

( ∑
j∈Jr

yjgj(u)
)

.

_U,

ξ ∈ ∂+

( p∑
i=1

λifi(u) +
∑
j∈J0

yjgj(u)
)

, ξr ∈ ∂+

( ∑
j∈Jr

yjgj(u)
)

, r = 1, 2, · · · , γ,

VV 0 = ξ +
γ∑

r=1
ξr . 1 F �BaBB 9&@

0 = F (x, u, 0) ≤ F (x, u, ξ) +
γ∑

r=1

F (x, u, ξr).
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f5
F (x, u, ξ) ≥ −

γ∑
r=1

F (x, u, ξr) ≥
γ∑

r=1

βr ‖ θ(x, u) ‖2 . (4.3)

&jQ (4.1) ( (4.2) "#,P 9&@
fi(x) +

∑
j∈J0

yjgj(x) ≤ fi(x) ≤ fi(u) +
∑
j∈J0

yjgj(u), ∀i ∈ P,

P% � i ∈ P , @
fi(x) +

∑
j∈J0

yjgj(x) ≤ fi(x) < fi(u) +
∑
j∈J0

yjgj(u).

1*B@��BC 2.10 ( λi > 0,
p∑

i=1

λi = 1, 9&@

∂+

( p∑
i=1

λifi(u) +
∑
j∈J0

yjgj(u)
)

⊂
( p∑

i=1

λi∂+

(
fi(u) +

∑
j∈J0

yjgj(u)
))

.

3# U, πi ∈ ∂+(fi(u) +
∑

j∈J0

yjgj(u)), ∀i ∈ P, VV ξ =
p∑

i=1

λiπi. 1 (I), 9&V:

F (x, u, πi) ≤ −ρi ‖ θ(x, u) ‖2, ∀i ∈ P,

F (x, u, πi) < −ρi ‖ θ(x, u) ‖2, ∃i ∈ P.

1 F �BaBB 9&@

F (x, u, ξ) ≤
p∑

i=1

λiF (x, u, πi) <

(
−

p∑
i=1

λiρi

)
‖ θ(x, u) ‖2 .

`1 γ∑
r=1

βr +
p∑

i=1

λiρi ≥ 0, 9&@

F (x, u, ξ) <

( γ∑
r=1

βr

)
‖ θ(x, u) ‖2 .

d8 (4.3) .ij f5 (4.1) 8 (4.2) )w"#,P�
%2 (II), 1*+�?)L\ U, i0 ∈ P VV fi0(·) +

∑
j∈J0

yjgj(·) , u � (F, ρi0 , θ)−

tt{S� LV
F (x, u, πi0) < −ρi0 ‖ θ(x, u) ‖2 .

gl2yz�]fL5<8 (4.1) 8 (4.2) )w"#,P�

[ (III) ,P 1 n∑
i=1

λifi(·) +
∑

j∈J0

yjgj(·) , u � (F, ρ, θ)− vS� P
γ∑

r=1
βr + ρ ≥ 0, L

V

F (x, u, ξ) < −ρ ‖ θ(x, u) ‖2≤
( γ∑

r=1

βr

)
‖ θ(x, u) ‖2 .
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d8 (4.3) ij 3# (4.1) 8 (4.2) )w"#,P�
' 5 P$% (VP) ? fi(x), i = 1, 2, · · · , p, gi(x), j = 1, 2, · · · , q � X *�L@N!# 

(VP) �@/%MNA (VD1) ,�@/%MNA

(VD2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
(

f1(u) +
∑
j∈J0

yjgj(u), · · · , fp(u) +
∑
j∈J0

yjgj(u)
)

s.t.
p∑

i=1

λi∇fi(u) +
q∑

j=1

yj∇gj(u) = 0,∑
j∈Jr

yjgj(u) ≥ 0, r = 1, 2, · · · , γ,

yj ≥ 0, j = 1, 2, · · · , q,
λ = (λ1, λ2, · · · , λp) ∈ Λ+.

]P1R%MQ*(@�{b�aBB LV +�<)�
/0 4.1 $% (VP) ? fi(x), i = 1, 2, · · · , p, gi(x), j = 1, 2, · · · , q � X *�L@N!# 

T x � (VP)�].LXX (u, λ, y)� (VD2)�].LXX -- ∑
j∈Jr

yjgj(.), r = 1, 2, · · · , γ

, u � (F, βr, θ)− {S� CP + 3 �CB?@$�,P�
(I) fi(·) +

∑
j∈J0

yjgj(·) , u |� (F, ρi, θ)− {S� `� (F, ρi, θ)− vS� i ∈ P, P

γ∑
r=1

βr +
p∑

i=1

λiρi ≥ 0.

(II) fi(·) +
∑

j∈J0

yjgj(.) , u � (F, ρi, θ)− {S� ∀i ∈ P, PU, i0 ∈ P VV

fi0(.) +
∑

j∈J0

yjgj(.) , u � (F, ρi0 , θ)− tt{S� P
γ∑

r=1
βr +

p∑
i=1

λiρi ≥ 0.

(III)
p∑

i=1

λifi(·) +
∑

j∈J0

yjgj(·) , u � (F, ρ, θ)− vS� P
γ∑

r=1
βr + ρ ≥ 0.

[ ]m))"#,P 
fi(x) ≤ fi(u) +

∑
j∈J0

yjgj(u), ∀i ∈ P

(

fi(x) < fi(u) +
∑
j∈J0

yjgj(u), ∃i ∈ P.

| } 1 2
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THE GENERALIZED VECTOR VARIATIONAL INEQUALITIES

AND THE GENERALIZED DUAL MODELS

LI Yuexian

(College of Mathematics, Inner Mongolia Agriculture University, Hohhot 010018)

RONG Weidong

(Department of Mathematics, Inner Mongolia University, Hohhot 010021)

LIU Haijun

(College of Mathematics, Inner Mongolia Agriculture University, Hohhot 010018)

Abstract In this paper, the nonsmooth vector optimization problem with inequality
constraints in real Banach space is studied. First, in terms of the lower directional derivatives,
the generalized Minty type vector variational inequalities are introduced. Then, the optimality
condition of the problem (VP) is obtained. Finally, the generalized dual model of the problem
(VP) is presented with the help of upper subdifferential of function, and a weak duality theorem
is given.

Key words Lower directional derivative, generalized Minty type vector variational in-
equality, generalized dual model.


