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1 %&'()*+
� X1, X2, · · · , Xn ��, X # iid. �$% X #&'( � F . ���!"#

H0 : F ∈ Fθ ←→ H1 : F �∈ Fθ, (1)

 - Fθ = {F (·, θ) : θ ∈ Θ , F #$%&. }. ! Fn �'(#"!&'( % θ0 ∈ Θ ⊂ Rp

�) #/0*+) θ0 &.)%�!"# (1) *#+$,%,&�%-)-.-&1#
�!'.%(/)/�!0*+ Kolmogorov-Smirnov �!0*+ Cramér-von Mises (1,
Anderson-Darling) �!0 Berk-Jones �! [1] 002# Berk-Jones �! [2] 1--. [3] -2
3.#243)564�!*37�!-5)/86,/4"!&'( Fn �7Æ#%9
- :5#3.86;9*+"!:;#/$0.*<<#,1=*+"!:;#0.=
3/$61-6%,&�%2>3-. [4] - 4#)�-.*>?1@5) #AB6&
�78%?71"!:;123.%2>3-. [5–7]. >C@5) #*+"!:;%89
:1-.@A3.*

$-DB$?1@5) #*+"!:;;C'DE#3.*FG%$E9<+( 
78%H=>C@5) #*+"!:;#+>IF?&I@:E5A#B5&';C3
.G64HI'(#JJ+( 78#B5&'*H=#C.�;JK3.AB&�K'L

#DB;L�! ((/243)564�!M) MN0./O*
�4E3./P%H=GHI$-J7/$NFFO;!Q*

� θ = (θ1, θ2, · · · , θp)τ , θ̂n � θ0 #JR (B0) @5%G</KNF*
* ��=P��HI (��= 0832102), ��Æ���SQ�RJTHIUVK=P��HI (10661003) >

?LSW
TXUMY2007-11-06, TZV[XUMY2008-05-15.
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AB 1

n
1
2 (θ̂n − θ0) =

1√
n

n∑
j=1

l(Xj, θ0) + ε1n, (2)

 - ε1n = op(1); l(x, θ) = (l1(x, θ), l2(x, θ), · · · , lp(x, θ))τ G< EF l(Xj, θ) = 0, li(x, θ) 6WX
1YQRST� x #1>]^( % M(θ0)=̂EF [l(Xj , θ0)lτ (Xj , θ0)] 1UV3_`*

!

αn(x) = n
1
2 [Fn(x) − F (x)] = n

1
2 [Fn(x) − F (x, θ0)] ,

α̂n(x) = n
1
2

[
Fn(x) − F (x, θ̂n)

]
.

Vn(x; q) =
αn(x)

q(F (x, θ0))
, V̂n(x; q) =

α̂n(x)

q(F (x, θ̂n))
.

abWZ/EX%NF 1 cCY θ̂n #['B:%>21 θ0 ∈ Θ ⊂ Rp, + n→∞ )%
P
(
θ̂n ∈ Θ

)
→ 1. 9-aZBX4+\%d�� θ̂n �∈ Θ #78%64E3.-%T&`>D

R�$[R% θ̂n ∈ Θ , 3� α̂n(x) #`4$d\]]^4*^*+% αn(x) $,"!:;%
α̂n(x) $,C@5) #"!:;* Vn(x; q) F V̂n(x; q) �>(#*+"!:;% q �+(

 *

_! {B(t), 0 ≤ t ≤ 1} �J Brownian `( %


θF (x, θ0) =
∂

∂θ
F (x, θ0) =

(
∂

∂θ1
F (x, θ),

∂

∂θ2
F (x, θ), · · · , ∂

∂θp
F (x, θ)

)τ ∣∣∣∣
θ=θ0

,


θθF (x, θ0) =

(
∂2

∂θi∂θj
F (x, θ)

∣∣∣∣
θ=θ0

)
.

KEH=E1-HI _ÆRNF*
AB 2 `A �θF (x,θ)

[F (x,θ0)(1−F (x,θ0))]α
(1
2 ≤ α < 1) =4 x F θ ∈ Λ aaV1>% - Λ � θ0

#JRH`bF#e1*
AB 3 &' F 1cL f , V`A 
θf(x, θ) =4 x ∈ R F θ ∈ Λ aaV1>*
AB 4 �θF (x,θ)

qγ (F (x, θ0))(0 < γ < 1) =4 x F θ ∈ Λ aaV1>*
��+( d

FC0,1 =
{
q(·) : q(t)6 0 fB3e%6 1 fB3G; ∀δ ∈

(
0,

1
2

)
, inf
δ≤t≤1−δ

q(t) > 0
}
.

f

I(q, c) =
∫ 1

0

1
t(1− t)

exp
(
− cq2(t)

t(1− t)

)
dt.

AB 5 q(t) 6 t ∈ (0, 1) Sgg% q(·) ∈ FC0,1, >WX c > 0, I(q, c) <∞.
AB 6 q(t) 6 t ∈ (0, 1) Sgg% q(·) ∈ FC0,1, Vh6 γ < 1

2 , bi∫ 1

0

1
(q(t))2γ

dt <∞,

∫ 1

0

[t(1− t)]
1
2

(q(t))2−γ
dt <∞. (3)
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2 IJKLMNOPQRST
6*+"!:;-%/j q(t) = [t(1− t)]

1
2 , Uk q(t) �E9<+( * Vn(x; q) �E9

<"!:;% V̂n(x; q) � >(#?@5) $%*/j��E9<"!:;+>Ij?&
IE5A#ZB&'%FGefgkE5A Vn(x; q) #lY&' G(F (x, θ0); θ0).

VW 2.1 � F−1(t, θ) = inf{x : F (x, θ) ≥ t} �( F (x, θ) #l( G

H(t, θ) =

θF (F−1(t, θ), θ)√

t(1− t)
, M(θ) = E {l(X1, θ)lτ (X1, θ)} ;

G(t, θ) =
B(t)√
t(1− t)

−Hτ (t, θ)
∫

l(F−1(y, θ), θ)dB(y). (4)

U ∀θ ∈ Θ , {G(t, θ), 0 ≤ t ≤ 1} �J-h< Gaussian :;%21aa#�$mn% i/^
( Cov(G(t, θ), G(s, θ)) �

min{s, t} − st√
t(1 − t)s(1− s)

−Hτ (t, θ)

∫ s

0 l(F−1(y, θ), θ)dy√
s(1 − s)

−Hτ (s, θ)

∫ t

0 l(F−1(y, θ), θ)dy√
t(1 − t)

+ Hτ (t, θ)M(θ)H(s, θ). (5)

X Y Brownian `#:5":%,#5Bjki9]0C.%dEAl*
>E9<"!:;#+>IE5A%1/KC.*
ZW 2.1 ! µn = (log n)k

n , k ≥ 3, q(t) = [t(1 − t)]
1
2 ,  m!Qn;ml*/jNF 1 F

NF 2 on% U6 (1) -6&� H0 on)%1

sup
µn≤F (x,θ0)≤1−µn

|V̂n(x; q)| AD= sup
µn≤t≤1−µn

|G(t, θ0)|, (6)

 - “AD= ” poMQ@q#ZB&',J�#% G(t, θ) #C43 (4) F (5) %*
X > F (x, θ̂n) 6 θ0 r;C Taylor [o%CBNF 1 FNF 2 .%61B {x : µn ≤

F (x, θ0) ≤ 1− µn} +%

F (x, θ̂n)(1− F (x, θ̂n))
F (x, θ0)(1− F (x, θ0))

= 1 +
‖ 
τ

θ F (x, θ∗n)‖
[F (x, θ0)(1− F (x, θ0))]α

op(1) + Op(n−1)

= 1 + op(1),

 - θ∗n p4 θ̂n F θ0 \R*9-

sup
µn≤F (x,θ0)≤1−µn

F (x, θ0)(1 − F (x, θ0))

F (x, θ̂n)(1 − F (x, θ̂n))
= 1 + op(1). (7)
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Y (2) %FNF 2 gi

n
1
2 [Fn(x) − F (x, θ̂n)]

[F (x, θ0)(1− F (x, θ0))]
1
2

=
n

1
2 [Fn(x) − F (x, θ0)]

[F (x, θ0)(1− F (x, θ0))]
1
2
− n

1
2 [F (x, θ̂n)− F (x, θ0)]

[F (x, θ0)(1 − F (x, θ0))]
1
2

= Vn(x; q) −

τ

θF (x, θ∗n)
[

1√
n

∑n
j=1 l(Xj, θ0) + ε1n

]
[F (x, θ0)(1 − F (x, θ0))]

1
2

= Vn(x; q) − 
τ
θF (x, θ0)

[F (x, θ0)(1− F (x, θ0))]
1
2

∫
l(x, θ0)dαn(x) + op(1). (8)

2161B {x : µn ≤ F (x, θ0) ≤ 1− µn} +%CB (7) 1

V̂n(x; q) =
[
Vn(x; q) − 
τ

θF (x, θ0)
[F (x, θ0)(1 − F (x, θ0))]

1
2

∫
l(x, θ0)dαn(x) + op(1)

]
(1 + op(1))

= Vn(x; q) − 
τ
θF (x, θ0)

[F (x, θ0)(1− F (x, θ0))]
1
2

∫
l(x, θ0)dαn(x) + op(1). (9)

_J/E%Y [8] -`0 2 .%h6JR Brownian `( {B(t), 0 ≤ t ≤ 1} bi∫
l(x, θ0)dαn(x) =

∫ 1

0

l(F−1(t, θ0), θ0)dB(t) + op(1). (10)

Y (5), (9) F (10) %i

sup
µn≤F (x,θ0)≤1−µn

∣∣∣V̂n(x; q) −G(F (x, θ0), θ0)
∣∣∣

≤ sup
µn≤F (x,θ0)≤1−µn

∣∣∣∣∣Vn(x; q) − B(F (x, θ0))√
F (x, θ0)(1− F (x, θ0))

∣∣∣∣∣
+ sup

µn≤F (x,θ0)≤1−µn

∣∣∣∣Hτ (F (x, θ0), θ0)
(∫

l(t, θ0)dαn(t) −
∫

l(F−1(y, θ0), θ0)dB(y)
)∣∣∣∣

+op(1)

= sup
µn≤F (x,θ0)≤1−µn

∣∣∣∣∣Vn(x; q) − B(F (x, θ0))√
F (x, θ0)(1− F (x, θ0))

∣∣∣∣∣+ op(1).

Eq; [9] -]0 2 g.

sup
µn≤F (x,θ0)≤1−µn

∣∣∣∣∣Vn(x; q)− B(F (x, θ0))√
F (x, θ0)(1 − F (x, θ0))

∣∣∣∣∣ = o
(
(log2 n)−

1
2

)
= o(1), a.s.

21

sup
µn≤F (x,θ0)≤1−µn

∣∣∣V̂n(x; q)−G(F (x, θ0), θ0)
∣∣∣ = op(1).
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9-`0 2.1 Cs*
] 2.1 -. [9] &"Cr%

P

(
sup

µn≤t≤1−µn

|B(t)|
[t(1− t)]

1
2
≤ t + en

bn

)
−→ exp(−4 exp(−x)),

 - bn =
√

2 log2 n, en = log2 n + log3 n
2 − log(4π)

2 , log2 n = log log n, log3 n = log log log n. >
`0 2.1, p> H(t, θ0) q*'s#^r% sup

µn≤t≤1−µn

|G(t, θ0)| #ZB&'(tt,l0&
'*6u% s�$#/*&'#5Bvd,JFjk#^%umtdvw 2>$%**
#+%d54-. [10], H=g1w_ Bootstrap /xO:xD�5B*

] 2.2 g1!C%2t&'%` &'My3#) &'aF'() #lz56@5
TG<`0 2.1 #NF*^*+%/jb>u4vc{La

Fθ =
{

G

(
x− θ1

θ2

)
: −∞ < θ1 <∞, θ2 > 0

}
,

vV w+yzh6)%g1!C%-a1- ) #lz56@5G<`0 2.1 #NF*
>4?&IE5A%U1/KC.*
ZW 2.2 /jNF 1 9NF 3 on%U66&� (1) on)%1

Â2
n =

∫
n[Fn(x) − F (x, θ̂n)]2

F (x, θ̂n)[1 − F (x, θ̂n)]
f(x, θ̂n)dx

D−→
∫ 1

0

G2(t, θ0)dt,

 - “ D−→” pox&'y{% G(t, θ) #C43 (4) F (5) %*
X YNF 1 9NF 3 F Taylor [o%jki9∣∣∣∣∣Â2

n −
∫

n[Fn(x)− F (x, θ̂n)]2

F (x, θ0)[1 − F (x, θ0)]
f(x, θ0)dx

∣∣∣∣∣ = op(1). (11)

dY4 ∣∣∣∣∣
∫

n[Fn(x) − F (x, θ̂n)]2

F (x, θ0)[1− F (x, θ0)]
f(x, θ0)dx−

∫ 1

0

G2(t, θ0)dt

∣∣∣∣∣
=

∣∣∣∣∣
∫

n[Fn(x) − F (x, θ0)−
τ
θF (x, θ∗n)(θ̂n − θ0)]2

F (x, θ0)(1 − F (x, θ0))
f(x, θ0)dx

−
∫

[B(F (x, θ0))−
τ
θF (x, θ0)

∫
l(t, θ0)dB(F (t, θ0))]2

F (x, θ0)(1 − F (x, θ0))
f(x, θ0)dx

∣∣∣∣
≤
∣∣∣∣∫ αn(x) −B(F (x, θ0)) +
τ

θF (x, θ0)
∫

l(t, θ0)d[B(F (t, θ0))− αn(t)]
[F (x, θ0)(1 − F (x, θ0))]α

f(x, θ0)dx

∣∣∣∣
· sup

x

∣∣αn(x) + B(F (x, θ0))−
τ
θF (x, θ0)

∫
l(t, θ0)d[B(F (t, θ0)) + αn(t)]

∣∣
[F (x, θ0)(1− F (x, θ0))]1−α

+ op(1)

≤
[∣∣∣ ∫ αn(x) −B(F (x, θ0))

[F (x, θ0)(1− F (x, θ0))]α
f(x, θ0)dx

∣∣∣
+
∣∣∣ ∫ 
τ

θF (x, θ0)
∫

l(t, θ0)d[B(F (t, θ0))− αn(t)]
[F (x, θ0)(1 − F (x, θ0))]α

f(x, θ0)dx
∣∣∣] ·Op(1) + op(1)

= [op(1) + op(1)]Op(1) + op(1) = op(1). (12)
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e4JRMQon,q; [4] -`0 3.5, [8] -`0 2 1-NF 2.
_J/E%EY [4] -`0 3.5 ki

∫ 1

0 G2(t, θ0)dt <∞, a.s. Y-vCB (11) F (12) %
ki`0C.*

3 fgLMNOPQRST
>JJ#+( 78%H=GHI@R]0*

VW 3.1 /j q ∈ FC0,1, U

sup
0<t<1

∣∣∣n 1
2 [Fn(F−1(t, θ0), θ0)− t]−B(t)

q(t)

∣∣∣ = op(1)

+V|+>WX c > 0, I(q, c) <∞.
X 3 [4] -`0 3.2.
d5]0 2.1, 1
VW 3.2 !

Gq(t, θ) =
B(t)
q(t)

− 
θF (F−1(t, θ), θ)
q(t)

∫
l(F−1(s, θ), θ)dB(s). (13)

U ∀θ ∈ Θ , {Gq(t, θ), 0 ≤ t ≤ 1} �J-h< Guassian :;% i/^ Cov(Gq(t, θ), Gq(s, θ))
�

min{s, t} − st

q(t)q(s)
−
(
θF (F−1(t, θ), θ)

q(t)

)τ
∫ s

0 l(F−1(y, θ), θ)dy

q(s)

−
(
θF (F−1(s, θ), θ)

q(t)

)τ
∫ t

0 l(F−1(y, θ), θ)dy

q(t)

+
(
θF (F−1(t, θ), θ)

q(t)

)τ

M(θ)
(
θF (F−1(s, θ), θ)

q(t)

)
.

>*+"!:;#+>IE5A%1/KC.*
ZW 3.1 &�NF 1,4,5 on%U66&� (1) on)%1

K̂Sn(q) = sup
x∈R

∣∣∣n 1
2 [Fn(x) − F (x, θ̂n)]

q(F (x, θ̂n))

∣∣∣ D−→ sup
x∈R

|Gq(F (x, θ0), θ0)| .

X Y`0NFvO: Taylor [o%jki9∣∣∣ sup
x∈R

n
1
2 [Fn(x) − F (x, θ̂n)]

q(F (x, θ̂n))
− sup

x∈R

n
1
2 [Fn(x)− F (x, θ̂n)]

q(F (x, θ0))

∣∣∣ = op(1). (14)

uYNF 1 .
n

1
2 [Fn(x)− F (x, θ̂n)]

q(F (x, θ0))

=
αn(x)

q(F (x, θ0))
− 
θF (x, θ0)[

√
n(θ̂n − θ0) + Op(n− 1

2 )]
q(F (x, θ0))

=
αn(x)

q(F (x, θ0))
− 
θF (x, θ0)

q(F (x, θ0))

∫
l(t, θ0)dαn(t) + Op(n− 1

2 ). (15)
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CB (14) F (15) %gi

sup
x∈R

∣∣∣V̂n(x; q) −Gq(F (x, θ0), θ0)
∣∣∣

= sup
x∈R

∣∣∣∣ αn(x)
q(F (x, θ0))

− 
θF (x, θ0)
q(F (x, θ0))

∫
l(t, θ0)dαn(t) + op(1)

−B(F (x, θ0))
q(F (x, θ0))

+

θF (x, θ0)
q(F (x, θ0))

∫
l(F−1(s, θ0), θ0)dB(s)

∣∣∣∣
≤ sup

x∈R

∣∣∣∣
θF (x, θ0)
q(F (x, θ0))

[ ∫
l(F−1(s, θ0), θ0)dB(s) −

∫
l(t, θ0)dαn(t)

]∣∣∣∣
+ sup

x∈R

∣∣∣∣ αn(x)
q(F (x, θ0))

− B(F (x, θ0))
q(F (x, θ0))

∣∣∣∣+ op(1).

Y4 αn(x) → B(F (x, θ0)), 21
∣∣∫ l(F−1(s, θ0), θ0)dB(s) − ∫ l(t, θ0)dαn(t)

∣∣ = op(1), ECB
]0 3.1 F]0 3.2 gi

sup
x∈R

∣∣∣V̂n(x; q)−Gq(F (x, θ0), θ0)
∣∣∣ = op(1).

EY [4] -D 1.1 gi sup
x∈R

|Gq(F (x, θ0), θ0)| <∞. 9-`0C.on*

] 3.1 `0 2.1 z6$%+h$`0'5%|du4$`0#{|78*9�>WXy
 c > 0,

I(q, c) =
∫ 1

0

1
t(1− t)

exp
(
− ct(1− t)

t(1− t)

)
dt =∞.

dG<$`0#NF%}7}6QR [µn, 1− µn] S3.%d�� }~78*
>*+"!:;#?&IE5A%1/KC.*
ZW 3.2 &�NF 1, 3, 4, 6 on%U66&� (1) on)%1

ω̂2
n(q) =

∫
n[Fn(x) − F (x, θ̂n)]2

q2(F (x, θ̂n))
dF (x, θ̂n) D−→

∫ 1

0

G2
q(t, θ0)dt.

 - Gq(t, θ0) 3 (13) %*
X Y`0NFvO: Taylor [o%jki9∣∣∣ ∫ ∞

−∞

n[Fn(x)− F (x, θ̂n)]2

q2(F (x, θ̂n))
dF (x, θ̂n)−

∫ ∞

−∞

n[Fn(x)− F (x, θ̂n)]2

q2(F (x, θ0))
dF (x, θ0)

∣∣∣ = op(1). (16)

Y$`0#NFki∣∣∣∣ω̂2
n(q) −

∫ 1

0

G2
q(t, θ0)dt

∣∣∣∣
≤
∣∣∣∣∣
∫ ∞

−∞

n[Fn(x) − F (x, θ̂n)]2

q2(F (x, θ̂n))
dF (x, θ̂n)−

∫ ∞

−∞

n[Fn(x) − F (x, θ̂n)]2

q2(F (x, θ0))
dF (x, θ0)

∣∣∣∣∣
+

∣∣∣∣∣
∫ ∞

−∞

n[Fn(x)− F (x, θ̂n)]2

q2(F (x, θ0))
dF (x, θ0)−

∫ 1

0

G2
q(t, θ0)dt

∣∣∣∣∣
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=

∣∣∣∣∣
∫ {

αn(x) −
θF (x, θ0)
∫

l(t, θ0)dαn(t)
}2

q2(F (x, θ0))
f(x, θ0)dx + op(1)

−
∫ {

B(F (x, θ0))−
θF (x, θ0)
∫

l(t, θ0)dB(F (t, θ0))
}2

q2(F (x, θ0))
f(x, θ0)dx

∣∣∣∣∣+ op(1)

≤
∫ ∣∣∣∣αn(x)−B(F (x, θ0)) +
θF (x, θ0)

∫
l(t, θ0)d [B(F (t, θ0))− αn(t)]

[q(F (x, θ0))]2−γ

∣∣∣∣ f(x, θ0)dx

· sup
x

∣∣αn(x) + B(F (x, θ0))−
θF (x, θ0)
∫

l(t, θ0)d (B(F (t, θ0)) + αn(t))
∣∣

[q(x)]γ
+ op(1)

≤ op(1) +
[∫ ∣∣∣∣αn(x)−B(F (x, θ0))

[q(F (x, θ0))]2−γ

∣∣∣∣ f(x, θ0)dx

+
∫ ∣∣∣∣
θF (x, θ0)

∫
l(t, θ0)d [B(F (t, θ0))− αn(t)]
[q(F (x, θ0))]2−γ

∣∣∣∣ f(x, θ0)dx

]
Op(1). (17)

dY4
∫ 1

0
[t(1−t)]

1
2

(q(t))2−γ dt <∞, q;-. [4] -`0 3.5 ki∫ ∣∣∣∣αn(x) −B(F (x, θ0))
[q(F (x, θ0))]2−γ

∣∣∣∣ f(x, θ0)dx = op(1). (18)

YNF 4,6 vCB [4] -D 1.1 gi∫ ∣∣∣∣
θF (x, θ0)
∫

l(t, θ0)d [B(F (t, θ0))− αn(t)]
[q(F (x, θ0))]2−γ

∣∣∣∣ f(x, θ0)dx = op(1). (19)

CB (17)–(19) %ki∣∣∣∣∫ V̂ 2
n (x; q)dF (x, θ̂n)−

∫ 1

0

G2
q(t, θ0)dt

∣∣∣∣ = [op(1) + op(1)]Op(1) + op(1) = op(1).

Y-i`0C.*
] 3.2 ~6 q2(t) = t(1− t) G<$`0#f~%}`0 2.2 �$`0#JR{(*
] 3.3 g1!C%2t&'a%` &'My3#) &'a-) #lz56@5T
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THE WEIGHTED EMPIRICAL PROCESSES

WITH ESTIMATED PARAMETERS

ZHANG Junjian

(College of Applied Sciences, Beijing University of Technology, Beijing 100124;

College of Mathematics, Guangxi Normal University, Guilin 541004)

Abstract The theory of weighted empirical processes is an important element for (gen-
eralized) nonparametric likelihood ratio goodness of fit test. There are few papers to discuss
the weighted empirical processes with estimated parameters. This paper is concerned with the
approximation distribution of the weighted empirical processes systematically. The results will
provide a certain theoretical basis for (generalized) nonparametric likelihood ratio goodness of
fit test with estimated parameters.

Key words The weighted empirical processes, estimated parameter, goodness of fit.


