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��� Shishkin ���Æ���
MR(2000) ��)*+ 65M06, 65M12, 65M50

1 � �
,������-��� �!"#$��. %!"&/0��� '1("# 2

#�1$%&3 )�Æ)*+,� (4!'("# 2#�'1-".#)/.&�
. %!"01'10$*%52&6%523+%52�52,-57'(8)4*3&
,9+ :��,.� Navier-Stokes "#&1�. %!";( %/�<5'6-�
 (.7 �="89:;/00> �=1<&2=123(4?>@A1�. %!"
 �=3�"56B7?& ?8>@(9�:45 [1–4]. @0C�-<A��� �. 
%!"D.;*76B7< �="8(C'@0�-=A��� �. %!" ?8
>@E>?6-8&

D4@A9: �. %;-@$B<"#

Lε,µu ≡ ε
∂u

∂t
− µ

∂2u

∂x2
− a(x, t)

∂u

∂x
+ b(x, t)u = f(x, t), (x, t) ∈ D, (1.1)

u|t=0 = 0, u|∂Ω×(0,T ] = 0, (1.2)

* ECF=D�EF (10671180), ��>F=D�EF (Y607504) G��?F=D�EFGHH@F
AGBCH2008-09-11.
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KI Ω = (0, 1), D ≡ Ω × (0, T ], ∂D = D \D, /� a(x, t), b(x, t) J f(x, t) 'K!LKM�(
0 < ε� 1, 0 < µ� 1 '=A���&LE(FMNG

a(x, t) ≥ α > 0, b(x, t) ≥ β > 0, (1.3)∣∣∣∂kf

∂xk

∣∣∣ ≤ C
(
1 + µ−k exp

(
− αx

µ

))
, k = 0, 1, 2, (x, t) ∈ D, (1.4)∣∣∣∂mf

∂tm

∣∣∣ ≤ C
(
1 + ε−m exp

(
− βt

ε

))
, m = 0, 1, 2, (x, t) ∈ D. (1.5)

NHFMNO"# 2#�1LOPP-K! MN+JIJ+(7O02#�'K!L
K &D4P:QQ�. %!" R0=A���S<OKQ [2]  �=RL"8&

T�� ε = 0 M("# (1.1) !'DU01?8 @$B<"# [2,5−7], N2#�1 x = 0
P�-<AR�-".VT�� ε = 1 M("# (1.1) '<A;-@$B<"# [8,9], N2#
�1 x = 0 -"�-<A;--".&O)'7P ?'MSST �. %!"(D-:
845 [6,7,9] 9;77< �=RL"8&45 [10] @A7�=A��� =Q;-WTB
<!"(9;7U0URTSX Y!ZV&

D4QQU0 Shishkin TSX VUW[Y!XU33��. %;-@$B<!"
(1.1)–(1.2). FMXW\Y!ZV'R0��� ε J µ S<OKQ (NH'XY<�KQ
 &

D4 1Q9:]1^ 2 /!;(FMVW9;2#�'N_��� " `RV�X
WY!ZV'R0��� ε J µ S'<OKQ (1^ 3 /!;XZ2#�!�aLK/
!J-"./!V1^ 4 /!;FM9; Shishkin TSXJ-YY!XUVZ[1^ 5 /!
;X*\Y!ZV'R0O[\XY<�KQ (NH'R0��� ε J µ S'<OKQ
 V,[�=\YX\])1< 2#+&
� 1 D4;( C b]<Ac^0��� ε, µ J_<SX M,�(NH1:^ d

"9b]:^ ,�V ‖ · ‖ b],?\&

2 �Z[\Æ�
]^"# (1.1) ; �!L6 Lε,µ 0_``a?\a]&
�b 1 ea?\a]f9<M� y ∈ C2(D) 0_ Lε,µy|D ≥ 0 J y|∂D ≥ 0, _b y|D ≥ 0.
Tca?\a]9*9:7O+1<&
�b 2 "# (1.1)–(1.2)  2#� u 0_9:`R

|u(x, t)| ≤ 1
β
‖f‖, (x, t) ∈ D.

:5 d]9;"# (1.1)–(1.2)  2#� u(x, t) _��� " `R&
�b 3 "# (1.1)–(1.2)  2#� u(x, t)  _���0_

∥∥∥ ∂k+mu

∂xk∂tm
(x, t)

∥∥∥
D

≤ Cε−mµ−k, 0 ≤ k +m ≤ 3,

KI k,m �+ge�&
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� FMVW@)&)e] η = t
ε , ξ = x

µ . )e[ Oh&3� D̃ = (0, 1
µ )× (0, T

ε ). Oh
ũ(ξ, η) = u(x, t), fbdOhM� ã, b̃ J f̃ . @\)&)e[("# (1.1) 9)ea9:cU

µ
∂ũ

∂η
− ∂2ũ

∂ξ2
− ã

∂ũ

∂ξ
+ µb̃ũ = µf̃ , (ξ, η) ∈ D̃.

Tc45 [11] ;`RU (10.5), @00_ 0 ≤ k +m ≤ 3  +ge� k,m Jd> Ñδ ⊆ D̃,
9* ∥∥∥ ∂k+mũ

∂ξk∂ηm

∥∥∥
Ñδ

≤ C(1 + ‖ũ‖
Ñ2δ

),

KI(@0d> λ > 0, Ñλ '<A&3 D̃ ; ig� λ  *3( C '<Ac^0 Ñδ  ,

�&hha3 )& x J t 9*∥∥∥ ∂k+mu

∂xk∂tm

∥∥∥
D
≤ Cε−mµ−k(1 + ‖u‖D).

Tcd] 2 ;2#� `R9ea\d] XW&
�b 4 "# (1.1)–(1.2)  2#� f�� ux 0_9:`R

|ux| ≤ C
(
1 + µ−1 exp

(
− αx

µ

))
, (x, t) ∈ D.

� / z1(x, t) = ux, ig"# (1.1) a

µ
∂z1
∂x

+ a(x, t)z1 = h1(x, t),

KI
h1(x, t) = −f(x, t) + εut + b(x, t)u.

/d] 2 J 3 9*

|h1(x, t)| ≤ C, (x, t) ∈ D. (2.1)

/ A(x, t) ' a(x, t) R0)& x  :Oi!&N9�*h5<��!"# ��
z1(x, t) = z1(0, t) exp(−µ−1(A(x, t) −A(0, t)))

+µ−1

∫ x

0

h1(s, t) exp(−µ−1(A(x, t) −A(s, t)))ds.

jc:4U

exp(−µ−1(A(x, t) −A(s, t))) ≤ exp
(
− α(x− s)

µ

)
, x ≥ s, (2.2)

/U (2.1) Jd] 3 9*

|z1(x, t)| ≤ Cµ−1 exp
(
− αx

µ

)
+ Cµ−1

∫ x

0

exp
(
− α(x − s)

µ

)
ds.
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/\:4U9X*d]1)a^&
�b 5 "# (1.1)–(1.2)  2#� f�� ut 0_9:`R

|ut| ≤ C
(
1 + ε−1 exp

(
− βt

ε

))
, (x, t) ∈ D.

� jikjM�

φ1(x, t) = C
(
1 + ε−1 exp

(
− βt

ε

))(
1 + exp

(
− αx

µ

))
,

@0K!? ,� C, FM-

Lε,µ(φ1 ± ut) = −Cβε−1 exp
(
− βt

ε

)(
1 + exp

(
− αx

µ

))
−C

(
1 + ε−1 exp

(
− βt

ε

))
α2µ−1 exp

(
− αx

µ

)
+C

(
1 + ε−1 exp

(
− βt

ε

))
α a(x, t)µ−1 exp

(
− αx

µ

)
+Cb(x, t)

(
1 + ε−1 exp

(
− βt

ε

))(
1 + exp

(
− αx

µ

))
± (ft + atux − btu)

= Cb
(
1 + exp

(
− αx

µ

))
+ C(b − β)

(
1 + exp

(
− αx

µ

))
ε−1 exp

(
− βt

ε

)
+Cα(a− α)

(
1 + ε−1 exp

(
− βt

ε

))
µ−1 exp

(
− αx

µ

)
±(ft + atux − btu) ≥ 0. (2.3)

h5 j�jc7NG (1.5), d] 2 J 4.
/-"kk (1.2) 9*

ut|x=0,1 = 0.

/hUJd] 3 9*

(φ1 ± ut)|∂D ≥ 0. (2.4)

1l:4U (2.3)–(2.4) Jd] 1 9ea\d] XW&
�b 6 "# (1.1)–(1.2)  2#� f�� uxt 0_9:`R

|uxt| ≤ C
(
1 + ε−1 + ε−1µ−1 exp

(
− αx

µ

))
, (x, t) ∈ D.

� @"# (1.1) =-R0 t 3<kf��(N/ z2 = uxt, N9*

lz2 ≡ µ
∂z2
∂x

+ a(x, t)z2 = h2(x, t),

KI
h2(x, t) = εutt − atux + btu+ but − ft.
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/d] 2–5 JNG (1.5) 9^

|h2(x, t)| ≤ C
[
1 + ε−1 + ε−1 exp

(
− βt

ε

)
+ µ−1 exp

(
− αx

µ

)]
, (x, t) ∈ D. (2.5)

/WX8l]X*9:a?\a]a^&
@0M� y ∈ C1(D), 9< ly|D ≥ 0 J y|x=0 ≥ 0, _b y|D ≥ 0.
jikjM� φ2(x, t) = C[1 + ε−1 + ε−1µ−1 exp(−αx

µ )]. @0K!? ,� C, Tc`R
U (2.5) 9* l(φ2 ± z2) ≥ 0. LE(/d] 3 9^ |z2(0, t)| ≤ Cε−1µ−1. l\(Tca?\a
]9* |uxt|  `R&E\ead] XW&
�b 7 "# (1.1)–(1.2)  2#� f�� uxx 0_9:`R

|uxx| ≤ C
(
1 + µ−2 exp

(
− αx

µ

))
, (x, t) ∈ D.

� @"# (1.1) =-R0 x 3<kf��(N/ z3 = uxx, N-

µ
∂z3
∂x

+ a(x, t)z3 = h3(x, t),

KI
h3(x, t) = −fx + εuxt − axux + bxu+ bux.

/d] 2–6 JNG (1.4) 9^

|h3(x, t)| ≤ C
(
1 + µ−1 exp

(
− αx

µ

))
, (x, t) ∈ D. (2.6)

3�h5<��!"#9*
z3(x, t) = z3(0, t) exp(−µ−1(A(x, t) −A(0, t)))

+µ−1

∫ x

0

h3(s, t) exp(−µ−1(A(x, t) −A(s, t)))ds,

KI A(x, t) ^m' a(x, t) R0)& x  :Oi!&/:4U (2.2), (2.6) Jd] 3 9*

|z3(x, t)| ≤ Cµ−2 exp
(
− αx

µ

)
+Cµ−1

∫ x

0

(
1 + µ−1 exp

(
− αs

µ

))
exp

(
− α(x − s)

µ

)
ds,

/\:4U9*d]a^&
�b 8 "# (1.1)–(1.2)  2#� f�� utt 0_9:`R

|utt| ≤ C
(
1 + ε−1 + ε−2 exp

(
− βt

ε

))
, (x, t) ∈ D.

� jikjM�

φ2(x, t) = C
(
1 + ε−1 + ε−2 exp

(
− βt

ε

)
+ ε−1 exp

(
− αx

µ

))
,
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N@0K!? ,� C FM-
Lε,µ(φ2 ± utt)

= −Cβε−2 exp
(
− βt

ε

)
− Cα2ε−1µ−1 exp

(
− αx

µ

)
+ Ca(x, t)αε−1µ−1 exp

(
− αx

µ

)
+Cb(x, t)

[
1 + ε−1 + ε−2 exp

(
− βt

ε

)
+ ε−1 exp

(
− αx

µ

)]
±(ftt + attux + 2atuxt − bttu− 2btut)

= Cb(x, t)
(
1 + ε−1 + ε−1 exp

(
− αx

µ

))
+ C(b(x, t) − β)ε−2 exp

(
− βt

ε

)
+C(a(x, t) − α)αε−1µ−1 exp

(
− αx

µ

)
± (ftt + attux + 2atuxt − bttu− 2btut)

≥ 0. (2.7)

h5 j�jc7d] 2–6 JNG (1.5).
/-"kk (1.2) 9^

utt|∂Ω×(0,T ] = 0.

1lhUJd] 3 9*]@0K!? ,� C -
(φ2 ± utt)|∂D ≥ 0 (2.8)

a^&

1l:4U (2.7)–(2.8) Jd] 1 9X*d]a^&
�b 9 "# (1.1)–(1.2)  2#� f�� uxxx 0_9:`R

|uxxx| ≤ C
(
1 + µ−1 + µ−3 exp

(
− αx

µ

))
, (x, t) ∈ D.

� @"# (1.1) =-R0 x 3=kf��(N/ z4 = uxxx, N-

µ
∂z4
∂x

+ a(x, t)z4 = h4(x, t),

KI
h4(x, t) = −fxx + εuxxt − axxux − 2axuxx + bxxu+ 2bxux + buxx.

n@"# (1.1) =-R0 t 3<kf��9*
µuxxt = εutt − atux − auxt + btut − ft.

l-
|uxxt| ≤ C

(
1 + ε−1µ−1 + ε−1µ−2 exp

(
− αx

µ

))
, (2.9)

KIFMDjc7NG (1.5), d] 4–6 Jd] 8.
/d] 2–7, :4U (2.9) JNG (1.4) 9*

|h4(x, t)| ≤ C
(
1 + µ−1 + µ−2 exp

(
− αx

µ

))
, (x, t) ∈ D. (2.10)
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3�h5<��!"#9*
z4(x, t) = z4(0, t) exp(−µ−1(A(x, t) −A(0, t)))

+µ−1

∫ x

0

h4(s, t) exp(−µ−1(A(x, t) −A(s, t)))ds,

KI A(x, t) ^m� a(x, t) R0)& x  :Oi!&/:4U (2.2),(2.10) Jd] 3 9*

|z4(x, t)| ≤ Cµ−3 exp
(
− αx

µ

)
+Cµ−1

∫ x

0

(
1 + µ−1 + µ−2 exp

(
− αs

µ

))
exp

(
− α(x− s)

µ

)
ds,

/\9*d] 1)'M# &

3 �Z[\o[
�QQR0���<OKQ Y!ZV(X:^m"#2#� nmn# `R&:5

Z"# (1.1)–(1.2)  2#�@9:!�
u(x, t) = v(x, t) + w(x, t), (x, t) ∈ D, (3.1)

N; v(x, t) 0_9:+m�"#
Lε,µv(x, t) = f(x, t), (x, t) ∈ D, (3.2)
v(x, 0) = 0, x ∈ Ω , (3.3)
v(0, t) = v0(0, t) + µv1(0, t), v(1, t) = 0, t ∈ (0, T ], (3.4)

o w(x, t) 0_9:m�"#
Lε,µw(x, t) = 0, (x, t) ∈ D, (3.5)
w(x, 0) = 0, x ∈ Ω , (3.6)
w(0, t) = −v(0, t), w(1, t) = 0, t ∈ (0, T ]. (3.7)

N; v0(x, t), v1(x, t) '9:Oh 
ε
∂v0
∂t

− a(x, t)
∂v0
∂x

+ b(x, t)v0 = f(x, t), x, t ∈ D, (3.8)

v0(x, 0) = 0, x ∈ Ω , (3.9)
v0(1, t) = 0, t ∈ (0, T ], (3.10)

ε
∂v1
∂t

− a(x, t)
∂v1
∂x

+ b(x, t)v1 =
∂2v0
∂x2

, (x, t) ∈ D, (3.11)

v1(x, 0) = 0, x ∈ Ω , (3.12)
v1(1, t) = 0, t ∈ (0, T ]. (3.13)

�b 10 '1$A,� C, n*9:`Ra^∣∣∣∂iv

∂xi

∣∣∣ ≤ C(1 + µ2−i), i = 0, 1, 2, 3, (x, t) ∈ D,∣∣∣∂jv

∂tj

∣∣∣ ≤ C
(
1 + ε1−j + ε−j exp

(
− βt

ε

))
, j = 0, 1, 2, (x, t) ∈ D.
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� /0 v0(x, t), v1(x, t) JoM _���'c^0��� µ  (l\FM-
∣∣∣∂iv0
∂xi

∣∣∣ ≤ C,
∣∣∣∂iv1
∂xi

∣∣∣ ≤ C, j = 0, 1, 2, 3, (x, t) ∈ D. (3.14)

Tcfb0p5d];`R2#� u 'N_��� oq(FM9*

∣∣∣∂jv0
∂tj

∣∣∣ ≤ C
(
1 + ε−j exp

(
− βt

ε

))
, j = 0, 1, 2, (x, t) ∈ D, (3.15)∣∣∣∂jv1

∂tj

∣∣∣ ≤ C
(
1 + ε−j exp

(
− βt

ε

))
, j = 0, 1, 2, (x, t) ∈ D. (3.16)

v(x, t) 9b]�

v(x, t) = v0(x, t) + µv1(x, t) + µ2v2(x, t), (3.17)

N; v2(x, t) '"#

ε
∂v2
∂t

− µ
∂2v2
∂x2

− a(x, t)
∂v2
∂x

+ b(x, t)v2 =
∂2v1
∂x2

, (x, t) ∈ D,

v2(x, 0) = 0, x ∈ Ω ,

v2(0, t) = v(1, t) = 0, t ∈ (0, T ]

 �&Tcd] 2–9 9*

∣∣∣∂iv2
∂xi

∣∣∣ ≤ C
(
1 + µ2−i + µ−i exp

(
− αx

µ

))
, i = 0, 1, 2, 3, (x, t) ∈ D, (3.18)∣∣∣∂jv2

∂tj

∣∣∣ ≤ C
(
1 + ε1−j + ε−j exp

(
− βt

ε

))
, j = 0, 1, 2, (x, t) ∈ D. (3.19)

1l (3.14)–(3.19) 9ead] XW&
:5 d]9; w(x, t)  `R&
�b 11 "# (3.5)–(3.7)  � w(x, t) 0_9:`R

|w(x, t)| ≤ C exp
(
− αx

µ

)
, (x, t) ∈ D.

� jikjM�

φ3(x, t) = C exp
(
− αx

µ

)
,

@0K!? ,� C, -

Lε,µ(φ3 ± w) = Cµ−1(−α2 + a(x, t)α + b(x, t)) exp
(
− αx

µ

)
≥ 0. (3.20)

/p=kk (3.6) J-=kk (3.7) 9^
(φ3 ± w)|∂D ≥ 0. (3.21)
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1l:4U (3.20)–(3.21) Jd] 1 9ea\d] XW&

4 �pqrops
/2#� +t97p;("# (1.1)–(1.2)  2#� u 1-" x = 0 J t = 0 P'1-

".&l\FMX:@-".&3qrmr&:59;DU01Tc03��. %!" 
Shishkin TmrSX&

/ σµ J σε 'SXLu/�(Oh9:
σµ = min

(1
2
,
µ

α
lnN

)
, σε = min

(1
2
,
ε

β
lnN

)
.

KIFMNG σµ = µ
α lnN J σε = ε

β lnN ; qN N−1 J K−1 !r'I@0 µ J ε R��
 (FM97c.7 �="8qr3�&

1sS"sh(FM!r4!�&S [0, σµ] J [σµ, 1] a N
2 A�&S&fbd(1MS

"sh(FM497!r4!�&S [0, σε] J [σε, T ] a K
2 A�&S&_bFM !t<O

 Shishkin TmrSX� DN,K = {(xi, tj)|i = 0, 1, · · · , N ; j = 0, 1, · · · ,K}, KI

xi =

⎧⎪⎪⎨⎪⎪⎩
2iσµ

N
, i = 0, 1, · · · , N

2
,

1 − 2(1 − σµ)(N − i)
N

, i =
N

2
+ 1, · · · , N,

(4.1)

tj =

⎧⎪⎪⎨⎪⎪⎩
2jσε

K
, j = 0, 1, · · · , K

2
,

1 − 2(1 − σε)(K − j)
K

, j =
K

2
+ 1, · · · ,K.

(4.2)

Wu97p;(SXst hi = xi − xi−1 J τj = tj − tj−1 !r0_

hi ≤

⎧⎪⎨⎪⎩
CµN−1 lnN, i = 1, 2, · · · , N

2
,

CN−1, i =
N

2
+ 1, · · · , N,

(4.3)

τj ≤

⎧⎪⎨⎪⎩
CεK−1 lnK, j = 1, 2, · · · , K

2
,

CK−1, j =
K

2
+ 1, · · · ,K.

(4.4)

1 Shishkin TSX DN,K h(TcVUW[Y!XU3_<"# (1.1)–(1.2)

LN,K
ε,µ U j

i ≡ εD−
t U

j
i − µδ2xU

j
i − aj

iD
+
x U

j
i + bjiU

j
i = f j

i , 1 ≤ i < N, 1 ≤ j ≤ K, (4.5)

U0
i = 0, 1 ≤ i < N, U j

0 = U j
N = 0, 0 ≤ j ≤ K, (4.6)

KI

D+
x U

j
i =

U j
i+1 − U j

i

hi+1
, D−

x U
j
i =

U j
i − U j

i−1

hi
,

δ2xU
j
i =

2
hi+1 + hi

(D+
x U

j
i −D−

x U
j
i ), D−

t U
j
i =

U j
i − U j−1

i

τj
.
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5 �ro�
FMTc_<a?\a]2tuvY`RJkjM�oq3qrvY`R&
�b 12 (_<a?\a]) LN,K

ε,µ 1!t<O SX DN,K h0__<a?\a](u
9< {ϕj

i} J {ψj
i } 'SXM�(0_ ϕj

0 ≤ ψj
0, ϕ

j
N ≤ ψj

N (0 ≤ j ≤ K) (ϕ0
i ≤ ψ0

i (0 ≤ i ≤ N)
J LN,K

ε,µ ϕj
i ≤ LN,K

ε,µ ψj
i (1 ≤ i < N, 1 ≤ j ≤ K), _b@0w- i, j - ϕj

i ≤ ψj
i a^&

� l]XWvL6 LN,K
ε,µ IT vw'<A M - w(9�:45 [5] ;d] 3.1  X

W&

:5 d]9;<A`RtuvY -cvU&
�b 13 / r(x, t) 'Oh1&3 D h LKM�(N-9: tuvY`RUa^

|LN,K
ε,µ rj

i − Lε,µr(xi, tj)| ≤ Cε

∫ tj

tj−1

∣∣∣∂2r

∂t2
(xi, t)

∣∣∣dt+ Cµ

∫ xi+1

xi−1

∣∣∣ ∂3r

∂x3
(x, tj)

∣∣∣dx
+C

∫ xi+1

xi

∣∣∣ ∂2r

∂x2
(x, tj)

∣∣∣dx, 1 ≤ i < N, 1 ≤ j ≤ K.

� Tc Peano wO]u9*d]a^(9�:45 [5] ;d] 3.3  XW&
:5FM9;<AO]XW;X:cw 1<&
�b 14 OhSXM�

Sj
i =

i∏
k=1

(
1 +

αhk

µ

)−1

, 0 ≤ i ≤ N, 0 ≤ j ≤ K,

KI@0w- j S- Sj
0 = 1. _bSXM� Sj

i 0_

LN,K
ε,µ Sj

i ≥ CSj
i

max{µ, hi} , 1 ≤ i < N, 1 ≤ j ≤ K,

exp
(
− αxi

µ

)
≤ Sj

i , 1 ≤ i ≤ N, 1 ≤ j ≤ K.

� xxxyRL]*d]a^(9�:45 [12, 13].
E\(FM9*D4 P:1<&
xb 1 G u '"# (1.1)–(1.2)  2#�( U 'Y!ZV (4.5)–(4.6)  �&NFM-

9:vY`RUa^

|uj
i − U j

i | ≤ C(N−1 lnN +K−1 lnK), 0 ≤ i ≤ N, 0 ≤ j ≤ K.

� hz2#� !�U (3.1), 9fb!�_<�a9:cU

U j
i = V j

i +W j
i , 0 ≤ i ≤ N, 0 ≤ j ≤ K,

KI V 0_9:"#
LN,K

ε,µ V j
i = f j

i , 1 ≤ i < N, 1 ≤ j ≤ K,

V 0
i = v0

i , 0 ≤ i ≤ N,

V j
0 = vj

0, V j
N = vj

N , 0 < j ≤ K,
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o W 0_9:"#
LN,K

ε,µ W j
i = 0, 1 ≤ i < N, 1 ≤ j ≤ K,

W 0
i = w0

i , 0 ≤ i ≤ N,

W j
0 = wj

0, W j
N = wj

N , 0 < j ≤ K.

_b1yASX{h vY�
uj

i − U j
i = vj

i − V j
i + wj

i −W j
i .

l\9!r`R v J w  vY&

@0LK/! `R(/d] 10 J 13 9*

|LN,K
ε,µ (vj

i − V j
i )|

= |LN,K
ε,µ vj

i − Lε,µv
j
i | ≤ C

∫ tj

tj−1

(
1 + ε−1 exp

(
− βt

ε

))
dt+ CN−1

≤ CN−1 + C
(
τj − 1

β
e−

βt
ε |tj

tj−1

)
≤ CN−1 + CK−1 lnK, 1 ≤ i < N, 1 ≤ j ≤ K,

KIFMD.jc7SXst `RU (4.3)–(4.4) JLu{ σε  ji&jikjM�
Gj

i = C(N−1 +K−1 lnK) (,� C K!?), /d] 12 9*

|vj
i − V j

i | ≤ C(N−1 +K−1 lnK), 0 ≤ i ≤ N, 0 ≤ j ≤ K. (5.1)

@0 w(xi, tj) −W j
i  vY!y(iz tuvYJkjM�oq*:wR0��� ε

J µ S<OKQ /00> 1<&KIFMW1|SXhqrvY`R&VW(y>w

|W j
N | = |wj

N | ≤ C exp
(
− α

µ

)
= C

N∏
k=1

exp
(
− αhk

µ

)
≤ C

N∏
k=1

(
1 +

αhk

µ

)−1

, 0 ≤ j ≤ K.

zD^ |W j
0 | = |wj

0| ≤ C (0 ≤ j ≤ K) J LN,K
ε,µ W j

i = 0 (1 ≤ i < N, 1 ≤ j ≤ K) a^&/d]
14 9^]@0K!? ,� C, Qj

i = CSj
i ' W j

i  <AkjM�&l\(jcd] 12 9*
9:`R

|W j
i | ≤ CSj

i = C

i∏
k=1

(
1 +

αhk

µ

)−1

, 0 ≤ i ≤ N, 0 ≤ j ≤ K.

l-

|wj
i −W j

i | ≤ |wj
i | + |W j

i | ≤ C exp
(
− αxi

µ

)
+ CSj

i , 0 ≤ i ≤ N, 0 ≤ j ≤ K. (5.2)

:5FMXWT N
2 ≤ i ≤ N, 0 ≤ j ≤ K Ma^ Sj

i ≤ CN−1. /0 Sj
i+1 ≤ Sj

i

(0 ≤ i ≤ N, 0 ≤ j ≤ K), lC:XW Sj
N
2
≤ CN−1 (0 ≤ j ≤ K) a^u9&
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.RL-

ln
( N

2∏
k=1

(
1 +

αhk

µ

))
≥

N
2∑

k=1

(αhk

µ
− 1

2

(αhk

µ

)2)
≥
αxN

2

µ
− 2

N
2∑

k=1

k−2 ≥
αxN

2

µ
− π2

3
.

y>w xN
2

= µ
α lnN , /U (5.2) 9*

|wj
i −W j

i | ≤ CN−1,
N

2
≤ i ≤ N, 0 ≤ j ≤ K. (5.3)

@0 1 ≤ i < N
2 , 1 ≤ j ≤ K, /d] 7–10 Jd] 14 9*

|LN,K
ε,µ (wj

i −W j
i )| ≤ C

∫ tj

tj−1

(1 + ε−1e−
βt
ε )dt+ C

∫ xi+1

xi−1

(1 + µ−2e−
αx
µ )dx

≤ CK−1 lnK + CN−1 + Cµ−1(e−
αxi−1

µ − e−
αxi+1

µ )

= CK−1 lnK + CN−1 + Cµ−1e−
αxi

µ (e
αhi

µ − e−
αhi+1

µ )

≤ CK−1 lnK + CN−1 + Cµ−1N−1 lnNe−
αxi

µ

≤ CK−1 lnK + CN−1 + Cµ−1N−1 lnNSj
i (5.4)

a^&

l]^m1�&3 [0, σ] × [0, T ] h_<a?\a] (d] 12) z{a^&FMTca?
\a](jcU (5.3)–(5.4), d] 14 JkjM�

P j
i = CK−1 lnK + CN−1 + CSj

iN
−1 lnN, 0 ≤ i ≤ N

2
, 0 ≤ j ≤ K,

9*

|wj
i −W j

i | ≤ CK−1 lnK + CN−1 lnN, 0 ≤ i ≤ N

2
, 0 ≤ j ≤ K. (5.5)

1lU (5.1), (5.3) J (5.5) 9X*O]a^&

6 ��{�
:5@A�=|6(c�=\Y3X\])1< M#+&
| 1 @A9:!"

ε
∂u

∂t
− µ

∂2u

∂x2
− (x+ 1)

∂u

∂x
+ u = f(x, t), (x, t) ∈ (0, 1) × (0, 1],

u(0, t) = u(1, t) = u(x, 0) = 0, t ∈ [0, 1], x ∈ [0, 1],

KIji f(x, t) n*2#��

u(x, t) = t

[
1 − exp(− x

µ)

1 − exp
( − 1

µ

) − x

]
+ x(1 − x)

[
1 − exp

(
− t

ε

)]
.
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�xy{:(1�=\Y;FMji N = K. FMjiK!� ε J µ n*!"P-
�. % |+&FM!rRLvY _<,?\ ‖ · ‖∞, KQ}} rN

rN = log2

( ‖u− UN‖∞
‖u− U2N‖∞

)
JKQ,� CN

CN =
‖u− UN‖∞
N−1 lnN

.

�=1< (b 1–4) ~~}dbWO] 1  KQ`R'M# (ou]])1<'IT7
< &

~ 1 ε = 0.0001, µ = 0.0001

N = K error rate constant

32 9.5534e − 2 0.886 0.8821
64 5.1707e − 2 0.909 0.7957
128 2.7543e − 2 0.918 0.7266
256 1.4580e − 2 0.923 0.6731
512 7.6900e − 3 0.929 0.6311
1024 4.0383e − 3 - 0.5966

~ 2 ε = 0.0001, µ = 0.00000001

N = K error rate constant

32 9.5716e − 2 0.884 0.8838
64 5.1858e − 2 0.907 0.7980
128 2.7664e − 2 0.914 0.7298
256 1.4680e − 2 0.917 0.6777
512 7.7760e − 3 0.919 0.6382
1024 4.1132e − 3 - 0.6077

~ 3 ε = 0.00000001, µ = 0.0001

N = K error rate constant

32 9.5533e − 2 0.886 0.8821
64 5.1706e − 2 0.909 0.7957
128 2.7543e − 2 0.918 0.7266
256 1.4580e − 2 0.923 0.6731
512 7.6900e − 3 0.929 0.6311
1024 4.0383e − 3 - 0.5966

~ 4 ε = 0.00000001, µ = 0.00000001

N = K error rate constant

32 9.5714e − 2 0.884 0.8837
64 5.1858e − 2 0.907 0.7980
128 2.7664e − 2 0.914 0.7298
256 1.4680e − 2 0.917 0.6777
512 7.7760e − 3 0.919 0.6382
1024 4.1132e − 3 - 0.6077
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ANALYSIS OF A FINITE DIFFERENCE SCHEME

FOR A PARABOLIC CONVECTION-DIFFUSION PROBLEM

WITH TWO SMALL PARAMETERS

CEN Zhongdi

(Institute of Mathematics, Zhejiang Wanli University, Ningbo 315100)

Abstract In this paper a parabolic convection-diffusion problem with two small param-
eters is considered. By using the maximum principle with carefully chosen barrier functions,
we obtain the estimates of bounds for the exact solution and its derivatives. A fully implicit
upwind finite difference scheme on a Shishkin-type mesh is used to solve the problem numer-
ically. It is shown that the scheme converge almost first-order uniformly with respect to two
small parameters. Numerical results support the theoretical results.

Key words Singularly perturbed, convection-diffusion, finite difference, Shishkin mesh,
uniform convergence.


