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1  !
������ Yp×n = Xp×qΘq×kAk×n + Ep×n (�� GCM) � 1938 � Wishart �Æ�

����� �������!��� 1964 � Pottoff and Ray[1] �"#�����$��
�Æ��%&Æ���� '�� ���(��)�!"!�"#��$)%"!��#
��$%�#�)��������"#��*&&+,'(�)-� #.!

yi = Xβi + ei, βi = Θai + ηi, i = 1, 2, · · · , n,

 / yi ! p×1 "*+#'�Xp×q !01$()2�βi !�#%&#'�ei(i = 1, 2, · · · , n)
� p× 1 "',#'()*-+� ,3! 0, *.,! Rp×p ≥ 0, ηi (i = 1, 2, · · · , n) � q × 1
"�#�)#'()*-+�,3! 0, *.,2! Dq×q ≥ 0, /( ei 4 ηi 5)*-+�

+-
Yp×n = (y1, y2 · · · yn), Ak×n = (a1, a2 · · · , an),

ηq×n = (η1, η2 · · · ηn), Ep×n = (e1, e2 · · · , en),

6,-��..!
Yp×n = Xp×qΘq×kAk×n + Xp×qηq×n + Ep×n. (1.1)

0/71/01.,2# η, E ,23489056�$ η ∼ Nq,n(0, D, In), E ∼ Np,n(0, R, In),
3$ Y ∼ Np,n(XΘA, XDX ′ + R, In).

�&,-���Æ�:;3/�47.5�7.5�()�#�)�8(46<12��
90372$4� Schott and Saw[2], Amemiya and Fuller[3], Anderson B M and Anderson T

5967:2005-04-05, 5;=<967:2008-07-17.
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W & Olikin[4] =:5>���374?@� D  R � MLE ,: D �@�;<A6<A6
(LRC) B Hironori Fujisawa[5] 6�902$4CD�%��,3�'.�B2$� LRC; ;
=Æ��#�)E#6<12�1( Anderson T W and Amemiya[6], Fujisawa[7], Kuriki[8],
Yokoyama and Fujisawa[9] ==�;7.5�<FG&2 Θ �8(46<12�><�� (1.1)
.,"!�7H GCM �?'C@�=4()G&2 Θ �Æ�.,D>?E7H GCM Æ
�. ?D�I�%&�� (1.1) /*.,@J�ABB�� Θ �7CKAF;8(LM�
�=NGD�A>�E418(�(F HBBO?0!PI�QG9��"4.5$�7
C(J�HI�

2 "KLMN#OP$M%
Q& 2.1[10] Θ ��BC& KΘL(K, L ,!01)2) �!.8��R(DRS�)

2 D  F , E?
E(DY F ) = KΘL, ∀Θ ∈ P q×k,

$S� Y ��BC&E?J� KΘL �KL8(�

'( 2.1[10] ��� (1.1) /�R Σ
�
= XDX ′ +R > 0 !MR019#2���MR.8

C& KΘL,  LSE 8(! KΘ∗L,  / Θ∗ = (X ′X)−X ′Y A′(AA′)−, $ BLUE ! KΘ∗
ΣL,

 / Θ∗
Σ !96.T

(X ′Σ−1X)Θ(AA′) = X ′Σ−1Y A′ (2.1)

�E�

.8C& KΘL � BLUE KΘ∗
ΣL � Σ C&�<$%&NF, D, R OOP1�Q,;

R?%8(�S!EJ0�8( D̂, R̂ GUS�$E Σ̂ = XD̂X ′ + R̂ GUS Σ ?@ KΘL �

418( KΘ∗
Σ̂

L. 3!H 2.1 1 Θ∗
Σ � (2.1) �E�Q,;(F Θ∗

Σ IT:@ Σ−1 �(F�

"�NF12/A>��&�� (1.1) UK(F'�=N��45/0E;=7#JTB�
. RVE�

��� (1.1) /�+V η !"#�)�6 Θ , η � BLUE �EC&

Q(Θ , η) = tr (Y − XΘA − Xη)′R−1(Y − XΘA − Xη) (2.2)

W@JW3�X�$R(DR�96.T (2.3) �E�{
(X ′R−1X)Θ(AA′) + (X ′R−1X)ηA′ = X ′R−1Y A′,

(X ′R−1X)ΘA + (X ′R−1X)η = X ′R−1Y.
(2.3)

/0� (2.3) �YZ7.TU[K,7X D−1η ?{
(X ′R−1X)Θ(AA′) + (X ′R−1X)ηA′ = X ′R−1Y A′,

(X ′R−1X)ΘA + (X ′R−1X + D−1)η = X ′R−1Y,
(2.4)

3 (2.4) �YZ7.T(
η = [X ′R−1X + D−1]−1[X ′R−1Y − (X ′R−1X)ΘA], (2.5)
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U�@Y77.T/?
X ′[R−1 − R−1X(X ′R−1X + D−1)−1X ′R−1]XΘ(AA′)

= X ′[R−1 − R−1X(X ′R−1X + D−1)−1X ′R−1]Y A′.

- W = R−1 − R−1X(X ′R−1X + D−1)−1X ′R−1,

(X ′WX)Θ(AA′) = X ′WY A′. (2.6)

45/0WN ΣW = I.

ΣW = (XDX ′ + R)[R−1 − R−1X(X ′R−1X + D−1)−1X ′R−1]
= I + X [D − DX ′R−1X(X ′R−1X + D−1)−1 − (X ′R−1X + D−1)−1]X ′R−1

= I + XD[I − I]X ′R−1

= I.

3$ W = Σ−1, Q, (2.6) !

(X ′Σ−1X)Θ(AA′) = X ′Σ−1Y A′,

$�& Θ $X�(2.1) (2.6)Q?@�E�)���"'/0?E (2.6)(F Θ∗
Σ ,E D−1, R−1

�(FUS� Σ−1 �(F�R D, R !�O2�� Σ �^!�O2�V�E (2.6) ()R�
P_�

3 "KLMN)*+
Q& 3.1 $ W !7Q��+�&M7 Y ∈ W , \(' S(Y ) RY S(−Y ) = S(Y ), 6

� S(Y ) � Y ∈ W �]C&B�&M7 Y ∈ W , \(' S(Y ) RY S(−Y ) = −S(Y ), 6�
S(Y ) � Y ∈ W �^C&B�&�� (1.1), +�7Æ Y  B ∈ P q×k, \(' S(Y ) RY
S(Y − XBA) = S(Y ), 6� S(Y ) �OS�O��

'( 3.1 $ u !7�#)2� 56)&ZX�����$ u
d= −u, + g(u) � u �^

C&�6 g(u) �56)&ZX5�����
, [! u

d= −u, &� g(u) d= g(−u), I� g(u) !^C&�` g(−u) = −g(u), "'I(
g(u) d= g(−u) = −g(u).

"IWN� g(u) �56�)&ZX����
Q( 3.1 �&�� (1.1) , 2$ E �56)&ZX���$ θ̂ = θ̂(Y ) � θ �778(�

J� Y �]C&(T(OS�OB�$ KΘL !7.8C&�+ E(KΘ∗(θ̂)L) S��641
8( KΘ∗(θ̂)L � KΘL �KL8(�

, [! KΘL .8�`S� T1, T2 E? K ′ = X ′T1, L = AT2, Q,
KΘ∗(θ̂)L − KΘL

= T ′
1X(X ′Σ−1(θ̂)X)−X ′Σ−1(θ̂)Y A′(AA′)−AT2 − T ′

1XΘAT2

= T ′
1X(X ′Σ−1(θ̂)X)−X ′Σ−1(θ̂)[Y − XΘA]A′(AA′)−AT2

= K(X ′Σ−1(θ̂)X)−X ′Σ−1(θ̂)EA′(AA′)−L.
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3 θ̂ ��OB.?
θ̂ = θ̂(Y ) = θ̂(Y − XΘ , A) = θ̂(E),

[$
KΘ∗(θ̂)L − KΘL = K(X ′Σ−1(θ̂(E))X)−X ′Σ−1(θ̂(E))EA′(AA′)−L.

- u(E) = KΘ∗(θ̂)L − KΘL, [! θ̂ = θ̂(Y ) = θ̂(E) � E �]C&�3,@_\?D
u(−E) = −u(E) ! E �^C&�?E!H 3.1 a1 u(E) �56)&ZX�����`(

E(u(E)) = E(KΘ∗(θ̂)L − KΘL) = 0.

45/0?E,-@UIU4#KA��4 Θ �418(T(KLB�
3.1 D ] R ^_`-Æab

��� (1.1) /- Ω = {(D, R) : D > 0, R > 0}, &� ;<C&!

L(D, R, Y ) = (2π)−
pn
2 | Σ(D, R) |−n

2 exp
{
− 1

2
tr [Σ−1(Y − XΘ∗

ΣA)(Y − XΘ∗
ΣA)′]

}
.

4[��&/V`K&X?�&;<C&

ln L(D, R, Y ) = −n

2
ln | Σ(D, R) | −1

2
tr [Σ−1(Y − XΘ∗

ΣA)(Y − XΘ∗
ΣA)′],

6 D, R �JN;<8( D̂, R̂ I�E,-�&C&W@JN3�X� /
Θ∗

Σ = (X ′Σ−1X)−X ′Σ−1Y A′(AA′)−

�)& Σ = XDX ′ + R �C&�

45/0GWN D, R � MLE D̂, R̂ �OS�O���M7 B ∈ P q×k (
ln L(D, R, Y − XBA)

= −n

2
ln | Σ(D, R) | −1

2
tr [Σ−1(Y − XBA − XΘ∗

Σ
′A)(Y − XBA − XΘ∗

Σ
′A)′]

= −n

2
ln | Σ(D, R) | −1

2
tr [Σ−1(Y − XΘ∗

ΣA)(Y − XΘ∗
ΣA)′]

= ln L(D, R, Y ).

"�[!
Y − XBA − XΘ∗

Σ
′A

= Y − XBA − X(X ′Σ−1X)−X ′Σ−1(Y − XBA)A′(AA′)−A

= Y − XBA − XΘ∗
ΣA + XBA

= Y − XΘ∗
ΣA.

c/0�WWN
ln L(D, R,−Y ) = lnL(D, R, Y ),

Q, (D̂, R̂) �)& Y �]C&�&�%#H 3.1 +$.?
Q( 3.2 ��� (1.1) /� KΘL �418(

KΘ∗
Σ̂

L = K[(X ′Σ̂−1X)−X ′Σ̂−1Y A′(AA′)−]L,
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 / Σ̂ = XD̂X ′ + R̂ !;<.T�E�+ E
(
KΘ∗

Σ̂
L
)
S��6 418( KΘ∗

Σ̂
L � KΘL

�KL8(�

�NF12/�7HaX Θ∗
Σ = (X ′Σ−1X)−X ′Σ−1Y A′(AA′)− U��&;<.T/�

<Y?EbU�. RD Σ �JN;<8(3�3$?@ KΘL �418(�

3.2 D ] R ^./deab
X�� (1.1) cZ[D

vec (Y ) = vec (XΘA) + vec (Xη) + vec (E)
= (A′ ⊗ X)vec (Θ) + (I ⊗ X)vec (η) + vec (E),

- y = vec(Y ), β = vec(Θ), ξ = vec(η) e = vec(E), c-

Mpn×pn = I − (A′ ⊗ X)(A′ ⊗ X)+

= I − (A′A′+ ⊗ XX+)
= I ⊗ M2 + M1 ⊗ (I − M2),

 / M1 = I − A′A′+, M2 = I − XX+. \A
E(My) = ME(y) = [I − (A′ ⊗ X)(A′ ⊗ X)+](A′ ⊗ X)β = 0,

E(Myy′M) = Cov(My) = MCov(y)M ′ = M [I ⊗ (XDX ′ + R)]M ′.

%V.,"D XDX ′ + R 4 Myy′M 1�77�B����!�� (1.1) �dD�B���
-!

(Myy′M, E(Myy′M), Cov(Myy′M)) . (3.1)

Q& 3.2[11] ��� (1.1) �dD�� (3.1) /�+S� D∗, R∗ E?

tr[Myy′M − M(I ⊗ (XD∗X ′ + R∗))M ]2

= min
D=D′,R=R′

tr [Myy′M − M(I ⊗ (XDX ′ + R))M ]2, (3.2)

6� D∗, R∗ ! D,R �)2�\R.4�*WZe8(�
�]^Q� (H, 〈·, ·〉){

H = {MAM : A � np _��2}
〈H1, H2〉 = tr (H1H2), ∀H1, H2 ∈ H

/"� M(I ⊗ (XD∗X ′ + R∗))M I� Myy′M � H �fQ�
{M(I ⊗ (XDX ′ + R))M : D = D′, R = R′}

,�9bG [11], Q, (3.2) =`&
tr{[Myy′M − M(I ⊗ (XD∗X ′ + R∗))M ][M(I ⊗ (XDX ′ + R))M ]} = 0, (3.3)
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∀D > 0, R > 0, D = D′, R = R′ !+�

% I =
n∑

i=1

eie
′
i (

I ⊗ XDX ′ =
( n∑

i=1

eie
′
i

)
⊗ (XDX ′) =

n∑
i=1

(ei ⊗ I)(1 ⊗ XDX ′)(e′i ⊗ I),

3$ (3.3) @.,a!

tr
{ n∑

i=1

(e′i ⊗ I)[Myy′M − M(I ⊗ (XD∗X ′ + I ⊗ R∗))M ](ei ⊗ I)(XDX ′)
}

+tr
{ n∑

i=1

(e′i ⊗ I)[Myy′M − M(I ⊗ (XD∗X ′ + I ⊗ R∗))M ](ei ⊗ I)R
}

= 0, (3.4)

∀D > 0, R > 0 !+�3$ (3.4) =`&
n∑

i=1

(e′i ⊗ I)[Myy′M − M(I ⊗ (XD∗X ′ + I ⊗ R∗))M ](ei ⊗ I) = 0, (3.5)

$
n∑

i=1

(e′i ⊗ I)Myy′M(ei ⊗ I)

=
n∑

i=1

(e′i ⊗ I)M(I ⊗ (XD∗X ′ + R∗))M(ei ⊗ I). (3.6)

% M = I ⊗ M2 + M1 ⊗ (I − M2) .?

(e′i ⊗ I)My = [M2Y + (I − M2)Y M1]ei,

U� (3.6) @.?

U[ = [M2Y + (I − M2Y M1)]
n∑

i=1

eie
′
i[Y

′M2 + M1Y
′(I − M2)]

= [M2Y + (I − M2Y M1)][Y ′M2 + M1Y
′(I − M2)],

g[ =
n∑

i=1

[e′i ⊗ M2 + e′iM1 ⊗ (I − M2)](I ⊗ (XD∗X ′ + R∗))

·[ei ⊗ M2 + M1ei ⊗ (I − M2)]

= nM2(XD∗X ′ + R∗)M2 + tr (M1)[M2(XD∗X ′ + R∗)(I − M2)

+(I − M2)(XD∗X ′ + R∗)M2 + (I − M2)(XD∗X ′ + R∗)(I − M2)]

= r(XD∗X ′ + R∗) + (n − r)M2(XD∗X ′ + R∗)M2,

- tr(M1) = r, Q, (3.6) .,a!
r(XD∗X ′ + R∗) + (n − r)M2(XD∗X ′ + R∗)M2

= [M2Y + (I − M2)Y M1][Y ′M2 + M1Y
′(I − M2)]. (3.7)
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R r = 0 5$ tr(M1) = 0 ��% M1 !��b=2+$.1 M1 = 0, U� (3.7) @.?

nM2(XD∗X ′ + R∗)M2 = M2Y Y ′M2,

&�.? XD∗X ′ + R∗ �7AE

Σ̂ = XD∗X ′ + R∗ =
1
n

M2Y Y ′M2. (3.8)

R r �= 0 ��� (3.7) 4[��Uege I − M2 ?

r(I − M2)(XD∗X ′ + R∗)(I − M2) = (I − M2)Y M1Y
′(I − M2),

&�.? XD∗X ′ + R∗ �7AE

Σ̂ = XD∗X ′ + R∗ =
1
r
(I − M2)Y M1Y

′(I − M2). (3.9)

/0X,-?@� Σ̂ US Σ ?@ KΘL �418(�45/0XWN Σ̂ (Y ) � Y �]

C&(T(OS�OB�
R r = 0 �

Σ̂(Y − XBA)

=
1
n

M2(Y − XBA)(Y − XBA)′M2

=
1
n

[M2Y + (I − XX+)XBA][M2Y + (I − XX+)XBA]′

=
1
n

M2Y Y ′M2 = Σ̂ (Y ),

(c< Σ̂(−Y ) = Σ̂ (Y ).
R r �= 0 �

Σ̂ (Y − XBA)

=
1
r
(I − M2)(Y − XBA)M1M1(Y − XBA)′(I − M2)

=
1
r
(I − M2)Y M1Y

′(I − M2) = Σ̂(Y ),

(c<

Σ̂(−Y ) = Σ̂(Y ).

3$KU�c#��4 Σ̂(−Y ) L� Y �]C&(T(OS�OB�Q,%#H 3.1 +
$.?

Q( 3.3 ��� (1.1) /� KΘL �418(

KΘ∗
Σ̂

L = K[(X ′Σ̂−1X)−X ′Σ̂−1Y A′(AA′)−]L,

 / Σ̂ ! (3.8) d (3.9), + E(KΘ∗
Σ̂

L) S��6 418( KΘ∗
Σ̂

L � KΘL �KL8(�
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4 0123
�efEG [1] /�&f�%&f�5>g'� 11 7dg 16 7hg� 8 h10 h12 h

14 e�hi�����$?@�� Æ�����!�3"C&f/ijhg dgEk
�hijl���@�,:Aif0m�(Kcn,o�g'��)����k/p��/
(*g3�5hd4�?@��gX hXi5>jqj4�

3hXiG"/0.,fE���7l4X@ b0 + b1t `�e�3$$(25>!

X =

(
1 1 1 1
8 10 12 14

)′
 A =

(
1′11 0
0 1′16

)
,
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 / 1′n = (1, 1, · · · , 1), $8klm� 1 � n "p#'�45/0X5>fE Σ �JN;<
8( *WZe8(G?@ Θ �418(�ma%;<C&.,(FD Σ �JN;<8(

Σ̂ =

⎛⎜⎜⎜⎝
5.1129 2.4409 3.6105 2.5222
2.4409 3.9279 2.7175 3.0623
3.6105 2.7175 5.9798 3.8235
2.5222 3.0623 3.8235 4.6180

⎞⎟⎟⎟⎠ ,

U� (2.1) @.,?@ Θ �418(!

Θ̂ =

(
17.4252 15.7914
0.4763 0.8309

)
,

$dg�����! y = 17.4252 + 0.4763t, hg�����! y = 15.7914 + 0.8309t

k(F tr (M1) = 25 �= 0, `% (3.9) @.? Σ �*WZe8(!

Σ̂ =

⎛⎜⎜⎜⎝
4.3099 3.7638 3.2177 2.6716
3.7638 3.6891 3.6144 3.5397
3.2177 3.6144 4.0111 4.4078
2.6716 3.5397 4.4078 5.2759

⎞⎟⎟⎟⎠ ,

U� (2.1) @.,?@ Θ �418(!

Θ̂ =

(
17.3727 16.2725
0.4795 0.7899

)
,

$dg�����! y = 17.3727 + 0.4795t, hg�����! y = 16.2725 + 0.7899t.

3(F�@lG"�4#��4?@�418(),�N�$( hXiem?Ai
P��e�l�n�3hg dgEk��e��G"�><f0���nX$D��no
X),�N�Ihg�o,��poc<rrp&dg��f0m��(cn,>��

s 4 5 6
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THE COMPUTING METHOD AND UNBIASED PROPERTY OF

TWO-STAGE ESTIMATE IN THE GROWTH CURVE MODEL

WITH RANDOM EFFECTS

LUO Youxi LI Hanfang LI Ziqiang

(School of Science, Hubei University of Technology, Wuhan 430068)

Abstract Firstly, a simple computing method is given for the two-stage estimate of
regression coefficient matrix in the Growth Curve Model with Random Effects. Then the
unbiased property of the two-stage estimate was become an unbiased estimate is proved. Finally,
an example of dental growth data is given.

Key words Random effects, regression coefficient, two-stage estimate, unbiased estimate.


