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1 2 3
4 !�$%"5& M '(�#$6%7&)8�*+6,-9:&./ M 0�-'

10�'&;(Æ2)<3*-0�&4=+)<3*,,5�6Æ -0�7=$>.=
+)<3*/89?01%:-!;<*@=&41A!;<*"?#@=-$-0�9>
;(Æ2?3*<*0�'(&/8%&'425$3%@4-75()6$9:@4*+
@78-'(B9 (3,9: [1]). 5()6'(?A;- Bootstrap '(@+-<&.=4
CD'EB)./&>.�F%GHC>?5(6 (3,9: [2–4]).

9: [1] I01 !2@5DGE$?5('& M 0�%:-5()6F3$9JA
G-7GE$5(-B4H,ICKJK8�5&DL$5MNL&=:8�'E,ICK
F6OP&G7M8�&89MQ:N74R95H;<I=DGE$5('& M 0�%

:-5()6F3-9JAG!787D?5J-K<*&LRHLS5(6'&H;>D
?D@A'(8�1 M 0�%:-5()6F37J'<5()6'(?A;- Bootstrap
'(O1T%7

BC !2@
yi = x′iβ + ei, i = 1, 2, · · · , n, (1.1)

* �DPM��E� (10471136) QRFNU
OVPGW2006-06-12.
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#5 β $1A- p- R�$3*S$& yi, xi S {ei} %L$Z i [JK"TT'-I\E$
(>E$) )*UE$ (GE$) S5(017 yi S xi %L. 1 RS p RS$74R95H;
J]GE$$5(-&^2 (x, e), (xi, ei), i = 1, 2, · · · , n _KJ%:7J] ρ(·) $]U R1 V

-?`OK<*&Wa inf
u
E[ρ(e1 + u)− ρ(e1)] = 0. 42@ (1.1) 53* β - M 0�L. β̂n,

MNV
n∑

i=1

ρ(yi − x′iβ̂n) = inf
β∈Rp

n∑
i=1

ρ(yi − x′iβ). (1.2)

5(6NV-XOYJ9: [1], J]5(6 wi, i = 1, 2, · · · , n, NV
(A0) w1, w2, · · · _KJ%:7 P (w1 ≥ 0) = 1, Ew1 = 1, Ew2

1 = τ ≥ 1, ^2 {wi} S
{(xi, ei)} $AP_K-7

NV (A0) -9+Q`-5(6Y
i) bZ%:c w ∼ Poisson(1);
ii) W*%:c w ∼ exp(1);
iii) /*X[%:c w ∼ logN(-log(

√
2), log(2)) QQ7

 !2@ (1.1) 5�$3* β -5()6 M 0� β∗
n NV

n∑
i=1

wiρ(yi − x′iβ
∗
n) = inf

β∈Rp

n∑
i=1

wiρ(yi − x′iβ). (1.3)

DLCH;? τ = 2, 4d] (x1, y1), (x2, y2), · · · , (xn, yn) '&H;<D √
n(β∗

n − β̂n) -XO
%:\F3

√
n(β̂n − β) -%:7

R95 L∗, P ∗, E∗ S Var∗ W-$d] (x1, y1), (x2, y2), · · · , (xn, yn) '-XO%:&X
OeR&XOS]SXO'17 ‖b‖ . b -T^f*7 c $X8*&45J-EY5$5J
-& I(B) $ B -_!<*7Z`3*L β0. lim

n→∞Xn = X in pr. g_ Xn ÆeRaU2 X .

2 �[\]
J] ρ(·) $]U R1 V-?`OK<*& ψ− S ψ+ $ ρ -^_h*& ψ $VK ψ− S

ψ+ BW-9i<*&M
ψ−(u) ≤ ψ(u) ≤ ψ+(u) (/Æ`-u ∈ R).

H;X9jabFcJ]
(A1) G(u|x) ≡ E[ψ(e + u)|x], g(u|x) ≡ ∂G(u|x)

∂u . d] x, G(0|x) = 0, g(0|x) > 0, G(u|x)
4 u = 0 k3l42$@d-& g(·|x) 4 0 mYe&2 |g(u|x)| ≤ A(x), #5 A(x) NV
EA(x)‖x‖2 <∞;

(A2) 0 < σ2(x) ≡ E[ψ2(e)|x] <∞,/Kd] x,D u→ 0'&E[(ψ(e+u)−ψ(e))2|x] → 0,
a.s. 2 E[(ψ(e+ u) − ψ(e))2|x] ≤ A(x);

(A3) J0 ≡ E[g(0|x)xx′] ?fb& V ≡ E[σ2(x)xx′] <∞, 2 E‖x‖2 <∞.
FVXO4`Z5gcNV&T'#&Y+ x ? e AP_K&/K LAD 0�[#&

ρ(u) = |u|, ψ(u) = 2I(u ≥ 0) − 1, G(0|x) = 0 Q\K med(e) = 0, 4 g(0|x) > 0 `hd e 4 0
m-eR!;<*HK 0.
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gh 2.1 42@ (1.1) Bc&J] (A0)–(A3) *K&β∗
n , (1.3) 5-]U&ED n→ ∞

'&

√
n(β∗

n − β0) =
1√
n
J−1

0

n∑
i=1

wiψ(ei)xi + op(1). (2.1)

DLC&Y+? wi ≡ 1, Ea2D n→ ∞ '&

√
n(β̂n − β0) =

1√
n
J−1

0

n∑
i=1

ψ(ei)xi + op(1) L→ N(0, J−1
0 V J−1

0 ), (2.2)

#5 N . p× 1 R5(S$&no N(0, J−1
0 V J−1

0 ) %:7
gh 2.2 42@ (1.1) Bc&J] (A0)–(A3) *K&4 (A0) 5 τ = 2. β̂n S β∗

n Y (1.2)
S (1.3) 5-]U7ED n→ ∞ '&

L∗(
√
n(β∗

n − β̂n)→N(0, J−1
0 V J−1

0 ) in pr., (2.3)

X9j&
sup

u∈Rp

|P ∗(
√
n(β∗

n − β̂n) ≤ u) − P (N ≤ u)| → 0 in pr.. (2.4)

/T (2.2) S (2.4), D n→ ∞ '&√
n(β∗

n − β̂n) S
√
n(β̂n−β0) BW-,R Kolmogorow-

Smirnov _`.

sup
u

|P ∗(
√
n(β∗

n − β̂n) ≤ u) − P (
√
n(β̂n − β0) ≤ u)| → 0, in pr., (2.5)

ab4=:`Uc √
n(β̂n − β0) -%:�FDÆd (x1, y1), (x2, y2), · · · , (xn, yn) -XOc√

n(β∗
n − β̂n) -XO%:[F37

3 �[\]ijk
4I0]7Bk&H;l;Fca77
lh 3.1 D $ Rp V-cKd& f1, f2, · · · $ D V-9e5(K<*& f $ D V-f

9`<*&/Æ`- x ∈ D, D n→ ∞ '& fn(x) → f(x) a.s. (" in pr.) 7E f $K<*&

^2/ D VÆ9gd H , D n→ ∞ '&

sup
x∈H

|fn(x) − f(x)| → 0, a.s. (" in pr.)

3,9: [5] 5-]7 II.1.
lh 3.2 4]7 2.1 -XOc&D n→ ∞ '&

sup
‖γ‖≤c

∣∣∣∣
n∑

i=1

wi

{
ρ
(
ei − 1√

n
x′iγ

)
− ρ(ei) +

1√
n
ψ(ei)x′iγ

}
− 1

2
γ′J0γ

∣∣∣∣ −→ 0, in pr. (3.1)

� h

fn(γ) =
n∑

i=1

wi

{
ρ
(
ei − 1√

n
x′iγ

)
− ρ(ei) +

1√
n
ψ(ei)x′iγ

}

=
n∑

i=1

wi

∫ − 1√
n

x′
iγ

0

{ψ(ei + u) − ψ(ei)}du.
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H (A1) ÆimaU]7&a2

Efn(γ) = nE

{∫ − 1√
n

x′γ

0

E[ψ(e+ u) − ψ(e)|x]du
}

= nE

{∫ − 1√
n

x′γ

0

G(u|x)du
}

= nE

{∫ − 1√
n

x′γ

0

g(0|x)u(1 + o(1))du
}

=
1
2
γ′E[g(0|x)xx′]γ(1 + o(1)).

>@D n→ ∞ '&

Efn(γ) → 1
2
γ′J0γ. (3.2)

H Schwarz 5QE) (A2) ÆimaU]7&�a

Var[fn(γ)] =
n∑

i=1

Var
{
wi

∫ − 1√
n

x′
iγ

0

[ψ(ei + u) − ψ(ei)]du
}

≤ nE

{
wi

∫ − 1√
n

x′γ

0

[ψ(e+ u) − ψ(e)]du
}2

≤ τnE

∣∣∣∣ 1√
n
x′γ ·

∫ − 1√
n

x′γ

0

E[(ψ(e+ u) − ψ(e))2|x]du
∣∣∣∣

= τE(x′γ)2o(1).

>@D n→ ∞ '&
Var[fn(γ)] → 0. (3.3)

o (3.2) ES (3.3) E&�Fa2D n → ∞ '& fn(γ) → 1
2γ

′J0γ, in pr. >. fn(γ) $K<
*&Ha7 3.1 �A (3.1) E*K7

gh 2.1 nop 5pm9>!&H;J]Z`3* β0 = 0, L

βn = J−1
0

n∑
i=1

1√
n
wiψ(ei)xi. (3.4)

gcjI4]7 2.1 -XOc& Lindeberg XO*K&ED n→ ∞ '&

βn
L→ N(0, τJ−1

0 V J−1
0 ), (3.5)

#5 J0 = E[g(0|x)xx′], V = E[σ2(x)xx′]. =kqr1/Æ`d] ε > 0, ql49i8*
c > 0 WaD n ≥ n0 '&

P (‖βn‖ > c) <
ε

2
. (3.6)

Ha7 3.2 A&/Æ` δ > 0, D n→ ∞ '&

I(‖βn‖ ≤ c) sup
‖γ−βn‖=δ

∣∣∣∣
n∑

i=1

wi

{
ρ
(
yi − x′i√

n
γ
)
− ρ

(
yi − x′i√

n
βn

)}
− 1

2
(γ − βn)′J0(γ − βn)

∣∣∣∣ → 0.

L λ . J0 -6LDrs&/sFVlE&/V6H- n @

P

{
inf

‖γ−βn‖=δ

n∑
i=1

wiρ
(
yi − x′i√

n
γ
)
≥

n∑
i=1

wiρ
(
yi − x′i√

n
βn

)
+

1
4
λδ2

}
≥ 1 − ε. (3.7)
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H (3.7) ES ρ(·) -K!&a2/V6H- n

P{‖√nβ∗
n − βn‖ < δ} ≥ 1 − ε.

>. ε S δ $Æ`-&tH (3.7) E�A]7 2.1 -I0n*7
gh 2.2 nop L

Zn = J−1
0

n∑
i=1

1√
n

(wi − 1)ψ(ei)xi,
√
n(β∗

n − β̂n) = Zn + ζn.

H]7 2.1, D n→ ∞ '&
E∗(‖ ζn ‖ ∧1) → 0, in pr.

#5 a ∧ b = min{a, b}.
h U0 . Rp 5`opm U = {θ :‖ θ ‖= 1} V-�*uYd7qrH;I/Æ` θ0 ∈ U0

SÆ` −∞ < v <∞, D n→ ∞ '&

P ∗(θ′0Zn ≤ v) → P (θ′0N ≤ v), in pr.

H Lindeberg 5Gnd]7&tlI0D n→ ∞ '&

Var∗(θ′0Zn) =
1
n
θ′0J

−1
0

n∑
i=1

ψ2(ei)xix
′
iJ

−1
0 θ0 → θ′0J

−1
0 V J−1

0 θ0, in pr. (3.8)

S ∀ε > 0, D n→ ∞ '&

[Var∗(θ′0Zn)]−1
n∑

i=1

E∗η2
inI(‖ηin‖ ≥ ε[Var∗(θ′0Zn)]

1
2 ) → 0, in pr. (3.9)

#5 ηin = 1√
n
θ′0J

−1
0 (wi − 1)ψ(ei)xi.

(3.8) E*K$st-7cmI0 (3.9) E*K7
h

Tn = max
1≤i≤n

ψ2(ei)θ′0J
−1
0 xix

′
iJ

−1
0 θ0.

>.
Eψ2(ei)θ′0J

−1
0 xix

′
iJ

−1
0 θ0 = θ′0J

−1
0 V J−1

0 θ0 <∞,

>@D n→ ∞ '&
Tn

n
→ 0 a.s.

uF@
n∑

i=1

E∗η2
inI(‖ηin‖2 ≥ ε)

=
1
n

n∑
i=1

ψ2(ei)θ′0J
−1
0 xix

′
iJ

−1
0 θ0E

∗(w1 − 1)2I
( 1
n

(w1 − 1)2ψ2(ei)θ′0J
−1
0 xix

′
iJ

−1
0 θ0 ≥ ε

)

≤ 1
n

n∑
i=1

ψ2(ei)θ′0J
−1
0 xix

′
iJ

−1
0 θ0E

∗(w1 − 1)2I
(Tn

n
(w1 − 1)2 ≥ ε

)
→ 0, in pr.
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>@ (3.9) EaI7
{n1} $ {n} -Æ9Ye&>D/o '(�F?29Ye {n2} ⊂ {n1}, /Æ` θ0 ∈ U0

FeR 1 *K
sup
v∈R1

|P ∗(θ′0Zn2 ≤ v) − P (θ′0N ≤ v)| → 0.

ab/Æ` θ ∈ U
sup
v∈R1

|P ∗(θ′(Zn2 + ζn2) ≤ v) − P (θ′N ≤ v)| → 0

u*K&>@D n→ ∞ '&

sup
u∈Rp

|P ∗(
√
n(β∗

n2
− β̂n2) ≤ u) − P (N ≤ u)| → 0, in pr. (3.10)

/ {n} -Æ9Ye {n1}, ql4 {n2} ⊂ {n1} Wa (3.10) E*K&=kqr1D n→ ∞ '&

sup
u∈Rp

|P ∗(
√
n(β∗

n − β̂n) ≤ u) − P (N ≤ u)| → 0, in pr.

]7 2.2 -I0n*7

4 vw\]
=pH;>D?D@A'([8�5()6'(F3 M 0�%:-vq&H;?15

JHL-LR&5J-5(6&5J-01&K<*%L?r/s<* (6L9w0�) S
Huber <*&D? Huber <*'

ψ(x) =

⎧⎪⎨
⎪⎩
x, Y+ |x| ≤ 1.345,
1.345, Y+ x > 1.345,
−1.345, Y+ x < −1.345.

H;J]2@.
yi = α+ xiβ + ei, i = 1, 2, · · · , n.

5(01.\xsv%: (M t1 %:)S t2%:7J] xi S eiAP_K7Z`3* α = 0, β = 1.
H;-7m$/3* β -0�7

/s�w&t3'1Yc

σ2
l1ut1 = 7.402, σ2

l1ut2 = 6, σ2
l1nt1 = 2.46, σ2

l1nt2 = 2,

σ2
hut1 = 8.528, σ2

hut2 = 5.538, σ2
hnt1 = 2.843, σ2

hnt2 = 1.846,

#5c\ l1 W-$>?K<*.r/s<*&c\ h W-$>?K<*. Huber <*&c
\ u W-$ x ∼ U(−1, 1), c\ n W-$ x ∼ N(0, 1), c\ t1 W-$ e ∼ t1, c\ t2 W-$
e ∼ t2.

5(6>.

W*%: : w ∼ exp(1),

bZ%: : w ∼ Poisson(1).
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qr2uM-0�S5()6M-0�%:B4&̂ 2<5()6'(?9>- Bootstrap
'(Xx1T%75(xy 10000y (yi, xi), 1 ≤ i ≤ n-LR&J'xy 10000y wi, 1 ≤ i ≤ n,
o4�wAC�$3*-5()6 M 0�7>.�$E$$_KJ%:-&4�w3*-
bootstrap 0�'&o {(yi, xi), 1 ≤ i ≤ n} 5z5(NL n [&JLuxy 10000 y7z 1 $
K<*?. Huber <*ÆGE$no U(−1, 1) %:'& M 0�& Bootstrap 0�S5()
6 M 0�%:-B47#5Z 1 ) 2 ez-01nosv%:&Z 3 ) 4 lez-01no
t2 %:&LRHL n = 500. 5Iuv&DLRy2 500 'Dz:0�F34+9?8v7w
{H;uj25()6'(?9>- Bootstrap -'(x@0s-5J7DK<*?.r/
s<*ÆGE$no N(0, 1) '-B4-<7

yc[H;8�z:0�-'10�742u5H;>?5J-LRHL 200, 400, 10007
5(xy 1, 000 y (yi, xi), 1 ≤ i ≤ n S wi, 1 ≤ i ≤ n %L�wI M 0�'1)5()6 M
0�-'1S Bootstrap 0�-'17<V|s{z7| 1000 [&X9j%L�wI=;-
z{'17H;}uaz{'1|+}4g 1 Sg 2 5&#5g 1 .D x ∼ U(−1, 1), e ∼ t1

" e ∼ t2 SK<*?r/s<*'& Var(
√
n β̂n) 5J-0�7g 2 .K<*? Huber <*

'& Var(
√
n β̂n) 5J-0�7g 1 Sg 2 5-Z 1 }$LRHL~Z 2 }$Z`'1~Z 3

}$ Bootstrap '10�~Z 4 ) 5 }$5(6%L.W*%:)bZ%:'-'10�7
�FjIDLR~H'&5()6'(? Bootstrap '(�%v-F3'1 σ2

n. .$5()
6'(�F%GHC>25(67#54�ws{5bZ6tD1 62.3% -LR&.JLy
21#=69L-4+7

M estimator

D
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si
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D
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si
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0.
00

0.
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0.
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0.
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~ 1

 1

√
nβ̂n ����
 σ2

l1ut1
= 7.402

n σ2
n Bootrap Exponential Poisson

200 7.911 9.723 9.556 9.762
400 7.681 8.849 8.751 8.947
1000 7.542 8.279 8.175 8.162
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√
nβ̂n ����
 σ2

l1ut2
= 6

n σ2
n Bootrap Exponential Poisson

200 6.166 7.390 7.352 7.438
400 6.135 6.866 6.847 7.032
1000 6.068 6.636 6.619 6.529

√
nβ̂n ����
 σ2

l1nt1
= 2.467

n σ2
n Bootrap Exponential Poisson

200 2.700 3.519 3.485 3.508
400 2.591 3.080 3.051 3.057
1000 2.466 2.847 2.763 2.773

√
nβ̂n ����
 σ2

l1nt2
= 2

n σ2
n Bootrap Exponential Poisson

200 2.045 2.620 2.569 2.683
400 2.059 2.389 2.381 2.340
1000 2.027 2.226 2.242 2.217

 2

√
nβ̂n ����
 σ2

hut1
= 8.528

n σ2
n Bootrap Exponential Poisson

200 10.997 11.911 13.174 10.601
400 10.879 11.288 12.722 10.225
1000 10.755 10.947 12.361 9.929

√
nβ̂n ����
 σ2

hut2
= 5.538

n σ2
n Bootrap Exponential Poisson

200 5.978 6.215 8.657 7.373
400 5.939 6.031 8.443 7.062
1000 5.753 5.926 8.389 6.859

√
nβ̂n ����
 σ2

hnt1
= 2.842

n σ2
n Bootrap Exponential Poisson

200 3.725 4.112 4.648 3.702
400 3.629 3.796 4.292 3.471
1000 3.553 3.602 4.202 3.285

√
nβ̂n ����
 σ2

hnt2
= 1.846

n σ2
n Bootrap Exponential Poisson

200 2.035 2.126 3.054 2.504
400 1.988 2.006 2.947 2.380
1000 1.959 1.959 2.887 2.311
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APPROXIMATING THE DISTRIBUTION

OF M-ESTIMATORS IN LINEAR MODELS BY RANDOMLY

WEIGHTED BOOTSTRAP

WU Xiaoyan ZHAO Lincheng YANG Yaning

(Department of Statistics and Finance, University of Science and Technology of China, Hefei 230026)

Abstract The asymptotic distribution of the M-estimators are generally related to quan-
tities of the error distribution that can not be conveniently estimated. The randomly weighted
bootstrap method provides a way of assessing the distribution of the M-estimators without
estimating the nuisance quantities of the error distributions. In this paper, the distribution of
M-estimators is approximated by the randomly weighted bootstrap method in linear models
when the covariates are random. It is shown that the randomly weighted bootstrapping estima-
tion of the distribution of the M-estimator is uniformly consistent. Also, the variance estimates
is investigated by Monte Carlo simulations for different choices of the convex function, sample
size and random weights. Poisson weighting is recommended for reducing the computational
burden in the randomly weighted bootstrapping M-estimators.

Key words Linear model, M-estimation, randomly weighted bootstrap.


