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1 + ,
������ ���!�"�#�-��$��#�- �!�%�!&." !�

�#�/$�'!%�(!&� !����'� 0(�))* [1] 1*"+#�#�-
" �+,2!$!$%,3-+#".3-/#$& %0�-')(-.$!$%��
#�-!" �/012"&3! �))* [2–5] 4- LMI 56)'1*+278�,1
'! min-max ((/0�3�4$!&)'9:& LMI ((/0�;��5&)*+�<
+!& 6� !)=��(%-,6-)�"'-.!/0� �7.8.�*"9�/

��!0�56 [6−11]. )* [6–8] /&� 9�/&�41>0�-'128?6!:;�
@"�!&<=>;�413A!0?!:;�@"3?6!�-'�4!&� !=�2
?B)* [9–11] 4-/&0�!&53!560��#�-5))* [11] 696!&� !
)(!�'56�@4!/&0�!�@"A567BCC@!��9D7="E7�'2
F�8"�-�,�GB%2@+2�-4H73=98 !3-+#"�!;�41�:
+#"921*+2�-;:8 �I9!41>0D<�3<=J7BK�9D���
-�,BL>B%20�56:%I9! Lyapunov $&�E1?!0�234-!9M�
� ��!'N��!9O@;#6F8!�<C9=0�56>G)=!&A�)

�"?@P'-�#�-5E7�'2H�-�,!BQ�F>42?%'N��F
8!�-��I>GC-��2D0�56E!&A��R)�*96J!�"+#�#�
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-5�C::& Lyapunov $&2D"I9 Lyapunov $&0�+$)78" !&A��
F>23-+#"7E7+MJ<�+@!��GG)=!E7�'2�L>�N1?(!
�-�,)

2 <=>?
OK+@ / �� ��

x(k + 1) = A(k)x(k) +B(k)u(k). (1)

22 x ∈ R
n  u ∈ R

m +U���41 �-;:)
��LN:&!�� ��-9MD<MN�

[A(k), B(k)] ∈ Ω , Ω = Co{[A1, B1], [A2, B2], · · · , [AL, BL]}.
P

[A(k), B(k)] =
L∑

l=1

λl(k)[Al, Bl],
L∑

l=1

λl(k) = 1.

;:+# 41+#�
|uj(k + i)| ≤ uj,max, i ≥ 0, j = 1, 2, · · · ,m, (2a)

|Ψsx(k + i+ 1)| ≤ ψs,max, i ≥ 0, s = 1, 2, · · · , q. (2b)

@V1*+2�#�-!!&((/0�WO�

min
u(k+i|k),i≥0

max
[A(k+i),B(k+i)]∈Ω ,i≥0

J∞(k) =
∞∑

i=0

[
‖x(k + i|k)‖2

L + ‖u(k + i|k)‖2
R

]
s.t. (1) (2). (3)

22�L  R �@ 6PQA�B%Q���>G�� ��REBR((�,1' J∞(k).
�"GOP)'EN((/0�)* [2] C:�-�@"0��"�-5�@4C:7

8$& V (x) = xTPx , >S-$)2TC�"" �+#
V (x(k + i+ 1|k)) − V (x(k + i|k)) ≤ −

[
‖x(k + i|k)‖2

L + ‖u(k + i|k)‖2
R

]
,

∀ [A(k + i), B(k + i)] ∈ Ω , i ≥ 0. (4)

!��" !@;#� x(∞|k) = 0, V (∞|k) = 0.  P'! γ ≥ 0, QA Q = γP−1  Q

A X,Y, Z � LMI @!)S (4) X i = 0 Y62 i = ∞, �121*+2�,1'ET
max

[A(k+i),B(k+i)]∈Ω ,i≥0
J∞(k) ≤ V (0, k) ≤ γ. (5)

9>0�-'� F = Y Q−1, <�S (4), (5) D(�U# LMI⎡⎢⎢⎢⎢⎢⎢⎣
Q QAT

l + Y TBT
l QL 1

2 Y TR 1
2

AlQ+BlY Q 0 0

L 1
2Q 0 γI 0

R 1
2Y 0 0 γI

⎤⎥⎥⎥⎥⎥⎥⎦ ≥ 0, l = 1, 2, · · · , L. (6)
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[
1 x(k|k)T

x(k|k) Q

]
≥ 0. (7)

;:+# 41+#ST�D(�U# LMI⎡⎣ X Y

Y T Q

⎤⎦ ≥ 0, Xjj ≤ u2
j,max, j = 1, 2, · · · ,m. (8a)

⎡⎣ Z Ψ(AlQ+BlY )

(AlQ+BlY )TΨT Q

⎤⎦ ≥ 0, Zss ≤ ψ2
s,max, Ψ =

[
ΨT

1 ΨT
2 · · · ΨT

q

]T

,

s = 1, 2, · · · , q, l = 1, 2, · · · , L. (8b)

3<S((/0 (3) D(�#/ LMI )'/0)
FG 1[2]

min
γ,Q,X,Y

γ s.t. (6) (7) (8).

"3 ε(Q) = {x ∈ R
n|xTQ−1x ≤ 1, Q > 0} P��� (1) !:;�@"�2?6!>0�

-'� u(k|k) = Fx(k), F = Y Q−1.
)* [2] 4-I9! Lyapunov $&�<$)�-'78" �94=0�56>G)

=!&A�)�"2DEN0�!&A��)* [4] C:":& Lyapunov $& V (i, k) =
x(k + i|k)TP (i, k)x(k + i|k), >S-$)2TC�"" �+#

V (i+ 1, k) − V (i, k) ≤ −
[
‖x(k + i|k)‖2

L + ‖u(k + i|k)‖2
R

]
, ∀ [A(k + i), B(k + i)] ∈ Ω , i ≥ 0.

22� P (i, k) =
L∑

l=1

λl(k + i)Pl, i ≥ 0, �9DS((/0 (3) D(�U# LMI )'/0)

FG 2[4]

min
Q1,Q2,··· ,QL,γ,X,Y,G

γ

s.t.

[
1 x(k|k)T

x(k|k) Ql

]
≥ 0, l = 1, 2, · · · , L. (9)

⎡⎢⎢⎢⎢⎢⎢⎣
G+GT −Ql QlA

T
l + Y TBT

l GTL 1
2 Y TR 1

2

AlQl +BlY Qt 0 0

L 1
2G 0 γI 0

R 1
2Y 0 0 γI

⎤⎥⎥⎥⎥⎥⎥⎦ ≥ 0,

l = 1, 2, · · · , L, t = 1, 2, · · · , L. (10)

[
X Y

Y T G+GT −Ql

]
≥ 0, Xjj ≤ u2

j,max, j = 1, 2, · · · ,m. (11a)
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[
Z Ψ(AlG+BlY )

(AlG+BlY )TΨT G+GT −Ql

]
≥ 0, Zss ≤ ψ2

s,max, Ψ =
[
ΨT

1 ΨT
2 · · · ΨT

q

]T
,

s = 1, 2, · · · , q, l = 1, 2, · · · , L. (11b)

[) 6 2 H 6 1, �82�8�-�,6E?=!� V\�/#!)�"2D!
&� !�)* [11] W0]!'N�� [Â, B̂] , 4-/&0�!&53!56�0�"�"
�#�-5,

FG 3[11] XU/&0�:;�@" ε(Q1)  ε(Q0) , C:9X ^Y!YZ;�$
) ε(Q1) _Z=YZ;E&.��!E7�'2� ε(Q0) <?6��1+#V[#!�,
:;)

!&-[+�E@+2�-\`41�:�@" ε(Q1); ;�-+2]2� N = 0 +�
E ε(Q1)  ε(Q0) !ÆH3�((;�+M3?6!41>0'�S��41\`2�@"
ε(Q0); ! ε(Q0) 2�[6 ε(Q0) 3?6!41>0'�4��41^�_\%)


 1 )* [11] !/&0� !&((<E'N��]!����G?%9M��L
W�'N���,F�]!�.6W0X-"=56!6-))* [11] !/&0� !&(
(]]!9Y&A�)XU�2/&0� ε(Q1) 6!&.E7�'2^�,=!��#�)
'�,1'0(!:;�@")B%`U168a=��!:;�@"!D4�C:YZ;
?:;�@"!bIcKD$"�d$!+# (P$):;�@"!bIcK�?%2YZ
;^Y), �L4J!0�)�&A)28�!&((E8 �@"K�3-+#"�Z$�
-�,�,�9D�8)L>�B%4-I9! Lyapunov $&�<$)�-'78" �
94=0�56>G)=!&A�)

3 LMNOPQR�ST�UVW
:%E_+,�R_SX-,��*e�C:)* [4] !:& Lyapunov $&�S+`a

)* [11] 34-!/&0� !&((56�!&f[G0�!(%!S+�2D&A��
�8���,)

3.1 XYZ[
XU+U0�9M�� worst-case@;#�,0(!:;" Q1,1, Q1,2, · · · , Q1,L  Q0,1,

Q0,2, · · · , Q0,L . 22�Q1,1, Q1,2, · · · , Q1,L - \��!E7�'2!=?BQ0,1 , Q0,2, · · · ,
Q0,L -%�8��!�-�,)0��@"��@4?2?6!�,1'ETg]�&.
E7�'2)Pa

γ = c, (12a)

Q ≤ Qi,l, i = 0, 1, l = 1, 2, · · · , L. (12b)

@4 max log det(Q) �E)1:;" Qi,1, Qi,2, · · · , Qi,L , >420=YZ:; Q ,b

_Z0=h\)
FG 4 /&0�:;�@" Q1,1, Q1,2, · · · , Q1,L  Q0,1, Q0,2, · · · , Q0,L.
D^ 1 0�:;" Q1,1, Q1,2, · · · , Q1,L: �91)=!E7�'2�<$)20=YZ

:; Q,_Z)=h\�H28?6!�,1'ET γ <69)=!&])=9 γ = c1, 2]
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B��$)!E7�'2=?- �)'#/((/012 (Q1,1, Q1,2, · · · , Q1,L, γINI , XINI ,
YINI , GINI , QINI) .

max
Q1,Q2,··· ,QL,X,Y,G,Q

log det(Q) s.t. (10) (11) (12).

D^ 2 )'��1;:+#+!0(�-')b9 γ = c2, )'#/((/0E12
(Qopt,1, Qopt,2, · · · , Qopt,L, γopt, Yopt, Gopt, Qopt).

max
Q1,Q2,··· ,QL,Y,G,Q

log det(Q) s.t. (10) (12).

Fopt = YoptG
−1
opt P��1;:+#+!0(�-')

D^ 3 0�:;" Q0,1, Q0,2, · · · , Q0,L, 41G+#((/03?6!>0�-' F0

@61;:+#+!0(�-' Fopt, F>2_Z0=h\)
.+!+#>0�-'P�1+#0(�-'�P

F0 = Y0G
−1
0 = YoptG

−1
opt = Fopt,

a β > 0, γ0 = βγopt, Y0 = βYopt,G0 = βGopt. )'#/((/012 (Q0,1, Q0,2, · · · , Q0,L, γ0,
X0, Y0, G0, Q0).

max
β,Q1,Q2,··· ,QL,X,Q

log det(Q) s.t. (10) (11) (12b).


 2 EE/&0�:;" Q1,1, Q1,2, · · · , Q1,L +UX �,1'ET]�c9!&.
�,1'!V[#)120=YZ:; ε(Q) ,_Z0=h\)L)* [11] 2 Q1 !0�6

!X :;�@"YZ;^Y!��#�])�,1'!(()B% Q1,1, Q1,2, · · · , Q1,L  

Q1 !0�R^67=��!E7�'2�3<R)!_6_1?�3c)<A�B%2D"
?:;�@"bI!+#V[�F>C::& Lyapunov $&/`I9! Lyapunov $&�
Q1,1, Q1,2, · · · , Q1,L !0�8[)* [11] 2 Q1 C:YZ;!0�56�?6�("&A�)

`a 1 :% 6 4 /&30�! (Q1,1, Q1,2, · · · , Q1,L, γINI , XINI , YINI , GINI)  
(Q0,1, Q0,2, · · · , Q0,L, γ0, X0, Y0, G0) , �'U#&�H3)

a1(Q1,1, Q1,2, · · · , Q1,L, γINI , XINI , YINI , GINI) + a2(Q0,1, Q0,2, · · · , Q0,L, γ0, X0, Y0, G0)

= (a1Q1,1 + a2Q0,1, a1Q1,2 + a2Q0,2, · · · , a1Q1,L + a2Q0,L, a1γINI + a2γ0, a1XINI + a2X0,

a1YINI + a2Y0, a1GINI + a2G0),

0 ≤ a1 ≤ 1, 0 ≤ a2 ≤ 1, a1 + a2 ≤ 1.

<H331!:;" a1Q1,1 + a2Q0,1, a1Q1,2 + a2Q0,2, · · · , a1Q1,L + a2Q0,L ��� (1) !�
-�@");��3- x(k +N |k) �: ε(a1Q1,l + a2Q0,l), l = 1, 2, · · · , L., 23-/#$&
!ET�

xT(k +N |k)P (N, k)x(k +N |k) ≤ a1γINI + a2γ0,

P (N, k) =
L∑

l=1

λl(k +N)(a1γINI + a2γ0)(a1Q1,l + a2Q0,l)−1.

Æ 3�di3X�<AÆe)
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3.2 bYc
?%�� �� (1), a.�E12��!41�#⎡⎢⎣ x(k + 1|k)

...
x(k +N |k)

⎤⎥⎦ =

⎡⎢⎣ A(k)
...

A(k +N − 1) · · ·A(k + 1)A(k)

⎤⎥⎦ x(k)

+

⎡⎢⎢⎢⎢⎣
B(k) 0 · · · 0

...
. . . . . .

...
... 0

A(k +N − 1) · · ·A(k + 1)B(k) · · · · · · B(k +N − 1)

⎤⎥⎥⎥⎥⎦

×

⎡⎢⎣ u(k|k)
...

u(k +N − 1|k)

⎤⎥⎦ .
SE<�b� [

x̃(k + 1)

x(k +N)

]
=

[
Ã(k)

ÃN (k)

]
x(k) +

[
B̃(k)

B̃N (k)

]
ũ(k). (13)

22 x̃(k + 1) = [x(k + 1|k)T, x(k + 2|k)T, · · · , x(k +N − 1|k)T]T . B (1)  (13) <�8��
�QA [Ã(k), B̃(k)] �9�/j%!ÆH3�2j%&� L̃ = LN−1 . [ÃN (k), B̃N (k)] K�3
-41 x(k +N) !��QA��9�/j%!ÆH3�2j%&<� L̃N = LN . P

[Ã(k), B̃(k)] =
L̃∑

l̃=1

ξl̃(k)[Ãl̃, B̃l̃],
L̃∑

l̃=1

ξl̃(k) = 1, l̃ = 1, 2, · · · , L̃.

[ÃN (k), B̃N (k)] =
L̃N∑

l̃N=1

θl̃N
(k)[ÃN,l̃N

, B̃N,l̃N
],

L̃N∑
l̃N =1

θl̃N
(k) = 1, l̃N = 1, 2, · · · , L̃N .

<!�-+2 N Y;:+#�

|uj(k + i|k)| ≤ uj,max, 0 ≤ i ≤ N − 1, j = 1, 2, · · · ,m. (14a)

S (13) /: (2b) 141+#∣∣∣Ψ̃ [Ãl̃x(k) + B̃l̃ũ(k)]
∣∣∣ ≤ ψ̃, l̃ = 1, 2, · · · , L̃. (14b)∣∣∣Ψs[ÃN,l̃N

x(k) + B̃N,l̃N
ũ(k)]

∣∣∣ ≤ ψs,max, s = 1, 2, · · · , q, l̃N = 1, 2, · · · , L̃N . (14c)

Ψ̃ 6B Ψ H$!865&!d?eA� ψ̃ 6B ψ H$!865&!/c!�22
Ψ = [ΨT

1 ,ΨT
2 , · · · ,ΨT

q ]T, ψ = [ψ1,max, ψ2,max, · · · , ψq,max]T .
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?%/&0�12!:;"Q1,1 , Q1,2, · · · , Q1,L Q0,1, Q0,2, · · · , Q0,L ,E2H3 a1Q1,l+
a2Q0,l K�3-+#�P⎡⎣ 1 x(k)TÃT

N,l̃N
+ ũ(k)TB̃T

N,l̃N

ÃN,l̃N
x(k) + B̃N,l̃N

ũ(k) a1Q1,l + a2Q0,l

⎤⎦ ≥ 0,

l = 1, 2, · · · , L, l̃N = 1, 2, · · · , L̃N . (15)

0 ≤ a1 ≤ 1, 0 ≤ a2 ≤ 1, a1 + a2 ≤ 1. (16)

<S((/0 (3) D(�
min
ũ(k)

max
[A(k+i),B(k+i)]∈Ω ,i≥0

J(k)

J(k) = ‖x(k)‖2
L + ‖Ã(k)x(k) + B̃(k)ũ(k)‖2

L̃ + ‖ũ(k)‖2
R̃

+ ‖ÃN (k)x(k) + B̃N (k)ũ(k)‖2
P (N,k)

s.t. (14) (15) (16). (17)

22

P (N, k) =
L∑

l=1

λl(k +N)Pl, Pl = γQ−1
l , Ql = a1Q1,l + a2Q0,l, γ = (a1γINI + a2γ0),

L̃  R̃ +U6B L  R H$!865&!d?eA)
B (15) 8 x(k +N |k) ⊂ ε(a1Q1,l + a2Q0,l) , <BCc 1 83-/#$&]!ET∥∥∥ÃN (k)x(k) + B̃N (k)ũ(k)

∥∥∥2

P (N,k)
≤ a1γINI + a2γ0.

a ∥∥∥Ã(k)x(k) + B̃(k)ũ(k)
∥∥∥2

L̃
+ ‖ũ(k)‖2

R̃ ≤ b,

P ⎡⎢⎢⎢⎣
L̃−1 0 Ãl̃x(k) + B̃l̃ũ(k)

0 R̃−1 ũ(k)

x(k)TÃT
l̃

+ ũ(k)TB̃T
l̃

ũ(k)T b

⎤⎥⎥⎥⎦ ≥ 0, l̃ = 1, 2, · · · , L̃. (18)

XL((/0 (17) �(�

min
a1,a2,b,ũ(k)

‖x(k)‖2
L + b+ a1γINI + a2γ0

s.t. (14) (15) (16) (18). (19)

53EN/&0� !&53�X*U#�"�#�-5)
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FG 5 (- 6 4 /&fZ (Q1,1, Q1,2, · · · , Q1,L, γINI , XINI , YINI , GINI)  (Q0,1,
Q0,2, · · · , Q0,L, γ0, X0, Y0, G0) . c9! k = 0 +M�)'!&((/0 (19), 6- u(0|0) . ;
k > 0 +�49U#D^

D^ 1 N > 1 +�2?�-+2�a N := N − 1 , )'((/0 (19), 6- u(k|k) .
D^ 2 N = 1 +�)'((/0 (19), 6- u(k|k) . dkD^ 2 Be��" !_\

%�f)

 3 =�#�-553OK9M��!3Gj%�C::& Lyapunov $&/`I9

! Lyapunov $&�/&0� worst-case @;#�,0(!:;�?%'N��F8@Dd
C-�6-h\?�&3)!&-[+�23-+#"f��41�'((�F>!;�4
1�:+#" ε(a1Q1,l + a2Q0,l) E949�-+2 N = 1 , 2�-;:73]!97BCC
@! u(k|k), 3<GOP�8"��!�-�,)


 4 LMI �@4Y%6GOP�')'�2� !�WO� O(RS3)[12], 22 R 6 LMI
!'&� S 6((@!!&�) 6 1   6 2 B%4-!&((�2@!&f��5&!
e6Lghe=�L 6 5 4-"/&0�!&((�2!&((!@!&H��5&1
i�3< 6 5 !!&� !8[ 6 1   6 2 _g�(B8[ 6 3,  6 5 !!&�
 !ÆGe6�GB%4-":&jfghl$&��E91?(!�-�,)

4 hijkl
ma 1 ?%Q��� (1), Uk 6 5 !E7+MG�''�< 6 5 30�!�"

�#�-5�En =��l�" )
Æ 0 k +M]!�'' a∗1, a

∗
2 1 b∗,ũ∗(k) = {u∗(k|k), u∗(k+1|k), · · · , u∗(k+N −1|k)},

41��3-41 x(k +N |k) ⊂ ε(a∗1Q1,l + a∗2Q0,l) , l = 1, 2, · · · , L , 2�,1']� J
∗
(k) .

; k + 1 +M��-! u∗(k|k) ��-[2��E��-+2 N := N − 1, <�E=9 a∗1, a
∗
2

E1 b = b∗ − x(k+ 1|k)TLx(k+ 1|k)− u∗(k|k)TRu∗(k|k), ũ(k+ 1) = {u∗(k+ 1|k), · · · , u∗(k+
N − 1|k)} K�9H'�<+ ũ(k + 1) S\`��41 x(k +N |k + 1) ⊂ ε(a∗1Q1,l + a∗2Q0,l) .
P {u∗(k + 1|k), · · · , u∗(k +N − 1|k)} , a∗1 1 a∗2 iTC k + 1 +M!V[ (15)  (16), ST
.H�-!H b iTCV[ (18), <AV[ (14) _c$j)3<.H'6 k + 1 +M!�'
'�> J

∗
(k) _c6m2!)

;�-+2m2� N = 1 +�PB@+2�-Zm�8 +2 (N = 1) �-)0 k +

M�-+2��m2� N = 1, u∗(k|k) , a∗1 ,a∗2 1 b∗ � k +M!�''�<H28?6!�

,1'�
J
∗
(k) = ‖x∗(k|k)‖2

L + ‖u∗(k|k)‖2
R + ‖x∗(k + 1|k)‖2

P∗(1,k) ,

22� P ∗(1, k) =
L∑

l=1

λl(k + 1)Pl, Pl = γQ−1
l , Ql = a∗1Q1,l + a∗2Q0,l, γ = (a∗1γINI + a∗2γ0).

3� [A(k), B(k)] =
L∑

l=1

λl[Al, Bl] ,
L∑

l=1

λl(k) = 1 , <! k + 1 +M

x(k + 1|k + 1) =
L∑

l=1

λl(k)xl(k + 1|k), (20)

22� xl(k + 1|k) = Alx(k) + Blu
∗(k|k) , l = 1, 2, · · · , L.
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a.�L�EfZ u(k + 1|k + 1), a∗1, a
∗
2, b = ‖�umax‖2

R K� k + 1 +M!9H')22
u(k + 1|k + 1) = F (k)x(k + 1|k + 1). (21)

�umax = [u1,max, · · · , um,max]T, F (k) = Y ∗(G∗)−1,

Y ∗ = a∗1YINI + a∗2Y0, G∗ = a∗1GINI + a∗2G0.

3� x(k+1|k+1) ∈ ε(a∗1Q1,l+a∗2Q0,l), l = 1, 2, · · · , L ,!41>0 (21)# x(k+2|k+1) ⊂
ε(a∗1Q1,l + a∗2Q0,l) , PiTC (15)  (16) , <AV[ (14) _c$j)g3��-+2 N = 1
+ (18) <P�n(� ‖u(k)‖2

R ≤ b , o3 (2) <�8 b = ‖�umax‖2
R 9 ,TCV[ (18). 3<

a∗1, a
∗
2, b 1 u(k + 1|k + 1) 6 k + 1 +M((/0 (19) !�''�28?6!�,1'<�

J(k + 1) = ‖x(k + 1|k + 1)‖2
L + ‖u(k + 1|k + 1)‖2

R + ‖x(k + 2|k + 1)‖2
P∗(1,k+1)

= ‖x∗(k + 1|k)‖2
L + ‖u∗(k + 1|k)‖2

R + ‖x∗(k + 2|k)‖2
P∗(2,k) .

B)* [4] 8,?%bp [A(k + i), B(k + i)] ∈ Ω , i ≥ 0 , E8 !41>0 F (k + i) =
Y ∗(G∗)−1 , i ≥ 0, <TC

‖x∗(k + 2|k)‖2
P∗(2,k) − ‖x∗(k + 1|k)‖2

P∗(1,k) + ‖x∗(k + 1|k)‖2
L + ‖u∗(k + 1|k)‖2

R ≤ 0.

3<

J(k + 1) − J
∗
(k) ≤ −‖x∗(k|k)‖2

L − ‖u∗(k|k)‖2
R < 0,

J
∗
(k + 1) ≤ J(k + 1) < J

∗
(k).

Lyapunov $&m2�3<30�!�"�#�-5�En �� (1), 4nq��l�
" )

5 opqr
h!oij.�- 6!GO��i4-)* [9] 2!:O��,⎡⎢⎢⎢⎢⎢⎣

ẋ1

ẋ2

ẋ3

ẋ4

⎤⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
0 0 1 0

0 0 0 1

− kp

m1

kp

m1
0 0

kp

m2

−kp

m2
0 0

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣
x1

x2

x3

x4

⎤⎥⎥⎥⎥⎥⎦ +

⎡⎢⎢⎢⎢⎢⎣
0

0
1

m1

0

⎤⎥⎥⎥⎥⎥⎦u.

22:&=9� m1 = m2 = 1, 0.5 ≤ kp ≤ 1.2, ;:+#� |u| ≤ 1. L = diag(1, 1, 1, 1), R =
0.1, 4T+r 0.1 k�E741 x(0) = [0, 0, 1, 1]T .

1) �,1'ETS� 5000 +, 6 5 H 6 3 3+U?6!E7�'2! x1 − x2 _

l!klsm 1 ;  6 5 H 6 3 3+U?6!E7�'2! x3 − x4 _l!klsm 2 (2
20� ε(Q1) +mP��9 kp = 1 );
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2) =9 kp = 1 + 0.2e−0.5t cos(10t) , c1 = 3000 , N = 2 ? 6 5 oi12nq41tu
m 3;

3) a.=99�/of:& (0.5 ≤ kp ≤ 1.2) , +U? 6 1 . 6 2 . 6 3   6
5 �'oi�12!�-�,]sW 1 ('N��9 kp = 1 ; N = 2 ). r1 = 0.609 6TC 6
3 �'!0?9]�!<=9 r1 = 0.609; c1 = 2559 6TC 6 5 �'!0?]�!<=9
c1 = 3000.

p 1 ���n�v� kp w�nn�
�������Æ
�v� kp n� 1 n� 2 n� 3 n� 5

1 + 0.2e−0.5t cos(10t) 793 706 4851 245
1 793 706 4851 245

1.2 744 664 4624 200
0.5 1174 1042 6331 605

−10 −5 0 5 10
−10

−5

0

5

10

x
1

x 2

o 1 x1 − x2 opn� 5 ������pq (q	) Mn� 3 ������pq (q	)

−2 −1 0 1 2
−2

−1

0

1

2

x
3

x 4

o 2 x3 − x4 opn� 5 ������pq (q	) Mn� 3 ������pq (q	)
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(c)

x 3
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time(sec)
(d)

x 4

o 3 rxsryzo

m 1  m 2 Ws� 6 5 H 6 3 8[)�7="��!E7�'2Bm 3 Ws�R)
0�!�-5696" >GO!+#�#�-5)BW 1 �8�8[ 6 1 . 6 2   
6 3,  6 5 91"?(!�-�,)

6 t u
R)v?9MMN!�� ����:%:& Lyapunov $&�X*96�"+#�#

�-5!530�56)=0�562D"Er)*0�56!&A��>G?=!C-h
\�>9O�E12?(!�-K-)oi tj."R)0�56!GO�)
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ROBUST MODEL PREDICTIVE CONTROLLER BASED ON

PARAMETER-DEPENDENT LYAPUNOV FUNCTION

ZHENG Pengyuan XI Yugeng LI Dewei

(Institute of Automation, Shanghai Jiao Tong University, Shanghai 200240)

Abstract An improved method of synthesizing constrained robust model predictive
controller for systems with polytopic description is proposed. It off-line adopts parameter-
dependent Lyapunov function reducing the conservativeness corresponding to unique Lyapunov
function and constructs invariant sets guaranteeing the optimal performance cost for the worst-
case, and on-line solves the min-max optimization problem with infinite horizon performance
cost. Consequently, the initial feasible region could be enlarged and better performance is also
achieved by adopting the time varying terminal constraint set. The effectiveness of the proposed
approach is verified by simulation examples.

Key words Robust model predictive control, invariant set, time-varying terminal con-
straint set, linear matrix inequalities, parameter-dependent Lyapunov function.


