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=7>�5?)�@8 [7−8] '$76 “ I A4?B�� ” � “ II A4?B�� ” �9
7�@C'���6�18�2( �����"�0��0+0.1*�+: '8�*
(1*�A�0.1*�B/D;#$<�9=:C [9] +4-+�9#@C'�"����
#*(��0.�6�18�D�>( E:�,;2(�02E!#F;;�<)G [10]

3�+&=.@@C�*��'����.� n − 1 ��H��<*&$/>0+1*#
I?����"����#��������?0����@�@C'0.�6@��

�6�18�"��0.�6�0.���ACA���+=0,-JA+A"#D�+&
B��CB��*��' 2���K>')$�*)/?������ 25C�,-'
���6��6���ACF@�.D+LC'EG Markowitz AA#

9 n �*(�7DB&��M� r = (r1, r2, · · · , rn)′ F@�<) ri F@H i �*(�
7DB� n �*(�CN7DBM�� µ = E(r), ����� V = Var(r). ���+ n �
*(���ID@JF� ω1, ω2, · · · , ωn. K ω = (ω1, ω2, · · · , ωn)′ ��G���E ω′1 = 1,
 F 1 = (1, 1, · · · , 1)′. F rω = r′ω �*(���7DB� µω = µ′ω �*(���CN7D
B� σ2

ω = ω′V ω �*(���?B#GE V ω = 0 �*(�� ω K�H?B��#*(��
�IOF� W , H?B���IOF� Wf , G

W = {ω ∈ R
n| ω′1 = 1} , Wf = {ω ∈ R

n| ω′1 = 1, V ω = 0} .

Markowitz �'D��H�+:�7D rp #J��?B$,�@�CI+�+:�?
B σp #J��7D$�#'D���KP�L#� M-V AA⎧⎪⎪⎨⎪⎪⎩

Min σ2
ω = ω′V ω

s.t. ω′1 = 1,

ω′µ = rp.

(1)

#��� V ≥ 0 �LM�B��%� M-V AA (1) F�>��0+4?B*(���
H#2E+�K M-V AA (1) �A��6����6��+?B - 7D (σω , µω) GNM 
N�H�OK����6����6+ “7D��?B, ” PQ#�-�IIOK�0.�
6�<"H��6��K�0.�� [7].

�?AA (1) �$JA�R�' Lagrange J3

L(ω, λ1, λ2) =
1
2

ω′V ω + λ1(ω′1− 1) + λ2(ω′µ − rp), (2)

<) λ1, λ2 K� Lagrange Q1#O ∂L
∂ω = 0, ∂L

∂λ1
= 0, ∂L

∂λ2
= 0, �,B��/(

V L′

L 0

)(
ω

λ

)
=
(

0
�

)
. (3)

<) L = (1 µ)′, � = (1, rp)′, λ = (λ1, λ2)′.
I��B��/ (3) ) ω �AG� M-V AA (1) �6���'A#
K�#�R/� FLP20B�CB��LRMQ#2E+�9 A �R2B��3K

2SGE AXA = A �B� X � A �CB��F� A−. E X GE#PS&D;
AXA = A, XAX = X, (AX)′ = AX, (XA)′ = XA,
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3KB� X � A � Moore-Penrose CB��F� A+.
�R2B� A, <CB� A− O�0+���2E(W2�" A+ T�W2�� A− W

24UO4 A ������$� A− = A−1.
+&B��CB��=:��,-B��/ Ax = b�'A�GEB��/ Ax = b"V�3

<'A�F@� x = A−b, F A− � A�RPCB��@�>�F@� x = A−b+(I−A−A)z,

 F A− �R2P��CB�� z �RPM�#
W/�+02&,;D�>ES/&-�GE M (B) ⊂ M (A), M (C) ⊂ M (A′), 3

C′A−B Q A− �XX4 #YZN�E M (B) ⊂ M (A), M (C) ⊂ M (A′), 30+B� P �

Q J, B = AQ, C = A′P , !"([,- C′A−B = P ′AQ Q A− �XX4 #
FQY&T9 A �2B��F A′ F@ A �RS� R(A) F@B� A �.� A− F@ A

�CB�� A+ F@ A � Moore-PenroseCB��NA = I −A+A, PA = A(A′A)+A′ � A �

�R�T�� M (A) F@KB� A �\M��.� !ST� M (A)⊥ F@ M (A) ��R
UST� A⊥ �GE A′A⊥ = 0 �U�0$�.�B�#

2 ()&*
+, 2.1 90B� T ∈ R

n×n U T ≥ 0, B� L ∈ R
k×n, E M (L′) ⊂ M (T ), 30

1) TT−L′ = L′, LT−T = L.
2) Q = LT−L′ Q T− �XX4 �U M (L) = M (Q).
3) Q � Moore-Penrose CB�

Q+ = L′+TL+ − L′+TNL(NLTNL)+NLTL+.

- 1) # 2) ��PV@�I��� 2) �(PV@�#� Q = LT−L′ Q T− �XX4
 �1J+��XXG.� T−, J, M (L) ⊂ M (Q), " M (Q) ⊂ M (L) �I���%�0
M (Q) = M (L). 3) YZN�K 1) �M

NLTNL(NLTNL)+NLT = NLT,

O

M = L′+TL+ − L′+TNL(NLTNL)+NLTL+,

VUZ*
QM = MQ = LL+, QMQ = Q, MQM = M,

!"K Moore-Penrose CB���B�M7",;.$#
+, 2.2[11] 9B� A ∈ R

n×n, c ∈ R
n � n [LH\M��30

1) E c ∈ M (A), 3
(A ± cc′)+ = A+ − A+cc′A+

c′A+c ± 1
. (4)

2) E c /∈ M (A), 3

(A + cc′)+ = A+ +
(1 + c′A+c)P⊥cc′P⊥

(c′P⊥c)2
− A+cc′P⊥ + P⊥cc′A+

c′P⊥c
. (5)

<) P⊥ = I − AA+.
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+, 2.3 9B� V ∈ R
n×n, U V ≥ 0, B� L ∈ R

k×n, T = V + L′L, 30
1) E M (L′) ⊂ M (V ), 3

T + = V + − V +L′(I + LV +L′)+LV +;

2) E M (L′) ∩ M (V ) = {0}, U R(L) = k, 3
V T +V = V, V T +L′ = 0, LT+L′ = I.

- 1) F M = V + − V +L′(I + LV +L′)+LV +, I� M ��K�#U\�,
MT = TM = V +V, MTM = M, TMT = T,

!"K Moore-Penrose CB���B$,,;#
2) E M (L′) ∩ M (V ) = {0}, > V � L′ �\M�]V. R

n �2��R'�9� D =
(α1, α2, · · · , αn). (W9 M (V ) ⊂ M (D1), M (L′) ⊂ M (D2),  F D = (D1, D2), D1 =
(α1, α2, · · · , αr), D2 = (αr+1, αr+2, · · · , αn). #� V ≥ 0, V0+B� C ∈ R

n×n J,

V = C′C. W M (C′) = M (C′C) ⊂ M (D1), G0+ Z1 ∈ R
r×n, Z2 ∈ R

(n−r)×k J,

C′ = D1Z1 = D

(
Z1

O

)
, L′ = D2Z2 = D

(
O

Z2

)
.

!"

T = C′C + L′L = D

(
Z1Z

′
1 O

O Z2Z
′
2

)
D′,

U\�,

V T +V = V, V T +L′ = 0, LT+L′ = PZ′
2
, (6)

<) PZ′
2

= Z ′
2(Z2Z

′
2)

+Z2, W#� R(L) = k, %��0 LT+L′ = PZ′
2

= I. 7"*X#
+, 2.4 [12] �� M-V AA (1), 0+�6���B@�/D;� � ∈ M (L), U�6�

�#���6�FY^@J�
ω = T +L′Q+� + NT ξ, σ2

ω = �′(Q+ − Q+Q)� = �′H�. (7)

<) T = V + L′L, Q = LT+L′, H = L′+V L+ − L′+V NL(NLV NL)+NLV L+, � = (1, rp)′.
+, 2.5 �� M-V AA (1), E 1 /∈ M (V ), 3#\_�CI
1) 0+Z3 ρ ∈ R J, µ − ρ1 ∈ M (V );

2) R:H?B�� π ∈ Wf �0 µ − µπ1 ∈ M (V );

3) H?B��IO Wf �F@�

Wf =
{

π ∈ R
n

∣∣∣∣ π =
P⊥1

1′P⊥1
+
(

P⊥ − P⊥11′P⊥

1′P⊥1

)
ξ, ξ ∈ R

n

}
, (8)

UR:H?B�� π ∈ Wf �0

µπ =

⎧⎪⎨⎪⎩
µ′P⊥1
1′P⊥1

, E µ /∈ M (V ),

0, E µ ∈ M (V ).

(9)
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<) P⊥ = I − V V + = NV .

- 1)=⇒2) E0+Z3 ρ J, µ − ρ1 ∈ M (V ), 3�RPH?B�� π ∈ Wf 0
(µ − ρ1)′π = 0, K π′1 = 1 M µπ = π′µ = ρ, %� µ − µπ1 ∈ M (V ).

2)=⇒3) *&@`&V@#
i) Wf LSU�0 (8)�FYH^#]&�Wf LS�G0+ ω ∈ R

n J, V ω = 0, ω′1 = 1
^�.$#YZN�ER: ω ∈ M (V )⊥ K0 ω′1 = 0,  XW� 1 ∈ M (V ), Q7"D;
1 /∈ M (V ) "aZ#<[�#� 1 /∈ M (V ), %�H?B���L#B��/�A(

V 1

1′ 0

)(
π

λ

)
=

(
0

1

)
. (10)

I���/ (10) �_��/ (3), @($ F L = 1′, � = 1. O T = V + 11′, Q = 1′T +1. K
7" 2.2 #7" 2.3 M Q = 1,

T + = V + +
(1 + 1′V +1)P⊥11′P⊥

(1′P⊥1)2
− V +11′P⊥ + P⊥11′V +

1′P⊥1
. (11)

<) P⊥ = I − V V + = NV . %K7" 2.4 ([,-

π = T +1 + NT ξ =
P⊥1

1′P⊥1
+
(

P⊥ − P⊥11′P⊥

1′P⊥1

)
ξ. (12)

<) ξ ∈ R
n �RP n [\M��%�0 (8) ^.$#

ii) E µ /∈ M (V ),3 µπ = µ′P⊥1
1′P⊥1 . I��$��R:H?B�� π ∈ Wf �0 µπ �= 0,U µπ

�Q π4 �S3�#�E0+ π1 ∈ Wf , π2 ∈ Wf J, µ−µπ11 ∈ M (V ), µ−µπ21 ∈ M (V ),�
µπ1 �= µπ2 ,3U, 1 ∈ M (V ),!"\ aZ�#$ µπ = c�2S3#> µ� 1XG�R@AT
µ = V V +µ+P⊥µ, 1 = V V +1+P⊥1. W#��R: π ∈ Wf �0 µ−µπ1 = µ− c1 ∈ M (V ),

%��0 P⊥µ = c P⊥1, !"U, µπ = µ′P⊥1
1′P⊥1

.
iii) E µ ∈ M (V ), 3 µπ = 0.  �I���"U+XW+ ii) �,;Y)#
3)=⇒1) @R+ (12) ^!]^Q µ′ ,

µπ =
µ′P⊥1
1′P⊥1

+
(

µ′ − µ′P⊥1
1′P⊥1

1′
)

P⊥ξ. (13)

#�R: π ∈ Wf �0 µπ = µ′P⊥1
1′P⊥1

, K (13) M CI� (µ − µπ1)′P⊥ξ = 0 �RP ξ ∈ R
n �

.$�!"�0 µ − µπ1 ∈ M (V ), O ρ = µπ �, 1) .$#7"*X#

3 ./012345
6, 3.1 ��AA (1), ER: c ∈ R �0 µ �= c1, 3+ (σω , µω) M N� ����6

�ACA0#\,;.$T
1) E 1 ∈ M (V ), µ ∈ M (V ), 3���6�

σ2
ω =

A

D

(
µω − B

A

)2

+
1
A

,
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<) A = 1′V +1, B = 1′V +µ, C = µ′V +µ, D = AC − B2.

2) E 1 /∈ M (V ), U0+ π ∈ Wf J, µ − µπ1 ∈ M (V ), 3���6�

σ2
ω =

(µω − µπ)2

H
,

<) H = C − 2Bµπ + Aµ2
π, µπ = µ′P⊥1

1′P⊥1 , P⊥ = I − V V +.
3) E M (L′) ∩ M (V ) = {0}, 3���6� σω = 0.
4) E 1 ∈ M (V ), µ /∈ M (V ), 3���6� σω = 1√

A
.

- 1) E 1 ∈ M (V ), µ ∈ M (V ). K7" 2.1 M R(L′V +L) = R(L′) = 2, !"

H = (L′V +L)−1 =

(
1′V +1 1′V +µ

µ′V +1 µ′V +µ

)−1

,

#$����6�#  � σω � µω = rp �J3%+�Æb #

σ2
ω =

Ar2
p − 2Brp + C

AC − B2
=

A

∆

(
µω − B

A

)2

+
1
A

. (14)

0.�6�Æb �NPZ�<) A = 1′V +1, B = 1′V +µ, C = µ′V +µ, ∆ = AC − B2.

2) E 1 /∈ M (V ), U0+ π ∈ Wf J, η ∈ M (V ), <) η = µ − µπ1.
]&K7" 2.5 M�RPH?B�� π ∈ Wf �CN7D µπ � (9) %@#[P-$�

M-V AA (1) )�\`D; µ′ω = rp CI� η′ω = rp − µπ, #$��?AA (1) �0.�
��@R+B��/ (3) )O L = (1 η)′ �# � = (1, rp − µπ)′, ^��_+K7" 2.4 ,�
��6� σ2

ω = �(Q+ − Q+Q)�.
O ∆ = V + ηη′, 3 T = V + L′L = ∆ + 11′, #� 1 /∈ M (∆), " η ∈ M (V ) ⊂ M (∆), %

�K7" 2.3 ,
1′ (∆ + 11′)+ 1 = 1, η′ (∆ + 11′)+ 1 = 0. (15)

WK7" 2.2 M

(∆ + 11′)+ = ∆++
(1 + 1′∆+1)P⊥11′P⊥

(1′P⊥1)2
− ∆+11′P⊥ + P⊥11′∆+

1′P⊥1
, (16)

∆+ = (V + ηη′)+ = V + − V +ηη′V +

1 + η′V +η
. (17)

<) P⊥ = I − ∆∆+. [P- η ∈ M (∆), %� P⊥η = 0. !"K (16) � (17) M

η′ (∆ + 11′)+ η =
η′V +η

1 + η′V +η
�= 1. (18)

> (15) � (18) _62U\�,

Q = LT+L′ =

⎛⎝1′ (∆ + 11′)+ 1 1′ (∆ + 11′)+ η

η′ (∆ + 11′)+ 1 η′ (∆ + 11′)+ η

⎞⎠ =

⎛⎝1 0

0
1

1 + h

⎞⎠ , (19)



1140 T 	 M U N V U 28 N

<) h = 1/η′V +η > 0. K (19) �,���6�

σ2
ω = �′(Q+ − Q+Q)� = (1, rp − µπ)

(
0 0
0 h

)(
1

rp − µπ

)
= h (µω − µπ)2. (20)

<) µπ ^ (9). I��$����6+ (σω , µω) M N�!D"Rc �RO� (0, µπ), a
B@J� ±√

h, 0.�6�aB��H�V@#1J+�E µπ = 0, 3RO�]O#
3) E M (L′) ∩ M (V ) = {0}, K7" 2.3 M Q = LT+L′ = I, !"K (7) 0���6�

σ2
ω = 0, G$����6+ (σω , µω) M d� µω ^#

4) E 1 ∈ M (V ), µ /∈ M (V ), O ∆ = V + 11′, 3 T = V + L′L = ∆ + µµ′, W#�
1 ∈ M (V ) ⊂ M (∆), µ /∈ M (∆), %�K7" 2.4 ,

µ′ (∆ + µµ′)+ µ = 1, 1′ (∆ + µµ′)+ µ = 0. (21)

#� µ /∈ M (∆), 1 ∈ M (V ), !"K7" 2.2 M

(∆ + µµ′)+ = ∆++
(1 + µ′∆+µ)P⊥µµ′P⊥

(µ′P⊥µ)2
− ∆+µµ′P⊥ + P⊥µµ′∆+

µ′P⊥µ
, (22)

∆+ = (V + 11′)+ = V + − V +11′V +

1 + 1′V +1
. (23)

<) P⊥ = I − ∆∆+. [P- 1 ∈ M (∆), %� P⊥1 = 0. !"K (22) � (23) 0

1′ (∆ + µµ′)+ 1 =
1′V +1

1 + 1′V +1
�= 1. (24)

> (21) � (24) ^_62U\�,

Q = LT+L′ =

⎛⎝1′ (∆ + µµ′)+ 1 1′ (∆ + µµ′)+ µ

µ′ (∆ + µµ′)+ 1 µ′ (∆ + µµ′)+ µ

⎞⎠ =

⎛⎝ A

1 + A
0

0 1

⎞⎠ , (25)

<) A = 1′V +1. K (7) M���6�

σ2
ω = �′(Q+ − Q+Q)� = (1, rp)

⎛⎜⎝ 1
A

0

0 0

⎞⎟⎠( 1

rp

)
=

1
A

. (26)

#$�$����6+ (σω , µω) M d�MG µω ^�_ #�"*X#
7 1 �� [10] '$�RB� U >���� V �YZ�G0 U ′V U = Λ,  F Λ =

diag(g1, g2, · · · , gn−1, 0), gi � V �LH18` (i = 1, 2, · · · , n − 1), gn = 0 �H18`�
U = (u1, u2, · · · , un), ui � gi �18M�#%F ai = u′

iµ, bi = u′
i1 (i = 1, 2, · · · , n), '$`[

ω = Uv, E:,-'20,\��<*&$/0+# !a1*T
1) =0*& an �= 0, bn �= 0. �YZN�=:b� an � bn �0���H#
([*& an = 0 4UO4 µ ∈ M (V ),  �#�T2� �E µ ∈ M (V ), 3I�0

an = 0 cW2� � an = 0 CI� µ Q un �R�[P- U ��R��%��0+Z3
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k1, k2, · · · , kn−1 J, µ = k1u1 +k2u2 + · · ·+kn−1un−1, W#�M (V ) = M (u1, u2, · · · , un−1),
%� µ ∈ M (V ).

^"�* bn = 0 4UO4 1 ∈ M (V ). $/��� [10] +XW2&�9�eH�
rp bn − an ≡ 0 (.$�ÆG0+LHZ3 ρ J, ρ bn − an = 0. ^" WCI�0+LHZ
3 ρ J, µ − ρ1 ∈ M (V ).

#$��� [10] ),-����6O�D� (20) %F@����6) µπ �= 0 �2��
H�@($E:Xa�� (σ2

ω − µω) M #0f���$�+0 ρ = an

bn
= µ′ P⊥1

1′P⊥1 = µπ .

$� �#� P⊥ = I − V V + = U(I − ΛΛ+)U ′ = unu′
n �]V#

2) =0*& Ab2
n − 2Banbn + Ca2

n �= 0. �#F K = Ab2
n − 2Banbn + Ca2

n,  F

A =
n−1∑
i=1

g−1
i a2

i , B =
n−1∑
i=1

g−1
i aibi, C =

n−1∑
i=1

g−1
i b2

i .

�YZN�GJ an �= 0, bn �= 0, K >0���H�G4UO4 bn

an
= B±√

B2−AC
A ��K = 0.

1J+�E0+S3 c ∈ R J, µ = c1, 3 K = 0.
6, 3.2 �� M-V AA (1), E0+S3 c ∈ R J, µ = c1, 3���6�0.�6

K�dO*#

- 1)E 1 /∈ M (V ),  CI�M (L′)∩M (V ) = {0},�_ (6)^�*&�, Q = LT+L′

��R�T��!"0 Q+ = Q, %�K (7) ,��?B σ2
ω = 0, #$����6Q0.�6

K�dO* P (0, c).
2) E 1 ∈ M (V ),  CI� M (L′) ⊂ M (V ), $�#0 H = (L′V +L)+, U R(L′V +L) =

R(L′) = 1, U\,

H =

(
1′V +1 1′V +µ

µ′V +1 µ′V +µ

)+

=
1
A

(
1 c

c c2

)+

=
1

A(1 + c2)2

(
1 c

c c2

)
,

<) A = 1′V +1. [P-$�0+�6��4UO4 rp = c, #$��?B�

σ2
ω =

(1 + crp)2

A(1 + c2)2
=

1
A

. (27)

G���6�0.�6K�dO* P ( 1√
A

, c). �"*X#
89 3.1 �� M-V AA (1), 0+0.��4UO4# `&D;Y2.$T
1) 1 ∈ M (V ), µ ∈ M (V );

2) 1 /∈ M (V ), UR: π ∈ Wf �0 η ∈ M (V ), <) η = µ − µπ1, µπ ^ (9);

3) 0+S3 c ∈ R J, µ = c1.
- B@! K�" 3.1 � 1), 2) �#�" 3.2 M0+0.���B@!,*#
�/! &e**�&��D;
2)′ 1 /∈ M (V ), U0+ ρ ∈ R J, µ − ρ1 ∈ M (V ).

K7" 2.5 MD; 2) QD; 2)′ �CI��#$�@R*& 1), 2)′ @ 3) ��/D;#[P-
+D; 2)′ #O0�#!��HT

a) 1 /∈ M (V ), µ /∈ M (V ), U0+LHS3 ρ ∈ R J, µ − ρ1 ∈ M (V ).
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b) 1 /∈ M (V ), µ ∈ M (V ), ρ = 0.
#$�ED; 1), 2)′ � 3) �(.$�3O0�#!��!

i) M (L′) ∩ M (V ) = {0}, ii) 1 ∈ M (V ), µ /∈ M (V ).
%��@R*&+NP!��!#0.�6�S*G��K�" 3.1 ��" 3.2 M�ED;
1)– 3) �(.$�3���6+ (σω, µω) M d�f_ σω ^�_ #H�Y�"^?B�*
(���7DBT���RPZ3�#$$�(0+0.��#*X#

89 3.2 ���� n �*(g?B*(@4?B*(h�*()5�(0+-+��
�B@�/D;�# `&Y2.$T

1) 1 ∈ M (V ), µ ∈ M (V ).
2) 1 /∈ M (V ), UR: π ∈ Wf 0 η ∈ M (V ), <) η = µ − µπ1, µπ ^ (9).
3) 0+S3 c ∈ R J, µ = c1.
- �K�" 3.1 ��" 3.2 _],-#L; 3.2 *&' Szegö �3+��g�#
7 2 �� [9] -+4-+�9#,-'�"����#*(���0.�6/*� F1,

/*� F2,  F F1 �-� !4 ?B*(�0.�6� F2 �-� !4 ?B*(Q
4?B*(�0.�6�G F1 � F2 + (σω , µω) M d@J�Æb NPZ�2Dc #
 FR/( ���E:�*&R/)50+4?B*(#>H�Y�L\)5(0+4?
B*(�e*0.�60��� F1, �4*,- F2.

!D�,;%^�0.�6�2Dc �B@�/D;�0+H?B���U)54-
+�"(�0+4?B*(#0+4?B*(��HO�D��2&1D#

YZN�#� ��>4?B*(^.�2�12�?B*(��� n + 1 �*(��
������<)$(2�*(�4?B*( rf . �_^h?�$�H?B��IO#F�
Wf , <b" B�@M�@J�

Ṽ =

(
V 0
0 0

)
, µ̃ =

(
µ

rf

)
, P̃⊥ =

(
P⊥ 0
0 1

)
.

I� 1 /∈ M (Ṽ ), #$�KL; 3.2 M�E)54-+�3O0# !��H
1) ER:S3 c ∈ R �0 µ̃ �= c1. $�R:H?B�� π ∈ Wf , �0 η̃ ∈ M (Ṽ ),  F

η̃ = µ̃ − 1µπ. [P- π0 = (0, 0, · · · , 0, 1)′ �2H?B���%� η̃0 = µ̃ − 1µπ0 ∈ M (Ṽ ), !
" P̃⊥η̃0 = 0. %K7" 2.5 M�R:H?B�� π ∈ Wf , 0

µπ =
µ̃′P̃⊥1

1′P̃⊥1
=

η̃′
0P̃

⊥1

1′P̃⊥1
+ µπ0 = µπ0 = rf .

2) E0+S3 c ∈ R J, µ̃ = c1. I�$�>0^b�,;#
#$�E)50+2�4?B*( rf , e*+4-+�9#�%04?B���7DB��
2b��UC�4?B*(�7DB rf . $�> (20) )� µπ [. rf G,�� [9] �,;�
#$�=:�,;/2E,�#

�" 3.1 ��" 3.2 LC'EG Markowitz����AA�!*&$/�M������
"����6�0i��H��">: `��H#����6��OACF@�4��=
:>��,-`��H#0.���ACA#[P-2E�!#�R: c ∈ R, µ �= c1. K�
" 3.1 M$�@0+�!��H#&0+0.���#$# O: �" 3.1 ��!��H
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#0.���ACF@��" 3.1 �(!��H#�" 3.2 )�!�12�H��_,Y�
D�H(%cP'#

6, 3.3 �� M-V AA (1), ER: c ∈ R �0 µ �= c1 , 3 �0.���'A0L#
,;

1) E 1 ∈ M (V ), µ ∈ M (V ), 30.���'A�
ω = λ1V

+µ + λ2V
+1 + P⊥ξ, (28)

 F ξ ∈ Rn �RP n [\M��

λ1 =
Arp − B

∆
, λ2 =

C − Brp

∆
. (29)

<) A = 1′V +1, B = 1′V +µ, C = µ′V +µ, ∆ = AC − B2, P⊥ = I − V V + = NV , rp ≥ B
A .

2) E 1 /∈ M (V ), UR: π ∈ Wf �0 η ∈ M (V ), 30.���'A�
ω = ϑ + (1 − ϑ′1)π, (30)

 F ϑ �?B*(���ID�" 1 − 1′ϑ �H?B�� π ∈ Wf ���ID�U

ϑ =
rp − µπ

η′V +η
V +η + P⊥ξ1, π =

P⊥1
1′P⊥1

+
(
P⊥ − P⊥11′P⊥

1′P⊥1

)
ξ2. (31)

<) η = µ− µπ1, µπ = µ′ P⊥1
1′P⊥1

, P⊥ = I − V V +, rp ≥ µπ, ξ1 ∈ Rn, ξ2 ∈ Rn K�RP n [

\M�#

- 1) #� 1 ∈ M (V ), µ ∈ M (V ), G M (L′) ⊂ M (V ), %�K7" 2.3 M
T + = V + − V +L′(I + LV +L′)+LV +.

U\�,

Q = LT+L′ = LV +L′(I + LV +L′)+, NT = I − T +T = I − V +V = NV .

K�" 3.1 M$�0.�6�Æb �NPZ�#$0.��@R+�6���'A)X
rp ≥ B

A G�#K7" 2.4 ,0.���'A�
ω = T +L′Q+� + NT ξ = V +L′(LV +L′)+� + NV ξ, (32)

 F ξ ∈ Rn �RP n [\M�#[P-$� LV +L′ ���B��U

(LV +L′)−1 =

(
1′V +1 1′V +µ

µ′V +1 µ′V +µ

)−1

=
1
∆

(
C −B

−B A

)
, (33)

<) A = 1′V +1, B = 1′V +µ, C = µ′V +µ, ∆ = AC − B2. > (33) _6 (32) �$, 1).
2) �_�" 3.1 B@! 2) V@�*&�RO

L = (1 η)′, T = V + L′L = ∆ + 11′, ∆ = V + ηη′, Q = LT+L′.
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K7" 2.4 # (19) ^M0.���'A�

ω = (T +1, T +η)

(
1 0
0 1 + h

)(
1

rp − µπ

)
+ NT ξ

= T +1 +
(rp − µπ)(1 + η′V +η)

η′V +η
T +η + NT ξ. (34)

<) ξ ∈ Rn �RP n [\M�� rp ≥ µπ = µ′ P⊥1
1′P⊥1

. %K (16), (17) U\�,

T +1 =
P⊥1

1′P⊥1
,

T +η = ∆+η +
P⊥11′∆+η

1′P⊥1
=
(
I − P⊥11′

1′P⊥1

) V +η

1 + η′V +η
,

NT = P⊥ − P⊥11′P⊥

1′P⊥1
,

W# η ∈ M (V ), %� M (V ) = M (∆), !"�0 P⊥ = I − ∆∆+ = I − V V +.
#$�K (34) ,0.���'A�

ω =
P⊥1

1′P⊥1
+
[
(rp − µπ)

(
I − P⊥11′

1′P⊥1

) V +η

η′V +η

]
+
(
P⊥ − P⊥11′P⊥

1′P⊥1

)
ξ. (35)

#$��#@R*& (34) ^Q (30) ^%F@�'A�CI�G�#�cP�^h?�(W
>HL (30) %@�0.��IOF�W1, HL (35) ^%@�0.��IOF�W2, # *
& W1 = W2.

RX ω∗ ∈ W1, 9 ξ∗1 ∈ Rn, ξ∗2 ∈ Rn �J, ω∗ = ϑ + (1 − ϑ′1)π �M��<)

ϑ =
rp − µπ

η′V +η
V +η + P⊥ξ∗1 , π =

P⊥1
1′P⊥1

+
(
P⊥ − P⊥11′P⊥

1′P⊥1

)
ξ∗2 .

U\,

ω∗ =
rp − µπ

η′V +η
V +η + P⊥ξ∗1 +

P⊥1
1′P⊥1

+
(
P⊥ − P⊥11′P⊥

1′P⊥1

)
ξ∗2

−P⊥11′

1′P⊥1

(rp − µπ

η′V +η
V +η + P⊥ξ∗1

)
− 1′ϑ

(
P⊥ − P⊥11′P⊥

1′P⊥1

)
ξ∗2

=
P⊥1

1′P⊥1
+
[
(rp − µπ)

(
I − P⊥11′

1′P⊥1

) V +η

η′V +η

]
+
(
P⊥ − P⊥11′P⊥

1′P⊥1

)(
ξ∗1 + (1 − 1′ϑ) ξ∗2

)
. (36)

Ia (35) Q (36) 2[P- ξ �RP!�([,- W1 ⊂ W2. �_+�>��*& W2 ⊂ W1,
!" W1 = W2. �"*X#

7 3 YZN��" 3.3 )� 2) V@+0W2�*&�*�G>H?B�� π ^.�2
�4?B*(�<N���ID� ωn+1, 30L# M-V AA

Min σ2
ω = ω′V ω

s.t. η′ω = rp − µπ.
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<) ω = (ω1, ω2, · · · , ωn)′, ωn+1 = 1 − 1′ω, η = µ − 1µπ �ij7DBM�#
�_� M-V AA (1), �,NPAA�$JA�B��/(

V η

η′ 0

)(
ω

λ

)
=

(
0

rp − µπ

)

�A�<) η = µ− 1µπ.  b>�,-?B*(N���ID� ϑ, H?B�� π N���
ID� 1 − ϑ′1.

7 4 4 V > 0 ��([Z* (28) ^�EG Markowitz AA# n �?B*(�����
��$JA#X2k�E+��2�4?B*( rf , 3 (30) ^>��&�#YZN�$��
>4?B*(^.�2�12�?B*(�<N���IDF� ωn+1, 2F ω̃ = (ω′, ωn+1)′.
�� n + 1 �?B*(��������7DBM�`� µ̃ = (µ′, rf )′, "H?B��@
0+2&�G Wf = {π = (0, 0, · · · , 0, 1)′}, µπ = rf , 4�b:>��@J! (31) � (9) ),
-�!" η̃ = (η′, 0),  F η = µ − rf1. ���� Ṽ # P̃⊥ = I − Ṽ Ṽ + @J�

Ṽ =

(
V 0
0 0

)
, P̃⊥ =

(
0 0
0 1

)
.

U\�,0.���

ω̃ =

(
ω∗

1 − 1′ω∗

)
, ω∗ =

rp − rf

η′V −1η
V −1η,

<) ω∗ �� n �?B*(���ID� 1 − 1′ω∗ �4?B*( rf ���ID� ��E
G Markowitz AA�,;�#$��" 3.3 �EG Markowitz AA�X2kLC#

";N�L\(�� V ����e*>4?B*(�?B*(@bd;�=0�/��
#�4?B*( rf ��^.�2�12�?B*(�@($<���H#[ 2 l[ 3 �#
[ 4 @J!c&(^� B@*Z' 2O�>md' � �dV#

89 3.3 ER: c ∈ R �0 µ �= c1, 3 �0.��0L#�!'�@j�"
1) E 1 ∈ M (V ), µ ∈ M (V ), 30.��

ω = λωd + (1 − λ)ωg,

 F
ωd =

V +µ

1′V +µ
+ P⊥ξ, ωg =

V +1
1′V +1

+ P⊥ξ, λ =
Arp − B

∆
B.

<) A = 1′V +1, B = 1′V +µ, C = µ′V +µ, ∆ = AC − B2, ξ ∈ Rn �RP n [\M��

2) E 1 /∈ M (V ), UR: π ∈ Wf �0 η ∈ M (V ), 30.��
ω = λ� + (1 − λ)π,

 F

� =
V +η

1′V +η
+
(

P⊥ − P⊥11′P⊥

1′P⊥1

)
ξ, π =

P⊥1
1′P⊥1

+
(

P⊥ − P⊥11′P⊥

1′P⊥1

)
ξ,

λ =
1′V +η

η′V +η
(rp − µπ) .
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<) η = µ − µπ1, µπ = µ′ P⊥1
1′P⊥1

, P⊥ = I − V V +, ξ ∈ Rn �RP n [\M�#

- 1) �K (28) ^,-� 2) �K (35) ^,-#
0f���L; 3.3 )!��H#�'�@j�"+0�^Ya�GH2��H#� ωg

�Hn��H#� π K�oO���U

Cov(ω′
dr, ω

′
gr) = Var(ω′

gr) =
1
A

, Cov(�′r, π′r) = Var(π′r) = 0.

 QEG Markowitz AA%,-�'�@j�">�2d�#YZN�([b����EG
Markowitz AA#�,;���!D�`�"),-0.+LC#

4 0 :
D�+&CB�B�kU')$�*)/?�������le�+=0�����

�,��.eRe5C�D;#: '0.�6�0.���ACA#^�=:>b��+
����"#,-���,;�QEGMarkowitzAA�,;"_�"U(�Zf����
2�12�!�#$�D�>0g�X2k�f*(��Xa�$2";#

@C0.���0.�6�ACA([b��+0.���'A)�0 ξ ∈ Rng@

ξi ∈ Rn, i = 1, 2 h�f�0.�6=0eReg��#$�g�+�"���#0.���
A(W2��0.�6�20!fQ0.���A�W2!4 #YZN�L\Q�� [7–8]
)%h �i%Ih�4�Ih�j+mkh%�>([b��0 ξ ∈ Rn �fi(� “ I A
�� ”, >(� “ II A�� ”, "�2�4�Ih�H�i%Ih>�H� “H�� ”(G`*
(���IDn!��H�IL (28) ^)� P⊥ξ, �RP ξ ∈ Rn �0 1′P⊥ξ = 0), !"(�
��0.�60g�#

jkL$�0.��)�0 ξ ∈ Rn(@ ξi ∈ Rn, i = 1, 2) �f�0.1*����0o
bPB��#�lm�� [8] �0.1*���B�*(1* Sk = {1, 2, · · · , k} �*(I*
Sn = {1, 2, · · · , n} �0.1*CI��R:���N rp ≥ µg, �hp0+2& ξ ∈ Rn, J,
0.�� ω = (ω1, ω2, · · · , ωk, 0, 0, · · · , 0)′, ω1 + ω2 + · · ·+ ωk = 1,  F µg �$,?B���
CN7DB#>H�Y�L\*(1* Sk �*(I* Sn �0.1*�e*�RP���
N rp(!"�RP"!���), O��'$�0 ξ ∈ Rn �f%�4pA� k �*(���
ID�"J,( n − k �*(���ID�H�#$�( n − k �*(H.'qi*(#

$(�R/( ���+D�qnJ.Y(�=:>j-'D�)`�"D;�,;�
20EoAr�2U>j-'*(1*�0.1*�20)�B/D;�5�sr�=:>
W�d;#
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ANALYTIC SOLUTIONS OF

EFFICIENT FRONTIER AND EFFICIENT PORTFOLIO

WITH SINGULAR COVARIANCE MATRIX

JIANG Chunfu

(College of Mathematics Computational Science, Shen Zhen University, Shenzhen 518060)

DAI Yonglong

(School of Mathematics & Computational Science, Sun Yat-Sen University, Guangzhou 510275)

Abstract This paper is concerned with the portfolio selection model with singular co-
variance matrix by using the generalized inverse matrix. The sufficient and necessary condition
for existing efficient portfolio is obtained, and also the analytic solutions of efficient portfolio
and efficient frontier is derived, which generalize successfully the classic Markowitz model and
are helpful to investigate portfolio efficient subset further.

Key words Singular covariance matrix, efficient portfolio, efficient frontier, analytic
solutions.


