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Nunziato RF' [1−3]. 8K9:O"PGG," “HLM�S ”, “)G'G, ” � “GMN
MS ” �Q'TM)8 Ciarletta � Iscan 'N [4] O=K9:OI5OR'*;)

8>6IJP"G7)GI%4P#+0%:KQ{
ρ0ü = t′,
ρ0Kϕ̈ = h′ + g,

(1.1)

"O t "-(" h "LP-(" g "LPG()US u � ϕ NVW1QG6-))'RT

�GMNM)

"+,%:" ⎧⎨⎩ t = µu′ + βϕ,
h = αϕ′,
g = −βu′ − γϕ̇− ξϕ.

(1.2)

RXMY��G,"UX''"/+,SMNVTS µ > 0, α > 0, ξ > 0, ξµ > β2. <+,

%:&O+0%:ZAW%:{
ρ0ü(x, t) = µu′′(x, t) + βϕ′(x, t), 0 < x < �, t > 0,

ρ0Kϕ̈(x, t) = αϕ′′(x, t) − βu′(x, t) − ξϕ(x, t) − γϕ̇(x, t), 0 < x < �, t > 0,
(1.3)

BM ρ0 ")�G," K "LPT-)%: (1.3) PU5 Timoshenko %:"�&["%V-
Timoshenko 'S=)

8Q�7+W'$XO"'(*;'">6'R\V-%:��3US-'V*C-

'G7'6-)))D8T%]�3USW:'6-1'Y#"45G7-5R')CF"

>L>Z0'?@<,12"4G7-5R'USW:"X�3[MWX-^

8 Quintanilla '$XO [5], 8Y_$`aZTS u(x, t) = 0, ϕ′(x, t) = 0, x = 0, �, PZ
A5W%:&W'S="[\WX'"<D@[MWX)�0b"?\'-)8�:-.O

"@cN')%5XY-'S=?A[MWX"=Z=S=[8U+)

80$\3RXS=>dY_$`>dZ4"D8Z4d[8],V-]VU+"^a

ZTS% ⎧⎪⎪⎨⎪⎪⎩
u(0, t) = ϕ′(0, t) = 0, t > 0,

µu′(�, t) + βϕ(�, t) = −η1u̇(�, t), t > 0,

ϕ′(�, t) = −η2ϕ̇(�, t), t > 0.

(1.4)

WXY-'e_S=%⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ρ0ü(x, t) = µu′′(x, t) + βϕ′(x, t), 0 < x < �, t > 0,

ρ0Kϕ̈(x, t) = αϕ′′(x, t) − βu′(x, t) − ξϕ(x, t) − γϕ̇(x, t), 0 < x < �, t > 0,

u(0, t) = 0, ϕ′(0, t) = 0, t > 0,

µu′(�, t) + βϕ(�, t) = −η1u̇(�, t), t > 0,

ϕ′(�, t) = −η2ϕ̇(�, t), t > 0,

(1.5)

"OBSMNV'TS{
µ > 0, α > 0, K > 0, ρ0 > 0, ξ > 0, γ > 0,

β > 0, ξµ > β2, η1 > 0, η2 > 0.
(1.6)
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0$\3<*;e_S= (1.5) 8SMNV (1.6) TSP'-)".V"S='[MW
X-)=5`a' Timoshenko S="\>[3@^*;+b"2)$ [6–9] 8VE]VU
+\PZA5e_S='[MWX-&c Riesz  -))\3?]@C'"deS=[%
Timoshenko 'S="</@"`a' Timoshenko S="45"KQ'"G7)G'I%"
"SM�3>X']_TS"�&8*;?@D?>f"(^_')^`>L_`"8a:

O\3@�X.751'>6 Timoshenko %:;fb [10]. 8NcS=D"%5ag*Q_
`"\3'("7. Birkhoff [\0b%E [11], h1S=c'[\Aij)?]\3dd"
e.e`c%E*;S='[MWX-"AWa�S=e`(b0c*�'dP-� Riesz
 -)"gHS=NVcfX=hTS"0ke.cNiZAgf'+b)0$'M,Æh

)P]8j 2 4"\3gh`aAS="AWid#j'ek�l"<e_S= (1.5) l/
>LkmlA?@"0ke.e`mi'9:ZAe_S= (1.5) 'jX-�[\WX-)
DW�S=e` A "f;m')j 3 4\3g6*;S=e`'c)\3<e`'0cA
?@hA/-?'>nnN%:'aA?@"e`'0cAi%nM)45>nnN%:B

5cnM"oV-'"?]6('>o":5>L$j'Up"<>nnN%:hA%B5

cnM[\V-'%:)AW[\V-A%:' 0;kj'[\0b"De.aZTSZ

AY-.c%:l.'[\Ni"gHZAe` A '[\0cA)8j 4 4"\3'(*
;e` A '(b0c*�'dP-"?]\3'�m85BO>LÆke` A0, e.e`
A0 'c-)�e` A ,Æke` A0 BS2ZAe` A '(b0c*�'dP-)8j 5
4"\3*;e` A '(b0c*�' Riesz  -)&cS='[MWX-)AWa�e`
A '(b0c*�' Riesz  -)"\3ZAS=NVcfX=hTS"gHe.j 3 4q
Z'e` A 'cNiplS='[MWX-)

2 &'()*+,-./0123./
04\3*;S= (1.5) 'jX-&c[\WX-)\3ghid#j'ek�l"<

S= (1.5) `aA/>Lkm'lA?@"0ke.mi9:*;S='jX-,WX-)
omek�l H

H = V 1
0 (0, �) × L2(0, �) ×H1(0, �) × L2(0, �),

V k
0 = {ϕ ∈ Hk(0, �) | ϕ(0) = 0}, k ≥ 1.

"O Hk(0, �) " k n' Sobolev �l)
=n_' Yi = [ui, vi, ϕi, φi]τ ∈ H, i = 1, 2, �l H O'MMXb%

(Y1, Y2)1 =
∫ �

0

ρ0v1(x)v2(x)dx+
∫ �

0

ρ0Kφ1(x)φ2(x)dx

+
1
µ

∫ �

0

[µu′1(x) + βϕ1(x)][µu′2(x) + βϕ2(x)]dx

+
1
α

∫ �

0

α2ϕ′
1(x)ϕ′

2(x)dx+
(
ξ − β2

µ

) ∫ �

0

ϕ1(x)ϕ2(x)dx.

$&na (H, (·, ·)1) " Hilbert �l)
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8�l H OXbV-e` A )P

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0
µ

ρ0
Dx2 0

β

ρ0
Dx 0

0 0 0 1

− β

ρ0K
Dx 0

α

ρ0K
Dx2 − ξ

ρ0K
− γ

ρ0K

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (2.1)

A 'XbW%

D(A) =

⎧⎪⎨⎪⎩[u, v, ϕ, φ]τ ∈ H2 ×H1 ×H2 ×H1

∣∣∣∣∣∣∣
u(0) = 0, ϕ′(0) = 0,
µu′(�) + βϕ(�) = −η1v(�),
ϕ′(�) = −η2φ(�)

⎫⎪⎬⎪⎭ . (2.2)

o Y = [u, u̇, ϕ, ϕ̇]τ , /oS=$l/

dY
dt

=

⎛⎜⎜⎜⎜⎝
u̇

ü

ϕ̇

ϕ̈

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0
µ

ρ0
Dx2 0

β

ρ0
Dx 0

0 0 0 1

− β

ρ0K
Dx 0

α

ρ0K
Dx2 − ξ

ρ0K
− γ

ρ0K

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝
u

u̇

ϕ

ϕ̇

⎞⎟⎟⎟⎟⎟⎠ . (2.3)

/e_S= (1.5) $A%>nkmnN%:⎧⎨⎩
dY (t)

dt
= AY (t), t > 0,

Y (0) = Y0.

(2.4)

"O Y (t) = [u(·, t), u̇(·, t), ϕ(·, t), ϕ̇(·, t)]τ , 8 Y0 ∈ H "hX'lA)
04\3<'(*;S= (2.4) 'jX-�[\WX-?@)gh\33P#'+:)
45 2.1 A "USe`"^ � (AY, Y ) 1 ≤ 0, ∀Y ∈ D(A).
6 =n_p' Y = [f, g, ϕ, φ]τ ∈ D(A),

(AY, Y )1 =
∫ �

0

ρ0

( µ
ρ0
f ′′(x) +

β

ρ0
ϕ′(x)
)
g(x)dx

+
∫ �

0

ρ0K
(
− β

ρ0K
f ′(x) +

α

ρ0K
ϕ′′(x) − ξ

ρ0K
ϕ(x) − γ

ρ0K
φ(x)
)
φ(x)dx

+
1
µ

∫ �

0

(µg′(x) + βφ(x))(µf ′(x) + βϕ(x))dx

+
1
α

∫ �

0

α2ϕ′(x)φ′(x)dx +
(
ξ − β2

µ

)∫ �

0

ϕ(x)φ(x)dx

= µf ′(x)g(x)
∣∣�
0
− µ

∫ �

0

f ′(x)g′(x)dx + β

∫ �

0

ϕ′(x)g(x)dx − β

∫ �

0

f ′(x)φ(x)dx

+αϕ′(x)φ(x)
∣∣�
0
− α

∫ �

0

ϕ′(x)φ′(x)dx − ξ

∫ �

0

ϕ(x)φ(x)dx − γ

∫ �

0

[φ(x)]2dx
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+µ
∫ �

0

f ′(x)g′(x)dx + βϕ(x)g(x)
∣∣�
0
− β

∫ �

0

ϕ′(x)g(x)dx

+β
∫ �

0

f ′(x)φ(x)dx +
β2

µ

∫ �

0

ϕ(x)φ(x)dx + α

∫ �

0

ϕ′(x)φ′(x)dx

+
(
ξ − β2

µ

)∫ �

0

ϕ(x)φ(x)dx

= [µf ′(x) + βϕ(x)]g(x)
∣∣�
0

+ αϕ′(x)φ(x)
∣∣�
0
− γ

∫ �

0

[φ(x)]2dx.

45 Y = [f, g, ϕ, φ]τ ∈ D(A), \33⎧⎪⎪⎨⎪⎪⎩
g(0) = 0, ϕ′(0) = 0,

µf ′(�) + βϕ(�) = −η1g(�),
ϕ′(�) = −η2φ(�).

5"

�(AY, Y )1 = −η1[g(�)]2 − αη2[φ(�)]2 − γ

∫ �

0

[φ(x)]2dx ≤ 0.

�&e` A "USe`)
45 2.2 e` A "$j'"8 A−1 "me`)

6 i=5n_' F = [f1, f2, g1,g2]τ ∈ H, q8 Y = [u, v, ϕ, φ]τ ∈ D(A), 3 AY = F,

^ ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v(x) = f1(x), φ(x) = g1(x),

µu′′(x) + βϕ′(x) = ρ0f2(x),

αϕ′′(x) − βu′(x) − ξϕ(x) − γφ(x) = ρ0Kg2(x),

u(0) = 0, ϕ′(0) = 0,

µu′(�) + βϕ(�) = −η1f1(�),
ϕ′(�) = −η2g1(�).

(2.5)

= (2.5) bO'j>LnN%:B5 x MNZ∫ �

x

ρ0f2(s)ds = [µu′(�) + βϕ(�)] − µu′(x) − βϕ(x).

4aZTS µu′(�) + βϕ(�) = −η1f1(�) Z

βϕ(x) + µu′(x) + η1f1(�) +
∫ �

x

ρ0f2(s)ds = 0. (2.6)

;1 u′(x) &O (2.5) O'jrLnN%:Z

ρ0Kg2(x) = αϕ′′(x) +
(β2

µ
− ξ
)
ϕ(x) − γg1(x) +

βη1
µ
f1(�) +

β

µ

∫ �

x

ρ0f2(s)ds,
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^

αµϕ′′(x) − (ξµ− β2)ϕ(x) − µγg1(x) + βη1f1(�) − µρ0Kg2(x) + β

∫ �

x

ρ0f2(s)ds = 0. (2.7)

o

G(x) =
1
αµ

[
− µγg1(x) + βη1f1(�) − µρ0Kg2(x) + β

∫ �

x

ρ0f2(s)ds
]
, m =

√
ξµ− β2

αµ
,

/ (2.7) bUq%
ϕ′′(x) −m2ϕ(x) +G(x) = 0. (2.8)

1; (2.8) ZAA; ϕ(x) 'W?b

ϕ(x) = C1emx + C2e−mx − 1
m

∫ x

0

sinhm(x− r)G(r)dr. (2.9)

^_A

ϕ′(x) = C1memx − C2me−mx −
∫ x

0

coshm(x− r)G(r)dr.

4aZTS ϕ′(0) = 0 ZA C1 = C2, 4aZTS ϕ′(�) = −η2g1(�) ZA

−η2g1(�) = 2mC1 sinhm�−
∫ �

0

coshm(�− r)G(r)dr.

gH3

C1 =
1

2m sinhm�

[ ∫ �

0

coshm(�− r)G(r)dr − η2g1(�)
]
. (2.10)

CF

ϕ(x) = C1 coshmx− 1
m

∫ x

0

sinhm(x− r)G(r)dr. (2.11)

< ϕ(x) &O (2.6) Z

u′(x) = − 1
µ

[
βϕ(x) + η1f1(�) +

∫ �

x

ρ0f2(s)ds
]
,

HdB5 x MNZ

u(x) = − 1
µ

[
β

∫ x

0

ϕ(r)dr + η1f1(�)x+
∫ x

0

dr
∫ �

r

ρ0f2(s)ds
]
. (2.12)

^=5n_' F = [f1, f2, g1, g2]τ ∈ H, i v = f1, φ = g1, H u(x) � ϕ(x) NV4 (2.12) �
(2.11) h1"BM C1 4 (2.10) fX"/3r>' Y = [u, v, ϕ, φ]τ ∈ D(A) XZ AY = F . �&
je` A−1 q8"CF A−1F = Y 8 0 ∈ ρ(A). e. Sobolev pOX9$" A−1 "me`)

45 2.3 e` A 8 H *E/ C0 ;smi T (t).
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6 Lumer-Phillips[12]X9W�]A" C0;smi T (t)'qS'c(TS" �(AF, F )1 ≤
0, 8% �λ > 0, λ ∈ ρ(A). 4X9 2.1 $"" A "USe`^ �(AF, F )1 ≤ 0, X9 2.2 W�
"L#'pmL#f"f;.)gHe` A E/ C0 ;smi T (t).

45 2.4 tq*r3 A 'c."CF A E/'mi T (t) "[\WX')
6 C% A−1 "me`"�& σ(A) = {λn|n ∈ Z} f".c)rZa�8tq*r3 A

'0cA)

\3e.]aE)Riq8 λ ∈σ(A)∩ i R, 00 λ �= 0. @ri λ = ir, Y = [u, v, ϕ, φ]τ "
Y-'0c*�)/ (λI −A)Y = 0, ^⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

v(x) = λu(x), φ(x) = λϕ(x),

ρ0λ
2u(x) − µu′′(x) − βϕ′(x) = 0,

ρ0Kλ
2ϕ(x) − αϕ′′(x) + βu′(x) + ξϕ(x) + γλϕ(x) = 0,

u(0) = 0, ϕ′(0) = 0,

µu′(�) + βϕ(�) = −η1λu(�), ϕ′(�) = −η2λϕ(�).

C% A "USe`"�&

0 = �λ||Y ||2 = �(AY, Y )1 = −η1[v(�)]2 − αη2[φ(�)]2 − γ

∫ �

0

[φ(x)]2dx ≤ 0,

4FZA v(�) = 0, φ(�) = 0, φ(x) = 0. CF u(�) = 0, ϕ(x) = 0. <s&OS=%:Z⎧⎪⎪⎨⎪⎪⎩
ρ0λ

2u(x) − µu′′(x) = 0, 0 < x < �,

u′(x) = 0, 0 < x < �,

u(0) = u(�) = 0,

�& u(x) = 0. gH Y = [u, v, ϕ, φ]τ = [0, 0, 0, 0]τ . F, Y = [u, v, ϕ, φ]τ " A '0c*�s
s)CFtq*r3 A '0cA"4 Lyubich � Phóng X9 [13] Zmi T (t) "[\WX')
^S= (2.4) "[\WX')

3 A (t78(1289:
�4\3ZAe` A �3m'f;b"E/;smi"Y-S="[\WX')%5*

;S='[MWX-"\3Z("te` A 'cNi)CF04\36.*;e`'0c
A?@)45\3'e`"o`a' Timoshenko e`"@�us-.73';[\fb"
�&\3<e.2 0'%E1e` A '0cA'[\A)?LW:'(AWP#uo2
d/)

3.1 ;<v=>?@
i λ " A '>L0cA" Y = [u, v, ϕ, φ]τ ∈ D(A) "Y-'>L0c*�)/

v(x) = λu(x), φ(x) = λϕ(x),
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tM u(x), ϕ(x) NV%:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ρ0λ
2u(x) − µu′′(x) − βϕ′(x) = 0, 0 < x < �,

ρ0Kλ
2ϕ(x) − αϕ′′(x) + βu′(x) + ξϕ(x) + γλϕ(x) = 0, 0 < x < �,

u(0) = 0, ϕ′(0) = 0,

µu′(�) + βϕ(�) = −λη1u(�),

ϕ′(�) = −λη2ϕ(�).

P#\3<*#'%:hA/>n'aZ0cA?@)o z(x) = u′(x), ψ(x) = ϕ′(x), Z(x) =
[u, z, ϕ, ψ]τ , /nN%:l/

dZ(x)
dx

= M(λ)Z(x),

"O

M(λ) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0
ρ0

µ
λ2 0 0 −β

µ

0 0 0 1

0
β

α

ρ0K

α
λ2 +

γ

α
λ+

ξ

α
0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

< M(λ) N;Z

M(λ) = λ2M0 + λM1 +M2

= λ2

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0
ρ0

µ
0 0 0

0 0 0 0

0 0
ρ0K

α
0

⎞⎟⎟⎟⎟⎟⎟⎠+ λ

⎛⎜⎜⎜⎜⎜⎝
0 0 0 0
0 0 0 0

0 0 0 0

0 0
γ

α
0

⎞⎟⎟⎟⎟⎟⎠+

⎛⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0 0 0 −β
µ

0 0 0 1

0
β

α

ξ

α
0

⎞⎟⎟⎟⎟⎟⎟⎠ .

Y-'aZTS

Z(0) = [u(0), z(0), ϕ(0), ψ(0)]τ = [0, u′(0), ϕ(0), 0]τ ,

Z(�) = [u(�), z(�), ϕ(�), ψ(�)]τ =
[
u(�),− 1

µ
(λη1u(�) + βϕ(�)), ϕ(�),−λη2ϕ(�)

]τ
.

tkj

B0(λ) =

⎛⎜⎜⎜⎜⎜⎝
1 0 0 0

0 0 0 1

0 0 0 0

0 0 0 0

⎞⎟⎟⎟⎟⎟⎠ , B1(λ) =

⎛⎜⎜⎜⎜⎜⎜⎝

0 0 0 0

0 0 0 0

λη1
µ

1
β

µ
0

0 0 λη2 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

/aZTS$l/
B0(λ)Z(0) +B1(λ)Z(�) = 0.
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5"\33P#'+:)

A@ 3.1 >nV-nN%:⎧⎨⎩
dZ(x)

dx
= M(λ)Z(x), 0 < x < �,

B0(λ)Z(0) +B1(λ)Z(�) = 0
(3.1)

'aZ0cA?@ol;'q8-�e` A '0cA"-?')
3.2 ;<>?@v=BCDEFG

8*#'kj M(λ) "0cnM λ rnqb"9<"F M(λ) B5 λ "oV-'"%5

�?A10cA[\A'Q'"\3Z<kj M(λ) [\V-A)?]6('>."w>L
$jkj P (λ) XZ P−1(λ)M(λ)P (λ) ">L[\V-kj)

o m1 =
√

ρ0
µ , m2 =

√
ρ0K

α , ,x$jkj

P (λ) =

⎛⎜⎜⎜⎝
1 1 0 0

m1λ −m1λ 0 0
0 0 1 1
0 0 m2λ −m2λ

⎞⎟⎟⎟⎠ ,
/

P−1(λ) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2

1
2m1λ

0 0

1
2
− 1

2m1λ
0 0

0 0
1
2

1
2m2λ

0 0
1
2
− 1

2m2λ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

o Z(x) = P (λ)W (x), / dZ(x)
dx = P (λ)dW (x)

dx = M(λ)Z(x) = M(λ)P (λ)W (x). �&

dW (x)
dx

= P−1(λ)M(λ)P (λ)W (x),

P−1(λ)M(λ)P (λ) = λ2P−1(λ)

⎛⎜⎜⎜⎜⎜⎜⎝

0 0 0 0
ρ0

µ
0 0 0

0 0 0 0

0 0
ρ0K

α
0

⎞⎟⎟⎟⎟⎟⎟⎠P (λ) + λP−1(λ)

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0

0 0 0 0

0 0 0 0

0 0
γ

α
0

⎞⎟⎟⎟⎟⎟⎟⎠P (λ)

+P−1(λ)

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0 0 0 −β
µ

0 0 0 1

0
β

α

ξ

α
0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
P (λ)
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= λ

⎛⎜⎜⎜⎜⎜⎝
m1 0 0 0

0 −m1 0 0

0 0 m2 0

0 0 0 −m2

⎞⎟⎟⎟⎟⎟⎠+

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 − βm2

2µm1

βm2

2µm1

0 0
βm2

2µm1
− βm2

2µm1
βm1

2αm2
− βm1

2αm2

γ

2αm2

γ

2αm2

− βm1

2αm2

βm1

2αm2
− γ

2αm2
− γ

2αm2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+
1
λ

⎛⎜⎜⎜⎜⎜⎝
0 0 0 0
0 0 0 0

0 0
ξ

2αm2

ξ

2αm2

0 0 − ξ

2αm2
− ξ

2αm2

⎞⎟⎟⎟⎟⎟⎠
= λM∗

0 +M∗
1 + λ−1M∗

2 = M∗(λ).

\3ZA[\V-nM'aZ0cA?@⎧⎪⎨⎪⎩
dW (x)

dx
= M∗(λ)W (x), 0 < x < �,

B0(λ)P (λ)W (0) +B1(λ)P (λ)W (�) = 0.
(3.2)

A@ 3.2 >nV-nN%:⎧⎪⎨⎪⎩
dZ(x)

dx
= M(λ)Z(x), 0 < x < �,

B0(λ)Z(0) +B1(λ)Z(�) = 0
(3.3)

'aZ0cA?@�%: (3.2) "-?')

3.3 HIEF;<v=>?@DJvKLMDHINO
>nnN%:

dR(x)
dx

= λM∗
0R(x)

' 0;kj%

E(x, λ) =

⎛⎜⎜⎜⎜⎜⎝
em1λx 0 0 0

0 e−m1λx 0 0

0 0 em2λx 0

0 0 0 e−m2λx

⎞⎟⎟⎟⎟⎟⎠ = eλM∗
0 x.

45 3.3 >nnN%:

dW (x)
dx

= [λM∗
0 +M∗

1 + λ−1M∗
2 ]W (x) (3.4)
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' 0;kj3[\W?b

W (x, λ) = [P0(x) +O(λ−1)]E(x, λ).

6 i W (x, λ) 3)Pqb

W (x, λ) =
[
P0(x) +

∞∑
n=1

λ−nPn(x)
]
E(x, λ),

"O Pn(x), n ≥ 0, uX)< W (x, λ) 'W?b&O%: (3.4) Z[
P ′

0(x) +
∞∑

n=1

λ−nP ′
n(x)
]
E(x, λ) +

[
P0(x) +

∞∑
n=1

λ−nPn(x)
]
λM∗

0E(x, λ)

= (λM∗
0 +M∗

1 + λ−1M∗
2 )
[
P0(x) +

∞∑
n=1

λ−nPn(x)
]
E(x, λ),

45 E(x, λ) "$jkj"�&

P ′
0(x) +

∞∑
n=1

λ−nP ′
n(x) + λ

[
P0(x) +

∞∑
n=1

λ−nPn(x)
]
M∗

0

= (λM∗
0 +M∗

1 + λ−1M∗
2 )
[
P0(x) +

∞∑
n=1

λ−nPn(x)
]
.

29-bHd λ 'C\uSMkj

λ : P0(x)M∗
0 = M∗

0P0(x), (3.5)

1 : P ′
0(x) + P1(x)M∗

0 = M∗
0P1(x) +M∗

1P0(x), (3.6)

λ−1 : P ′
1(x) + P2(x)M∗

0 = M∗
0P2(x) +M∗

1P1(x) +M∗
2P0(x), (3.7)

λ−n : P ′
n(x) + Pn+1(x)M∗

0 = M∗
0Pn+1(x) +M∗

1Pn(x) +M∗
2Pn−2(x), n ≥ 2. (3.8)

45 M∗
0 "=ukj"4 (3.5) " P0(x) , M∗

0 $&vp"�& P0(x) 9"=ukj)
@ri

P0(x) = diag
[
p
(0)
1 (x), p(0)

2 (x), p(0)
3 (x), p(0)

4 (x)
]
,

<7"

W (0, λ) =
[
P0(0) +

∞∑
n=1

λ−nPn(0)
]

= I,

�&$i P0(0) = I, Pn(0) = θ, n ≥ 1. < (3.6) bUq%

1 : P ′
0(x) + P1(x)M∗

0 −M∗
0P1(x) = M∗

1P0(x), (3.9)

C% P1(x)M∗
0 −M∗

0P1(x) '=uV*'Sv%l"�&AW (3.9) $&fX P0(x) '=uV
*'Sv)4 (3.9) Z

p
′(0)
j (x) = a

(1)
jj (x)p(0)

j (x),
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�&

p
(0)
j (x) = exp

(∫ x

0

a
(1)
jj (s)ds

)
.

"O a
(1)
jj (s)"kjM∗

1 '=uV*'Sv)<7"kjM∗
1 '=uVSv% (0, 0, γ

2αm2
,− γ

2αm2
),

;Z

p
(0)
1 (x) = 1, p

(0)
2 (x) = 1, p

(0)
3 (x) = e

γ
2αm2

x
, p

(0)
4 (x) = e−

γ
2αm2

x
.

�&

P0(x) = diag
(
1, 1, e

γ
2αm2

x, e−
γ

2αm2
x). (3.10)

ikj P1(x) = (p(1)
ij (x))4×4, < P0(x) &O (3.6) b2; P1(x), v=uVSv`"f$4

%:r>fX";Z

p
(1)
12 (x) = 0; p

(1)
13 (x) =

βm2

2µm1(m1 −m2)
e

γ
2αm2

x; p
(1)
14 (x) = − βm2

2µm1(m1 +m2)
e−

γ
2αm2

x;

p
(1)
21 (x) = 0; p

(1)
23 (x) =

βm2

2µm1(m1 +m2)
e

γ
2αm2

x; p
(1)
24 (x) = − βm2

2µm1(m1 −m2)
e−

γ
2αm2

x;

p
(1)
31 (x) =

βm1

2αm2(m1 −m2)
; p

(1)
32 (x) =

βm1

2αm2(m1 +m2)
; p

(1)
34 (x) = − γ

4αm2
2

e−
γ

2αm2
x;

p
(1)
41 (x) = − βm1

2αm2(m1 +m2)
; p

(1)
42 (x) = − βm1

2αm2(m1 −m2)
; p

(1)
43 (x) = − γ

4αm2
2

e
γ

2αm2
x.

< (3.7) bUq%

λ−1 : P ′
1(x) + P2(x)M∗

0 −M∗
0P2(x) = M∗

1P1(x) +M∗
2P0(x), (3.11)

C% P2(x)M∗
0 −M∗

0P2(x) '=uV*'Sv%l"�&AW (3.11) $&fX P1(x) '=u
V*'Sv)4 (3.11) Z

p
′(1)
jj (x) = a

(1)
jj (x)p(1)

jj (x) + a
(2)
jj (x)p(0)

j (x),

�&

p
(1)
jj (x) = exp

(∫ x

0

a
(1)
jj (s)ds

)[ ∫ x

0

e
∫

x

0
a
(1)
jj

(s)ds
a
(2)
jj (s)p(0)

j (s)ds
]
.

"O a
(i)
jj (s) "kj M∗

i '=uV*'Sv);Z

p
(1)
11 (x) = 0; p

(1)
22 (x) = 0;

p
(1)
33 (x) =

ξ

γ
e

γ
2αm2

x(e γ
2αm2

x − 1
)
; p

(1)
44 (x) =

ξ

γ
e−

γ
2αm2

x(e− γ
2αm2

x − 1
)
.

AFfX15kj P1(x), < P1(x) &O (3.7) y; P2(x). &FPw$&;1 Pn(x).
;Z' Pn(x), 8 x ∈ (0, �) *vx"8>R3Z)= δ > 0, % |λ| ≥ δ > 0 D"3

∞∑
n=1

λ−n+1Pn(x) → P1(x)(|λ| → ∞), ^
∞∑

n=1
λ−nPn(x) = O(λ−1).
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�&%: (3.4) ' 0;kj%

W (x, λ) = [P0(x) +O(λ−1)]E(x, λ). (3.12)

3.4 HIv=>PQ
�#\3h15[\V-%: 0;kj'[\0b"?]\3<-.?L[\0b

wje0cA'[\A)

\3hxy[\V-nM>nS=aZA?@w⎧⎪⎨⎪⎩
dW (x)

dx
= M∗(λ)W (x), 0 < x < �,

B0(λ)P (λ)W (0) +B1(λ)P (λ)W (�) = 0
(3.13)

'ol;'q8-)

4X9 3.3 "" 0;kj%

W (x, λ) = [P0(x) +O(λ−1)]E(x, λ),

/n>; W (x) $W1%
W (x) = W (x, λ)η, η ∈ C4,

<"&OaZTSZ

B0(λ)P (λ)W (0, λ)η +B1(λ)P (λ)W (�, λ)η = 0.

^ {
B0(λ)P (λ) +B1(λ)P (λ)

[
P0(�) +O(λ−1)

]
E(�, λ)

}
η = 0.

(Xs3ol; η, /

D(λ) = det
{
B0(λ)P (λ) +B1(λ)P (λ)

[
P0(�) +O(λ−1)

]
E(�, λ)

}
= 0. (3.14)

% �λ→ ∞ D"\33

lim
�λ→+∞

D(λ)
λ3e(m1+m2)λ�

= m2

[
m1 +

η1
µ

]
[η2 +m2]e

γ�
2αm2 ,

lim
�λ→−∞

D(λ)
λ3e(m1+m2)λ�

= m2

[
m1 − η1

µ

]
[η2 −m2]e

− γ�
2αm2 .

�&% η1 �= µm1, η2 �= m2 D"q8 N XZ

|D(λ)| > 0, |�λ| ≥ N.

^_A B0(λ), B1(λ),P (λ) � E(�, λ) 'W?b"&c

P0(�) +O(λ−1) =

⎛⎜⎜⎜⎜⎜⎝
1 +O(λ−1) O(λ−1) O(λ−1) O(λ−1)

O(λ−1) 1 +O(λ−1) O(λ−1) O(λ−1)

O(λ−1) O(λ−1) e
γ

2αm2
� +O(λ−1) O(λ−1)

O(λ−1) O(λ−1) O(λ−1) e−
γ

2αm2
� +O(λ−1)

⎞⎟⎟⎟⎟⎟⎠ .
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= |�λ| ≤ N , jeZ

B0(λ)P (λ) +B1(λ)P (λ)[P0(�) +O(λ−1)]E(�, λ) = H(λ) = (hij(λ))4×4,

"O

h11 = 1, h12 = 1, h13 = 0, h14 = 0;

h21 = 0, h22 = 0, h23 = m2λ, h24 = −m2λ;

h31 =
[
1 +O(λ−1)

] (η1
µ

+m1

)
λem1λ� +O(λ−1),

h32 =
[
1 +O(λ−1)

] (η1
µ

−m1

)
λe−m1λ� +O(λ−1),

h33 =
β

µ

[
e

γ
2αm2

� +O(λ−1)
]
em2λ� +O(λ−1),

h34 =
β

µ

[
e−

γ
2αm2

� +O(λ−1)
]
e−m2λ� +O(λ−1);

h41 = O(λ−1), h42 = O(λ−1),

h43 = (η2 +m2)λ
[
e

γ
2αm2

� +O(λ−1)
]
em2λ� +O(λ−1),

h44 = (η2 −m2)λ
[
e−

γ
2αm2

� + O(λ−1)
]
e−m2λ� +O(λ−1).

/

D(λ) = det |H(λ)|

=
[
λ
(
m1 − η1

µ

)
e−m1λ� + λ

(
m1 +

η1
µ

)
em1λ� +O(λ−1)

]
·
[
m2λ

2(η2 −m2)e
−( γ�

2αm2
+m2λ�) +m2λ

2(η2 +m2)e
γ�

2αm2
+m2λ� +O(λ−1)

]
+O(λ−1)

=
[
λ
(
m1 − η1

µ

)
e−m1λ� + λ

(
m1 +

η1
µ

)
em1λ�
]

·
[
m2λ

2(η2 −m2)e
−( γ�

2αm2
+m2λ�) +m2λ

2(η2 +m2)e
γ�

2αm2
+m2λ�
]

+O(λ−1)

= D1(λ) +O(λ−1) = 0.

% |λ| cN(D" D(λ) = D1(λ) +O(λ−1) = 0 3[\l. D1(λ) = 0. ^

D1(λ) =
[
λ
(
m1 − η1

µ

)
e−m1�λ + λ

(
m1 +

η1
µ

)
em1�λ
]

· [m2λ
2(η2 −m2)e−h� +m2λ

2(η2 +m2)eh�
]

= 0,

"O h = m2λ+ γ
2αm2

.

�&3

λ
(
m1 − η1

µ

)
e−m1�λ + λ

(
m1 +

η1
µ

)
em1�λ = 0, (3.15)
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m2λ
2(η2 −m2)e−h� +m2λ

2(η2 +m2)eh� = 0. (3.16)

4 (3.15) Z (η1
µ

−m1

)
e−m1�λ =

(η1
µ

+m1

)
em1�λ,

^

e2m1�λ =
η1 − µm1

η1 + µm1
.

;Z

λ̃1,n =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

2m1�
ln
∣∣∣∣η1 − µm1

η1 + µm1

∣∣∣∣+ n

m1�
πi, η1 − µm1 > 0,

1
2m1�

ln
∣∣∣∣η1 − µm1

η1 + µm1

∣∣∣∣+ 2n+ 1
2m1�

πi, η1 − µm1 < 0.

(3.17)

4 (3.16) Z
(η2 −m2)e−h� + (η2 +m2)eh� = 0,

^

e2h� =
m2 − η2
m2 + η2

.

;Z

λ̃2,n =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
− γ

2αm2
2

+
1

2m2�
ln
∣∣∣∣m2 − η2
m2 + η2

∣∣∣∣+ n

m2�
πi, m2 − η2 > 0,

− γ

2αm2
2

+
1

2m2�
ln
∣∣∣∣m2 − η2
m2 + η2

∣∣∣∣+ 2n+ 1
2m2�

πi, m2 − η2 < 0.

(3.18)

�&e` A '[\0cA% {λ̃1,n|n ∈ Z} ∪ {λ̃2,n|n ∈ Z}.
=tM D(λ) -."UtMO' Rouché X9$&ZAP#'+:)
45 3.4 e` A )Xb"8 η1 �= µm1, η2 �= m2. / A 'c σ(A) Ni8>Lxu'9

W]"Yw$Nz'"84H$Y/"^

σ(A) = {λ1,n, λ2,n;n ∈ Z},

% |λj,n| cN(D"λj,n 3[\'W?b λj,n = λ̃j,n +O(λ̃j,n

−1
), "O λ̃j,n 4 (3.17) � (3.18)

h1)

6 )b λ " A 'c%8x% D(λ) = 0, 4FZAj 1 YN'+:)j 2 YN'+:
py*<"= Rouché X9'>L-.""a�W:"= Rouché X9OTS'na)Fy
a�{w)

4 RS:T A0 ,UV/W
0$O\3'(*;S= (2.4) '[MWX-�e` A '(b0c*�S=' Riesz  

-))%5?AFQ'"\3BOÆke` A0
[14]

A0Y =
[
v,
µ

ρ0
u′′, φ,

α

ρ0K
ϕ′′ − γ

ρ0K
φ
]τ
, ∀Y = [u, v, ϕ, φ]τ ∈ D(A0), (4.1)
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D(A0) =

{
[u, v, ϕ, φ]τ ∈ H2 ×H1 ×H2 ×H1

∣∣∣∣∣u(0) = 0, ϕ′(0) = 0;

µu′(�) = −η1v(�), ϕ′(�) = −η2φ(�)

}
. (4.2)

&k\3zRX η1 �= µm1, η2 �= m2.

4.1 QX A0 DFY
8�l H *Xb&'MM" ∀ Yi = [ui, vi, ϕi, φi]τ ∈ H, i = 1, 2,

(Y1, Y2)2 =
∫ �

0

ρ0v1v2dx+
∫ �

0

ρ0Kφ1φ2dx+ µ

∫ �

0

u′1u′2dx+ α

∫ �

0

ϕ′
1ϕ

′
2dx+ ϕ1(�)ϕ2(�),

/

||Y ||22 =
∫ �

0

ρ0(v)2dx+
∫ �

0

ρ0K(φ)2dx+ µ

∫ �

0

(u′)2dx+ α

∫ �

0

(ϕ′)2dx.

$&a�?LMM,oMM-?)

45 4.1 A0 "$j'8 A−1
0 "me`)

X9 4.1 'a�,X9 2.2 PU"?]{wO4)
Z5 4.2 )by| {en} "�l H '>L Riesz  "y| {an} NV an �= 0, % |n| → ∞

D"3 an → a �= 0. WX {anen} 9,/�l H ' Riesz  )
C%e` A0 "f;m'"�& A0 'c4"�3'0cAY/)D83P#'+:)

45 4.3 e` A0 '0cA%

σ(A0) = {ζ1,n, ζ2,n, ζ0 = 0,
∣∣ n ∈ Z},

"O ζ1,n = λ̃j,n 4 (3.17) h1

ζ2,n =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
− γ

2αm2
2

+
1

2m2�
ln
∣∣∣∣m2 − η2
m2 + η2

∣∣∣∣+ n

m2�
πi+ o
( 1
n

)
, m2 − η2 > 0,

− γ

2αm2
2

+
1

2m2�
ln
∣∣∣∣m2 − η2
m2 + η2

∣∣∣∣+ 2n+ 1
2m2�

πi+ o
( 1
n

)
, m2 − η2 < 0,

8Y-'0c*�,/ (H,(·, ·)2) '>L Riesz  )
6 i Y = [u, v, ϕ, φ]τ ∈D(A0), λ " A0 '>L.cA"/ v(x) = λu(x), φ(x) = λϕ(x),

8 u(x), ϕ(x) NV%:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ρ0λ
2u(x) = µu′′(x), 0 < x < �,

ρ0Kλ
2ϕ(x) = αϕ′′(x) − λγϕ(x), 0 < x < �,

u(0) = 0, ϕ′(0) = 0,

µu′(�) = −λη1u(�), ϕ′(�) = −λη2ϕ(�).

;r\nN%:

ρ0λ
2u(x) = µu′′(x), u(0) = 0, µu′(�) = −λη1u(�),
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Z

e2
√

ρ0
µ λ� =

η1 −√
ρ0µ

η1 +
√
ρ0µ

.

o m1 =
√

ρ0
µ , ;Z

ζ1,n =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

2m1�
ln
∣∣∣∣η1 − µm1

η1 + µm1

∣∣∣∣+ n

m1�
πi, η1 − µm1 > 0,

1
2m1�

ln
∣∣∣∣η1 − µm1

η1 + µm1

∣∣∣∣+ 2n+ 1
2m1�

πi, η1 − µm1 < 0.

C9;nN%:

ρ0Kλ
2ϕ(x) = αϕ′′(x) − λγϕ(x), ϕ′(0) = 0, ϕ′(�) = −λη2ϕ(�),

Z0cA ζ0 = 0 �

ζ2,n =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
− γ

2αm2
2

+
1

2m2�
ln
∣∣∣∣m2 − η2
m2 + η2

∣∣∣∣+ n

m2�
πi+ o
( 1
n

)
, m2 − η2 > 0,

− γ

2αm2
2

+
1

2m2�
ln
∣∣∣∣m2 − η2
m2 + η2

∣∣∣∣+ 2n+ 1
2m2�

πi+ o
( 1
n

)
, m2 − η2 < 0,

"O m2 =
√

ρ0K
α . �&e` A0 '0cA% σ(A0) = {ζ1,n, ζ2,n, ζ0|n ∈ Z}.

P#a� {ζ1,k} =-'0c*�,/�l V 1
0 (0, �)×L2(0, �) ' Riesz  )%5%z"\

3o

β1 = ln
∣∣∣∣η1 − µm1

η1 + µm1

∣∣∣∣ ,
i Yk " ζ1,k =-'0c*�"

Yk =

(
uk

vk

)
=

⎛⎜⎝ sinm1ζ1,kx

ζ1,k

sinm1ζ1,kx

⎞⎟⎠ .
t�l

H1 = L2(0, �) × L2(0, �), Ỹk ∈ H1,

t

Ỹk =

(
cosm1ζ1,kx

sinm1ζ1,kx

)
=

⎛⎜⎜⎜⎜⎜⎝
eβ1x+

k
pi

ix

� + e−β1x−
k
pi

ix

�

2

eβ1x+
k
pi

ix

� − e−β1x−kπix
�

2

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎝
eβ1x

2
e−β1x

2

eβ1x

2
−e−β1x

2

⎞⎟⎟⎠
⎛⎝ e

k
pi

ix
�

e−
k
pi

ix
�

⎞⎠ ,

C% {e k
pi i x

� } " L2(0, �) O'Uv "�& {(e k
pi i x

� , e−
k
pi i x

� )τ |k ∈ Z} " L2(0, �)×L2(0, �) O'
Uv )<C%

1
2

∣∣∣∣∣ e
β1x e−β1x

eβ1x −e−β1x

∣∣∣∣∣ = −1,
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Xbe` T ,

T

⎛⎝ e
k
pi i x

�

e−
k
pi i x

�

⎞⎠ = Ỹk.

/ T " H1 O'3ZV-e`8"$j'"CF {Ỹk} " H1 O' Riesz  )gH {Yk} "�
l V 1

0 (0, �) × L2(0, �) O' Riesz  )
o

S2(ζk) =
ρ0Kζ

2
k + γζk
α

,

i Zk ∈ H1(0, �) × L2(0, �) " ζ2,k =-'0c*�"

Ẑ0 =

(
1

0

)
, Zk =

(
ϕk

φk

)
=

⎛⎝ sin S(ζ2,k)x
ζ2,k

sinS(ζ2,k)x

⎞⎠ .
t Z̃k ∈ H1,

Z̃k =

(
ϕ′

k

φk

)
=

⎛⎝ S(ζ2,k)
ζ2,k

0

0 1

⎞⎠( cosS(ζ2,k)x

sinS(ζ2,k)x

)
=

⎛⎝ S(ζ2,k)
ζ2,k

0

0 1

⎞⎠Tk.

% ζ2,k cN(D"3
S(ζ2,k)
ζ2,k

−→ m2.

e.B9"(a� {Z̃k, k ∈ Z} " H1 O' Riesz  -?5a� {Tk, k ∈ Z} " H1 O

' Riesz  )C�#j>YN'a�",{aZ {Tk, k ∈ Z} "�l H1 ' Riesz  )CF
{Zk, Ẑ0; k ∈ Z} "�l H1(0, �) × L2(0, �) O' Riesz  )�& {Yk, Zk, Ẑ0|k ∈ Z} ,/�l
(H,(·, ·)2) '>L Riesz  )

[\ 4.4 e` A0 '0cA"Y_')

6 e` A0 '0cA4HYNY/"=5 {ζ1,n} 00"Y_')=5 λ ∈ σ(A0), %
|λ| → ∞ D" {ζ2,n} 9"Y_'"8*�#'3z{k40"Y_')CFe` A0 '0c

A"Y_')

[\ 4.5 e` A0 E/ C0 i)

6 i {ζ1,n, ζ2,n, ζ0}n∈Z "e` A0 '0cA""Y-'0c*�%

{(Yn, 0), (0, Zn), (0, Ẑ0)}n∈Z .

4�#7a" {ζ1,n, ζ2,n}n∈Z "Y_'"8 {(Yn, 0), (0, Zn)}n∈Z ,/ (H,(·, ·)2)O'>L Riesz
 )/FD A0 E/ C0 i S(t), ∀x ∈ H 3

S(t)x =
∑
n∈Z

eζ1,nt(x, Y ∗
n )
(
Yn

0

)
+
∑
n∈Z

eζ2,nt(x, Z∗
n)
(

0
Zn

)
+ (x, Ẑ∗

0 )
(

0
Ẑ0

)
,

"O {Y ∗
n , Z

∗
n, Ẑ

∗
0}n∈Z "=-5 {(Yn, 0)), (0, Zn)(0, Ẑ0)}n∈Z '|UvS=)
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4.2 QX A ]QX A0 ^_D`a
8�l H *Xbe` P : H −→ H

P(u1, v, ϕ, φ) = (u, v, ϕ, φ),

8 u(x) = u1(x) + g(x)ϕ(�). \3om g(x) = −β
µx, WX

µu′(�) = µu′1(�) − βϕ(�).

5"e` P | D(A0)

D(A0) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩(u1, v, ϕ, φ)τ ∈ H2 ×H1 ×H2 ×H1

∣∣∣∣∣∣∣∣∣
u1(0) = 0, ϕ′(0) = 0,

µu′1(�) = −η1v(�),
ϕ′(�) = −η2φ(�)

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (4.3)

A D(A) "|7)/=n_' (u1, v, ϕ, φ) ∈ D(A0)

P−1AP

⎛⎜⎜⎜⎜⎜⎝
u1

v

ϕ

φ

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

v − g(x)ϕ(�)

µ

ρ0
u′′1 +

β

ρ0
ϕ′ +

µ

ρ0
g′′(x)ϕ(�)

φ

α

ρ0K
ϕ′′ − β

ρ0K
u′1 −

ξ

ρ0K
ϕ− γ

ρ0K
ϕ̇− β

ρ0K
g′(x)ϕ(�)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (4.4)

8�l H *Xbe` B

B

⎛⎜⎜⎜⎜⎜⎝
u1

v

ϕ

φ

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−g(x)ϕ(�)

β

ρ0
ϕ′ +

µ

ρ0
g′′(x)ϕ(�)

0

− β

ρ0K
u′1 −

ξ

ρ0K
ϕ− γ

ρ0K
ϕ̇− β

ρ0K
g′(x)ϕ(�)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.5)

/3
A0 + B = P−1AP , (4.6)

{z B "3ZV-e`" A0 ,U`e`YU)4X9 3.4 ""e` A0 'c" A '[\0
cA)< (4.6) Uq%

A = PA0P−1 + PBP−1,

4F$z" A "e` PA0P−1 '>L3Z}{)

5 :T A ( Riesz b/W0&'(cd3./
04a�c'dP-ce` A '(b0c*�,/d�l' Riesz  gHF�S='

[MWX-)gh\3-.mi'}{X9$&ZAP#'+:)
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45 5.1 e` A E/ C0 i"H8e` A '0c*�}/'�l8 H O"|G'"
^c"dP')

6 4�#'+:"e` A0 8 H *E/ C0 i"8 A = PA0P−1 +PBP−1, H B "3
ZV-e`)4mi'}{X9"e` A 8 H *9E/ C0 i)

P#a�e` A 'c'dP-"^ Sp(A) = H, "O Sp(A) W1 A '0c*��(b
0c*�dG}/'V-`�l)=n_' y0 ∈ H, y0 ⊥ Sp(A), C% R∗(λ,A)y0 8 H *r
3{."�& R∗(λ,A)y0 8PLL#*;c"|"PtM)

45 A E/ C0 i"/q8>L9qW D = {x; a ≤ x ≤ b, λ = x+ it}, 8 R∗(λ,A)y0 8
~W D *";c')% x > b 6 x < a D"C%f;b"m'"8 ||R∗(λ,A)y0|| "[M3Z
')% |�λ| → ∞ D" ||R∗(λ,A)||→ 0, | ||R∗(λ,A)y0|| 8 �λ ≤ a c �λ ≥ b *"3Z')

%08HT}uV*" ||R∗(λ,A)y0|| ~3Z)4"UtM' Phragmén − Lindelöf X9Z]
||R∗(λ,A)y0|| 8 D *"3Z')CF R∗(λ,A)y0 8PLL# H *"3Z'"^ ∃M ≥ 0, X
Z ‖ R∗(λ,A)y0 ‖≤ M . H R∗(λ,A)y0 <"PtM"4 Liouville X9"�& R∗(λ,A)y0 ">
LBAtM)C% lim

λ→∞
‖ R∗(λ,A)y0 ‖= 0, �& ‖ R∗(λ,A)y0 ‖= 0, ^ R∗(λ,A)y0 = 0. H

R∗(λ,A)�= 0, �& y0 = 0, ^ 0 ⊥ Sp(A). CF Sp(A) = H, ^e` A 'c"dP')
%5a� A '(b0c*�,/d�l' Riesz  "\3Z(P#'+b [14].
45 5.2 i X ">L$N' Hilbert �l"A " C0 mi T (t) 'qS"Rie` A N

V&PTS

1) A 'c$N/HYN σ(A) = σ1(A) ∪ σ2(A), 8 σ2(A) = {λk}∞k=1 "4}F'3z6

0cAY/}

2) e` A 0cA'&M6M>R3Z"^ supma(λk) < ∞ (k ≥ 1) "O ma(λk) =
dimE(λk,A)X W1Y-5 λk '&M6M}

3) q8>T}uV �λ = α $<e` A 'cNzb2"^

sup{�λ|λ ∈ σ1(A)} ≤ α ≤ inf{�λ|λ ∈ σ2(A)},

8~ σ2(A) �3$Nz-"^

inf |λn − λm| > 0 (n �= m).

WXP#'+:/F

i) q8mi T (t)- '@Ue`�l X1 � X2 �3-)

σ(A|X1 ) = σ1(A), σ(A|X2 ) = σ2(A),

8`�l X2 *"`�l| {E(λk,A)X2}∞k=1 q/ X2 '>L`�l Riesz  "F`=3

X = X1 ⊕X2;

ii) )b0c~@">R3Z'"^ sup ||E(λk,A)|| <∞ (k ≥ 1), WX3

D(A)⊂ X1 ⊕X2 ⊂ X ;

iii) �l X 3u�N;
X = X1 ⊕X2
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'c(TS"0c~@'YN�|>R3Z"^ sup
∥∥∥∥ n∑

k=1

E(λk,A)
∥∥∥∥ <∞ (n ≥ 1).

45 5.3 e` A )Xb"RX η1 �= µm1, η2 �= m2, WXq8 A '>|(b0c*
�"/3,/d�l H '>L Riesz  )gHS="[MWX')

6 =50$*;'S="P#2naNVX9 5.2 O'TS 1) – 3)
1) e` A 'c4HYNY/

σ(A) = σ1(A) ∪ σ2(A), σ1(A) = {−∞}, σ2(A) = {λ̃1,n|n ∈ Z} ∪ {λ̃2,n|n ∈ Z},

^ σ2(A) 4}F'3z6'0cAY/}
2) % |λ| cN(D" D(λ) = D1(λ) + O(λ−1) 3Y_l."^v�#3zL`"S='

0cA"Y_')�&e` A '0cA"3z6'}
3) C% σ1(A) = {−∞}, σ2(A) = σ(A), 8 η1 �= µm1, η2 �= m2, /~q8BM α XZ

−∞ = sup{�λ|λ ∈ σ1(A)} ≤ α ≤ inf{�λ|λ ∈ σ2(A)}.

4�1Z' A 'c$"] A 'c"YwNz'"^
inf |λn − λm| > 0, n �= m.

e.X9 5.2 Z+:]8`�l X2 *"`�l| {E(λk,A)X2; k ∈ Z} ,/ X2 '>L Riesz
 )

<4 A 'c'dP-"X1 = {0}, X2 = X , gH {E(λk,A)X2; k ∈ Z} ,/d�l H '
>L Riesz  )CFS= (2.4) NVcfX=hTS)

4�#�Z+:$""e` A 'c σ(A) 3HT[\V"^

�λ =
1

2m1�
ln
∣∣∣∣η1 − µm1

η1 + µm1

∣∣∣∣ , �λ = − γ

2αm2
2

+
1

2m2�
ln
∣∣∣∣m2 − η2
m2 + η2

∣∣∣∣ .
<tq*r3 A 'c."CF\3$ZS="[MWX')
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EXPONENTIAL STABILITY OF A SYSTEM OF LINEAR

TIMOSHENKO TYPE WITH BOUNDARY CONTROLS

DU Yan XU Genqi

(Department of Mathematics, Tianjin University, Tianjin 300072)

Abstract In the present paper the stabilization problem of porous elastic solids is
considered. The kinetic behavior of porous solids is governed by equations of linear Timoshenko
type which is generally asymptotically stable but not exponentially stable. For the exponential
stability, boundary velocity feedback controls are applied with one end clamped and the other
free. Firstly, it is shown that the operator determined by the system is dissipative and generates
a C0 semigroup. Hence the well-posed-ness of the system follows from the semigroup theory of
bounded linear operators. Secondly, the asymptotic behavior of eigenvalues of A is obtained
under certain condition. Moreover by using an auxiliary operator A0, and by means of spectral
properties of A0 , it is proven that there is a sequence of generalized eigenvectors of A which
forms a Riesz basis for Hilbert state space. Finally, the exponential stability of the closed loop
system is given by use of the Riesz basis property and spectral distribution of A.

Key words Linear Timoshenko type system, boundary feedback control, Riesz basis,
exponential stability.


