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1 ./01234
������5 Hastie � Tibshirani[1] 6 1993 ��������7�������6

�� ���!"#�$���%&8� '()�������* Cai !+ [2] �#�6,
-�"#)������9$����%&�'Æ���.:�(/"��0�1Æ2�)
'� Cai !+ [2] ����#�,-"#3�*1Æ� 4�!����"#5+1Æ�/

"��;�Æ�#6"� "#'Æ$����)'7#$'Æ���,-�./6<08
"#�)'"#%9��1&�5��':(��)'"#;1)#<1Æ�6<08�"
#=2�

> (Yi, Xi, Ui), i = 1, 2, · · · , n ?*= (Y, X, U) �3+@,-A)�>, Y, U ∈ R,

X = (X1, X2, · · · , Xp)T ∈ Rp, �9/"�� Yi 0�1Æ
[3]. ( Yi 1Æ2�- δi = 0, 4?-

δi = 1. @/"��0�1Æ�.24�B/501A
P{δi = 1|Xi = x, Yi = y, Ui = u} = P{δi = 1|Xi = x, Ui = u} ≡ π(x, u). (1.1)

* 62BC3�45 (10571008), ��DBC3�45 (1072004) 786E49 C7F8GH9 :;
(072300410090) DE<I:
J;K=<2006-02-09, J=L>;K=<2007-04-25.
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.2/"�� Y ?6 X, U �O@AP$�? µ(x, u) = E[Y |X = x, U = u], O@"@
8QR Var(Y |X = x, U = u) = σ2V

(
µ(x, u)

)
, ?S"��,-$� Q(ω, y) 1A

∂Q(ω, y)
∂ω

=
y − ω

V (ω)
. (1.2)

.>/A2�&FB�$� g(·), 1A

η(x, u) = g{µ(x, u)} =
p∑

j=1

aj(u)xj ,

�9 x = (x1, x1, · · · , xp)T, B aj(u), j = 1, 2, · · · , p ?<F�$����
4CA�G$��� aj(u) �'Æ�> K(u) ?/C50DD�E Kh(t) = K( t

h )

h , �9 h

?EF�/A2F u G u HH9F v, #T.$�Æ� aj(v), ! aj(v) ≈ aj + bj(v − u). UI
aj = aj(u), bj = a′

j(u). E a = (a1, a2, · · · , ap)T, b = (b1, b2, · · · , bp)T.
> h1, h2 ?EF�E (â, b̂) JGKLH�,-$�

lc(a, b) =
n∑

i=1

Q
(
g−1

{ p∑
j=1

(
aj + bj(Ui − u)

)
Xij

}
, Yi

)
Kh1(Ui − u)δi . (1.3)

5I'J a(u) �6<08'Æ âc(u) = â, ? η̂(Xi, Ui) =
p∑

k=1

âk(Ui)Xik = XT
i âc(Ui). -

Ŷ ∗
i = δiYi + (1 − δi)g−1

(
η̂(Xi, Ui)

)
. (1.4)

-K�# Ŷ ∗
i 5+1Æ� Yi ;�Æ/"H� �#LHT.�,-M (â, b̂) :JGK

lI(a, b) =
n∑

i=1

Q
(
g−1

{ p∑
j=1

(
aj + bj(Ui − u)

)
Xij

}
, Ŷ ∗

i

)
Kh2(Ui − u) . (1.5)

5IJ* a(u) �N+'Æ âI(u) = â.

2 12IJKLMN
E ql(x, y) = ( ∂l

∂xl )Q{g−1(x), y} , l = 1, 2, 3. 5�,-$��2V'F
q1(x, y) = {y − g−1(x)}ρ1(x), q2(x, y) = {y − g−1(x)}ρ′1(x) − ρ2(x). (2.1)

�9

ρl(t) =

(
dg−1(t)

dt

)l

V (g−1(t))
.

UF ql(x, y) ? y �T.$��E X⊗2 = XXT, X⊗3 = XXTX, X⊗4 = XXTXXT. 4CA�
W�OO)'P;2PX#�O@�

QR 1 ∀x ∈ R G@/"�� Y �/;�$Q� y, $� q2(x, y) < 0.
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QR 2 U U8VTN�WO@�0U� δ > 0, !J U �DD$� f(u) ≥ δ, f(u) U
8XZ�WYP�Q (X, U) U8DD$� f(x, u) > 0, W f(x, u) U8XZ�WYZP�Q
π(x, u) > 0, ?6 x, u �WYZP�O@�

QR 3 a′′(u), g′′′(u), V ′(µ(x, u)
)
� E[|XkXlXm|∣∣U = u] (1 ≤ k, l, m ≤ p) @F u XZ�

E[Y 4|X = x, U = u] @ u �HHQ8[�
QR 4 R$� K(·) ?8VTN�/C50DD$��W 2 Y\O@�
QR 5 /[\ 1 ≤ k, l, m ≤ p, O@AP E

[|[g−1(η(X, U))]′ρ′1(η(X, U))XkXlXm|∣∣U =
u
]
, E[|q3(η(X, U), Y )XkXlXm|∣∣U = u], E[ρ2

2(η(X, U))X⊗4|U = u] O@�
QR 6V? u�$��E[π(X, U)q2(η(X, U), Y )|U = u], E[π(X, U)q2(η(X, U), Y )XT|U =

u], E[π(X, U)q2(η(X, U), Y )XXT|U = u] � E[q2
2(η(X, U), Y )|U = u] @F u XZ�.W/�

0 δ > 2, S+ E[q2+δ
1 (η(X, U), Y )] < ∞.

2V

κi =
∫

tiK(t)dt, υi =
∫

tiK(t)2dt, i = 0, 1, 2, Λ =
σ2υ0

f(u)
Σ−1(u),

Σ(u) = E[π(X, U)ρ2

(
η(X, U)

)
XXT|U = u], Σ1(u) = E[ρ2

(
η(X, U)

)
XXT|U = u]. (2.2)

4C�2P]+$ a(u) �'Æ���U].�
WX 2.1 @O@ 1–6 4�( h1 → 0, nh1 → ∞ 2�5 (1.3) RM^J*� âc(u) 1A√

nh1

(
âc(u) − a(u) − κ2

2
a′′(u)h2

1

) L−→ N(0,Λ). (2.3)

WX 2.2 @O@ 1–6 4�( h1 → 0,
nh2

1
log( 1

h1
)
→ ∞, h2 → 0, nh2 → ∞ 2�

√
nh2(âI(u) − a(u) − λ(u)) L−→ N(0,Λ). (2.4)

>, λ(u) = κ2
2 Σ−1

1 (u)[Σ1(u)a′′(u)h2
2 + γ1(u)a′′(u)h2

1], γ1(u) = Σ1(u) − Σ(u).

3 YZ[\
^_T#4C�`]*a_)'A��"#�>U6"0�A)? (Yi, Xi, Ui, δi), i =

1, 2, · · · , n, �9 Xi = (Xi1, Xi2)T, .2 Y ?6 X, U �O@,-?bF,-�! P{Y =
1|X1 = x1, X2 = x2, U = u} ≡ π(x1, x2, u). cd4e�V�����

η(Xi, Ui) = log
{

π(Xi1, Xi2, Ui)
1 + π(Xi1, Xi2, Ui)

}
= sin(4Ui)Xi1 + 4Ui(1 − Ui)Xi2, i = 1, 2, · · · , n.

�9 Ui �VW [0,1] fg`h^,-�0����Xi1 � Xi2 ?VWX_U],-�0��
��,YA�b0B/50�! π1(X1 = x1, X2 = x2, U = u) ≡ 0.8,

π2(x1, x2, u) =

{
0.7 + 0.3(|x1| + |x2| + |u − 0.5|), |x1| + |x2| + |u − 0.5| ≤ 1,

0.7, �a�

@U8'Æ aj(u), j = 1, 2 2�R$�/? Epanechnikov R$� K(t) = 0.75(1 − t2)+.
EF h1 � h2 ',Y#iZRb#

[4] J*�[EF h1 � h2 �B/�$U@�?$\ON+
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'Æ]*%&�'Æ�`acjdD�52P 2 �O@FEF h2 '/*`aEF O(n− 1
5 ),

B h1 e#]*�E ĥopt ?�#6<08�iZRb"#J*�`aEF�5'( [4] 'F
ĥopt �Y�? n− 1

5 . 562P 2 9EFO@�fb�?$\ON+'Æ]*%&�'Æ�`
acjdD�B/EF h1 ? ĥ1 = ĥopt × n

1
5 × n− 7

24 = ĥopt × n− 11
120 . EF h2 �B/�#N

+� �iZRb"#J*�5'( [4] 'F h2 �Y�? n− 1
5 . 52P 1 � 2 'F�/A2

�EF�$����b0'ÆU8S@���"@�[5'( [5] F�/6%&���$�
�'Æ�� k^EFcA)g�8?�(�#N+� 2�8&G�A)g��XB/�
EFh_=2�5I'Pd&=2�%&�'ÆG&i�"@�WB!�8f`A.:J*
�a�>h�)'@'Æ$���2j;b0EF�ek�

/6bf'Æ�^_�#��h"l@ (AMSE) *lma_�b%�2V

AMSE =
1
n

n∑
i=1

2∑
r=1

[âr(Ui) − ar(Ui)]2.

4b,YA�A)g�? 100, 200, 300 ����@`_1Æ504�#)'"#gc
h 100 dJ*� â ���ne��9 mean bm(A)g�? n 2�5 100 d��J*�
AMSE �oh;�B std bm 100 d��9 AMSE �X_@�5b 1 �b 2 9�/;pq
'F�@A)g�f22�N+'Æ âI(u) /"� AMSE ;i��W/"�X_@h&i�
>nO(�#iZRb"#,YB/EF2�N+'Æ âI(u) _=2�o0h_a�g)'
���5+1Æ;�'Æ"#;h��

i 1 π1 
�	� AMSE �rijkj� i 2 π2 
�	� AMSE �rijkj�
n 100 200 300

âc mean 0.7452 0.4421 0.2262
std 0.9901 0.3763 0.1666

âI mean 0.6275 0.2586 0.1975
std 0.5137 0.2633 0.1585

n 100 200 300

âc mean 0.7523 0.4350 0.2527
std 0.9473 0.3418 0.1679

âI mean 0.6342 0.2437 0.2498
std 0.6293 0.2716 0.1525

b 3�b 4@ π2 4,YA� a1(0.3) = sin(4×0.3) = 0.932� a2(0.6) = 4×0.6(1−0.6) =
0.96 �'Æ@ 100 d��9�h;�X_@�5b 3 �b 4 9�/;':(��A)g�k
G'Æksp�(A)g�&i2� âI �X_@;1 âc �X_@iJ �B(A)g�&
G2�b0'Æ�X_@&t��>c2P 1,2 �n#Slm�

i 3 π2 
 a1(0.3) ��	�rijkj� i 4 π2 
 a2(0.6) ��	�rijkj�
n 100 200 300

â1c(0.3) mean 0.7943 0.9470 0.9289
std 0.4073 0.2929 0.1676

â1I(0.3) mean 0.8559 0.9190 0.9386
std 0.3302 0.2396 0.1648

n 100 200 300

â2c(0.6) mean 0.9124 0.9986 0.9671
std 0.3915 0.2816 0.1672

â2I(0.6) mean 0.9391 1.0082 0.9547
std 0.3282 0.2382 0.1671



10 R SSTLM�������	Y�
��������	 1301

4 lmJno
WX 2.1 pqr 2V

cn = (nh1)−
1
2 , X∗

i =
(

XT
i ,

(
Ui−u

h1

)
XT

i

)T

, D =
(

XXT 0
0 κ2XXT

)
, (4.1)

β∗ = (c−1
n

(
aT − aT(u)

)
, h1c

−1
n

(
bT − a′T(u)

)
)T,

ηi(u) =
p∑

j=1

{aj(u) + a′
j(u)(Ui − u)}Xij .

?5 (1.3) F β̂∗ ?4R�JGK^

ln(β∗) = h1

n∑
i=1

[
Q{g−1

(
cnβ∗T X∗

i + ηi(u)
)
, Yi} − Q{g−1

(
ηi(u)

)
, Yi}

]
Kh1(Ui − u)δi. (4.2)

5 (2.2) R9 κi � υi �2VGO@ 4 F� κ0 = 1, κ1 = 0, υ1 = 0. E

Wn = h1cn

n∑
i=1

q1{ηi(u), Yi}X∗
i Kh1(Ui − u)δi,

A = f(u)E[π(X, U)ρ2

(
η(X, U)

)
D|U = u]. (4.3)

��c'( [2] 2P 1 OO9u,�Æq'O
ln(β∗) = WT

n β∗ − 1
2
β∗T Aβ∗ + op(1) . (4.4)

"#ndÆ�rP [5], 'J

β̂∗ = A−1Wn + op(1) . (4.5)

%Wo���cd (4.5) R9�v p 0,��8

âc(u) − a(u) =
1

nf(u)

n∑
i=1

WiKh1(Ui − u)δi + op(cn), (4.6)

�9 Wi = q1(ηi(u), Yi)Σ−1(u)Xi, Σ(u) 5 (2.2) RA��
/ (4.6) 9� q1(ηi(u), Yi) @ η(Xi, Ui) p�# Taylor sw�Æ��ÆqWqnY\�'J

âc(u) − a(u)

=
1

nf(u)

n∑
i=1

q1(η(Xi, Ui), Yi)Σ−1(u)XiKh1(Ui − u)δi − 1
nf(u)

n∑
i=1

q2(η(Xi, Ui), Yi)

×XT
i a′′(Ui)

2
(Ui − u)2Σ−1(u)XiKh1(Ui − u)δi + op(cn)

=
1

nf(u)

n∑
i=1

q1(η(Xi, Ui), Yi)Σ−1(u)XiKh1(Ui − u)δi − Σ−1(u)
2f(u)

×E
{
E

[
δ1q2(η(X1, U1), Y1)X1X

T
1 a′′(U1)Kh1(U1 − u)(U1 − u)2|U1

]}
+ op(cn)

=
1

nf(u)

n∑
i=1

q1(η(Xi, Ui), Yi)Σ−1(u)XiKh1(Ui − u)δi +
a′′(u)h1

2

2
+ op(cn). (4.7)
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I2��ttÆqO@AP�UO

E
[ 1
nf(u)

n∑
i=1

q1(η(Xi, Ui), Yi)Σ−1(u)XiKh1(Ui − u)δi

]
= 0 ,

Var
( 1

nf(u)

n∑
i=1

q1(η(Xi, Ui), Yi)Σ−1(u)XiKh1(Ui − u)δi

)
= (nh1)−1 σ2υ0

f(u)
Σ−1(u) + op((nh1)−1) .

Ær O@�'O Lyapounov O@S+�WB!O (2.3) R�%Wo�r '( [5] 'J1
(4.6) R_x�ne�

uX [5] > D ? R `�V]y�- ||a|| bms� a ���@2P 1 O@4�( h1 → 0,
nh2

1
log( 1

h1
)
→ ∞ 2�8

sup
u∈D

∥∥∥âc(u) − a(u) − 1
nf(u)

n∑
i=1

WiKh1(Ui − u)δi

∥∥∥ = Op

(
h2

1cn + c2
n log

1
2

( 1
h1

))
. (4.8)

WX 2.2 pqr - ηi(u) *2P 1 9X>� dn = (nh2)−
1
2 , Y ∗

i = δiYi + (1 −
δi)g−1

(
η(Xi, Ui)

)
,

X∗
i =

(
XT

i ,

(
Ui − u

h2

)
XT

i

)T

, β∗
I =

(
d−1

n

(
aT − aT(u)

)
, h2d

−1
n

(
bT − a′T(u)

))T

.

?5 (1.5) 'F β̂∗
I ?4R�JGK^

ln(β∗
I ) = h2

n∑
i=1

[
Q{g−1

(
dnβ∗T

I X∗
i + ηi(u)

)
, Ŷ ∗

i } − Q{g−1
(
ηi(u)

)
, Ŷ ∗

i }]Kh2(Ui − u). (4.9)

�# Taylor sw�'J

ln(β∗
I ) = V T

n β∗
I +

1
2
β∗T

I Bnβ∗
I + op(1), (4.10)

�9

Vn = h2dn

n∑
i=1

q1{ηi(u), Ŷ ∗
i }X∗

i Kh2(Ui − u),

Bn = h2d
2
n

n∑
i=1

q2{ηi(u), Ŷ ∗
i }X∗

i X∗T
i Kh2(Ui − u).

t7# Bn, 2V ‖ â(u) − a(u) ‖∞= sup
u∈D

||â(u) − a(u)||. "#rP�n#F� ‖ â(u) −
a(u) ‖∞= op(1). 5 Bn �2VF� 2p × 2p \v Bn �z0wU8QR

Bn,j,k,l =
1
n

n∑
i=1

q2{ηi(u), Ŷ ∗
i }XikXil

(Ui − u

h2

)j

Kh2(Ui − u),
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�9 k, l = 1, 2, · · · , p, j = 0, 1, 2. 5 (2.1) R9 q2(x, y) G η̂(Xi, Ui) �2VF
q2{ηi(u), Ŷ ∗

i } − q2{ηi(u), Y ∗
i } = {Ŷ ∗

i − Y ∗
i }ρ′1(ηi(u))

= (1 − δi)[g−1(η̂(Xi, Ui)) − g−1(η(Xi, Ui))]ρ′1(ηi(u))

= (1 − δi)[g−1(η(Xi, Ui))]′XT
i (âc(Ui) − a(Ui))ρ′1(ηi(u))(1 + op(1)).

kI�#.2O@'J∣∣∣∣Bn,k,l,j − 1
n

n∑
i=1

q2

(
ηi(u), Y ∗)XikXil

(Ui − u

h2

)j

Kh2(Ui − u)
∣∣∣∣

=
∣∣∣∣ 1
n

n∑
i=1

[q2{ηi(u), Ŷ ∗
i } − q2{ηi(u), Y ∗

i }]XikXil

(Ui − u

h2

)j

Kh2(Ui − u)
∣∣∣∣

≤
∣∣∣∣ 1
n

n∑
i=1

(1 − δi)
[
g−1(η(Xi, Ui))

]′
ρ′1(ηi(u))XikXil

(Ui − u

h2

)j

Kh2(Ui − u)
p∑

s=1

Xis

∣∣∣∣
×Op(‖ â(u) − a(u) ‖∞) = op(1).

�#G�2{�O@APsR���ttÆq'J

Bn =
1
n

n∑
i=1

q2

(
ηi(u), Y ∗

i

)
X∗

i X∗T
i Kh2(Ui − u) + op(1)

= E[q2

(
η1(u), Y ∗

1

)
X∗

1X∗T
1 Kh2(U1 − u)] + op(1)

= −f(u)E
[
ρ2

(
η(X, U)

)
D

∣∣U = u
]
+ op(1) = −B + op(1), (4.11)

�9 D 5 (4.1) RA��"#ndÆ�rP'J β̂∗
I (u) = B−1Vn + op(1). E

B1 = f(u)E
[
ρ2

(
η(X, U)

)
XXT

∣∣U = u
]

= f(u)Σ1(u),

Vn1 = h2dn

n∑
i=1

q1{ηi(u), Ŷ ∗
i }XiKh2(Ui − u).

5 β̂∗
I (u) G���b]R�v p 0,�'F

d−1
n

(
âI(u) − a(u)

)
= B−1

1 Vn1 + op(1). (4.12)

�# Vn1 'O âI(u) ���U].�4C7# Vn1.

Vn1 = h2dn

n∑
i=1

q1{ηi(u), Y ∗
i }XiKh2(Ui − u)

+h2dn

n∑
i=1

[q1{ηi(u), Ŷ ∗
i } − q1{ηi(u), Y ∗

i }]XiKh2(Ui − u)

= Vn2 + Vn3 .
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5 (2.1) 9 q1(x, y) �b]RGrP9 (4.8) R��# Taylor sw'J

Vn3 = h2dn

n∑
i=1

(Ŷ ∗
i − Y ∗

i )ρ1

(
ηi(u)

)
XiKh2(Ui − u)

= h2dn

n∑
i=1

(1 − δi)[g−1
(
η(Xi, Ui)

)
]′[η̂(Xi, Ui) − η(Xi, Ui)]

×ρ1

(
ηi(u)

)
XiKh2(Ui − u)(1 + op(1))

= h2dn

n∑
i=1

(1 − δi)[g−1
(
η(Xi, Ui)

)
]′ρ1

(
ηi(u)

)
Kh2(Ui − u)

×XiX
T
i

(
âc(Ui) − a(Ui)

)
+ op(1)

= h2dn

n∑
i=1

(1 − δi)[g−1
(
η(Xi, Ui)

)
]′ρ1

(
ηi(u)

)
Kh2(Ui − u)XiX

T
i

× 1
nf(Ui)

n∑
j=1

q1

(
η(Xj , Uj), Yj

)
Σ−1(Ui)XjKh1(Uj − Ui)δj

−h2dn

n∑
i=1

(1 − δi)[g−1
(
η(Xi, Ui)

)
]′ρ1

(
ηi(u)

)
Kh2(Ui − u)XiX

T
i

1
nf(Ui)

×
n∑

j=1

q2

(
η(Xj , Uj), Yj

)
XT

j

a′′(Ui)
2

(Uj − Ui)2Σ−1(Ui)XjKh1(Uj − Ui)δj

+op(1)
= Tn1 + Tn2 + op(1) .

4C��ÆqWqnY\�;O:4n#S+

Tn1 − T ′
n1

P−→ 0, Tn2 − T ′
n2

P−→ 0, (4.13)

�9
T ′

n1 = h2dn

n∑
j=1

δjq1

(
η(Xj , Uj), Yj

)
γ1(Uj)Σ−1(Uj)XjKh2(Uj − u) ,

T ′
n2 = −κ2

2
h2

1h2dn

n∑
j=1

δjq2

(
η(Xj , Uj), Yj

)
γ1(Uj)Σ−1(Uj)Xj

·
p∑

k=1

a′′
k(Uj)XjkKh2(Uj − u), (4.14)

>, γ1(u) = Σ1(u) − Σ(u).
4CxO (4.13)��tW0R]�ub`5 E[q1(η(Xj , Uj), Yj)|Xj , Uj] = 0,'O E(Tn,1−

T ′
n,1) = 0. kIxjOO Var(Tn,1 − T ′

n,1) → 0, Æ5uvvwU!R'O Tn,1 − T ′
n,1

P→ 0.
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wt52VF Tn,1 − T ′
n,1 = h2dn

n∑
j=1

Mj, �9

Mj = δjq1(η(Xj , Uj), Yj)
{ 1

n

n∑
i=1

(1 − δi)
f(Ui)

[g−1(η(Xi, Ui))]′XiX
T
i ρ1(ηi(u))

×Σ−1(Ui)Kh1(Uj − Ui)Kh2(Ui − u)

−γ1(Uj)Σ−1(Uj)Kh2(Uj − u)
}
Xj.

��ttÆq'J Var(Tn,1 − T ′
n,1) = (h2dn)2

n∑
j=1

Var(Mj) = h2Var(M1) . E

Mn,i =
(1 − δi)
f(Ui)

[g−1(η(Xi, Ui))]′XiX
T
i ρ1(ηi(u))Σ−1(Ui)X1Kh1(U1 − Ui)Kh2(Ui − u).

5 M1 �2V�'F

M1 = δ1q1(η(X1, U1), Y1)
[

1
n

n∑
i=1

Mn,i − γ1(U1)Σ−1(U1)Kh2(U1 − u)X1

]
.

5 M1 �2VUO E(M1) = 0. kI5 q1(x, y) �2V���ÆqO@AP'J

Var(M1)

= E

{
δ1q

2
1(η(X1, U1), Y1)

[
1
n

n∑
i=1

Mn,i − γ1(U1)Σ−1(U1)Kh2(U1 − u)X1

]⊗2}

= σ2E

{
π(X1, U1)ρ2(η(X1, U1))

[
1
n

n∑
i=1

Mn,i − γ1(U1)Σ−1(U1)Kh2(U1 − u)X1

]⊗2}
.

��u,�Æq'J

1
n

n∑
i=1

Mn,i − γ1(U1)Σ−1(U1)Kh2(U1 − u)X1

=
1
n

n∑
i=1

(Mn,i − E[Mn,i|X1, U1])

+
(

1
n

n∑
i=1

E[Mn,i|X1, U1] − γ1(U1)Σ−1(U1)Kh2(U1 − u)X1

)

=
1
n

n∑
i=1

(Mn,i − E[Mn,i|X1, U1]) + op(1).

kI�# Mn,i �2V���ÆqO@AP'J

Var(Tn,1 − T ′
n,1) = h2Var(M1)

= h2σ
2E

{
π(X1, U1)ρ2(η(X1, U1))

[ 1
n

n∑
i=1

(Mn,i − E[Mn,i|X1, U1])
]⊗2

}
+ o(1)

= h2σ
2E

{
1
n2

n∑
i=1

π(X1, U1)ρ2(η(X1, U1))E
[
[(Mn,i − E[Mn,i|X1, U1])]⊗2|X1, U1

]}
+ o(1)
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=
h2

n
σ2E

{
π(X1, U1)ρ2(η(X1, U1))E

[
[(Mn,2 − E[Mn,2|X1, U1])]

⊗2 |X1, U1

]}
+ o(1)

= O
( 1

nh1

)
+ o(1) = o(1).

5I'O (4.13) �tW0R]S+���u,�Æq'O (4.13) �tn0R]xS+�
�#c:`u,oy�'J

T ′
n2 = −κ2

2
h2

1d
−1
n E

[
δ1q2

(
η(X1, U1), Y1

)
γ1(U1)Σ−1(U1)X1X

T
1 a′′(U1)Kh2(U1 − u)

]
·(1 + op(1))

=
κ2

2
f(u)γ1(u)a′′(u)d−1

n h2
1 + op(d−1

n h2
1). (4.15)

5 q1(x, y) � Y ∗
i �2V'F q1

(
η(Xi, Ui), Y ∗

i

)
= δiq1

(
η(Xi, Ui), Yi

)
. �# Taylor sw�

��u,`C�7#'J

Vn2 = h2dn

n∑
i=1

q1

(
ηi(u), Y ∗

i

)
XiKh2(Ui − u)

= h2dn

n∑
i=1

q1

(
η(Xi, Ui), Y ∗

i

)
XiKh2(Ui − u)

−h2dn

n∑
i=1

q2

(
η(Xi, Ui), Y ∗

i

)
XiX

T
i

a′′(u)
2

(Ui − u)2Kh2(Ui − u)
(
1 + oP (1)

)
= h2dn

n∑
i=1

δiq1

(
η(Xi, Ui), Yi

)
XiKh2(Ui − u) +

κ2

2
h2

2d
−1
n f(u)Σ1(u)a′′(u)

+op(d−1
n h2

2). (4.16)

> Ep ? p Yxyv�?5 γ1(u) �2V8 Ep + γ1(u)Σ−1(u) = Σ1(u)Σ−1(u). 5 (4.12)–
(4.16) F

d−1
n

{
âI(u) − a(u) − κ2

2
Σ−1

1 (u)[Σ1(u)a′′(u)h2
2 + γ1(u)a′′(u)h2

1]
}

=
h2dn

f(u)

n∑
i=1

δiq1

(
η(Xi, Ui), Yi

)
Σ−1

1 (u)
[
Ep + γ1(Ui)Σ−1(Ui)

]
XiKh2(Ui − u) + op(1)

=
h2dn

f(u)

n∑
i=1

δiq1

(
η(Xi, Ui), Yi

)
Σ−1

1 (u)Σ1(Ui)Σ−1(Ui)XiKh2(Ui − u) + op(1). (4.17)

��ttÆqUO

E
[h2dn

f(u)

n∑
i=1

δiq1

(
η(Xi, Ui), Yi

)
Σ−1

1 (u)Σ1(Ui)Σ−1(Ui)XiKh2(Ui − u)
]

= 0 ,
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Var
(h2dn

f(u)

n∑
i=1

δiq1

(
η(Xi, Ui), Yi

)
Σ−1

1 (u)Σ1(Ui)Σ−1(Ui)XiKh2(Ui − u)
)

=
h2

f2(u)
E

[
δ1q

2
1

(
η(X1, U1), Y1

)
Σ−1

1 (u)Σ1(U1)Σ−1(U1)X1X
T
1 Σ−1(U1)

×Σ1(U1)Σ−1
1 (u)K2

h2
(U1 − u)

]
=

σ2υ0

f(u)
Σ−1(u) + op(1).

Ær O@�'O Lyapounov O@S+�WB'O (2.4) S+�

z { | }
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THE ESTIMATION OF GENERALIZED

VARYING-COEFFICIENT MODEL

WITH RESPONSE VARIABLES MISSING AT RANDOM

LI Zhiqiang

(College of Sciences, Beijing University of Chemical Technology, Beijing 100029;

College of Applied Sciences, Beijing University of Technology, Beijing 100022)

XUE Liugen

(College of Applied Sciences, Beijing University of Technology, Beijing 100022)

Abstract A quasi-likelihood estimation is considered for nonparameter coefficient func-
tion in generalized varying-coefficient model with response variables missing at random. It is
shown that the proposed estimation is asymptotically normal, moreover, the asymptotical bias
and the variance of the estimation are given.

Key words Missing at random, generalized varying-coefficient model, quasi-likelihood
estimation, asymptotical normality.


