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!"�#�$%(���&�' ��'��!�(�"))�*+�,�-.#��

/��!�0.$�%�#���!)�&'�(1�� !"�23#)���! (*$
45 [1–9]).

+*�#,!��&�'�/�((+))�67�-%8&)./0,#�$%��
'12$%� Nash (3�&�'4 (*$4 [7–13]). !4 [9] (� Yu 9)#!"�#�$
%(�*(:�+�,Æ-;' <(=Æ-;'5>.-6�! Baire 7�*+=/8'
?�"�#�$%1+*� (&��). -@01A�Æ1�*(:�91+*�5B1C:
!"�#�$%((:�;)D21E3F�4G�( *(:�>G<�'*556�(
:�+;).1,Æ-;�5H=�B1)7>I*(:��#,/8?6(:�+�<(
&�'59:,�(:��(@'*)A*(:�BJ�'5

;K�Æ<'%��#,L=CDEFM7N"�#�$%�/�5!4 [7] (�0O
PG6#"�#�$%(Æ<��.Q&�'�!5!+4(�B1>M7%���#,R
?1(:��<(&�'5,��1(:�+).��(,Æ-;'�(B1><HG61
S�T(:��,Æ-;'�9)IJ@A(1(:��K",Æ-;'�U=VBL�
B1>C.M9)�! Baire 7�*+=�/8'?�"�#�$%2�(.N+*1(:

* OD3E��FG (10561003) 45HWP
XQIJR2006-03-27, XSYTQIJR2007-04-04.
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�5X6L�A�2�Y!.N1S�T(:�1+*�(:��ZM[A�/8'?�"
�#�$%1(:�1N\=Æ-;�5

2 789:
!+4(� X V]�@A�.N^@O+� Ĉ(X, H) V_ X ` Banach @A H �E

(-;"�;a?�+b5V#/�$%#c�B1P� Ĉ(X, H) Q7 H (<d*+=�
J? ‖ · ‖, ;�+ Ĉ(X, H) (�.<ZRJ?V

‖f − g‖ = max
x∈X

‖f(x) − g(x)‖.

-G�@N X  f ∈ Ĉ(X, H) D+"�#�$%0SU>6=�+[V

(VP) min
x∈X

f(x).

=> 2.1[2] T E 1:\U"�@A5 E �.N?+ C eV.N1�1-1NVG
� c ∈ C  W.N^f:? t ∈ R, 9( tc ∈ C. 1 C eV]��1-1NVG� c, d ∈ C,
+b [c, d] = tc + (1 − t)d : 0 ≤ t ≤ 1 @! C (5C.M� E (�]1 C eVX1�1-
l(C) = C ∩−C = 0.

=> 2.2[2] T f ∈ Ĉ(X, H), ;! H ,^g]X1 C �+#Y_ ≥. 4Z x∗ ∈ X e

V f @N1 C �.N(:��6!1E(� y, [ f(x∗) − f(y) ∈ C, `h( f(y) = f(x∗).
\ S(f) V f �E((:��+b� f �E((:/�]a\V

Min(f) = {f(x∗) : x∗ ∈ S(f)}.

-G S 01_ Ĉ(X, H) ` 2X �.N+;8&�B1e0V Ĉ(X, H) ,�1(:�8&5
"�#�$%�.Ni))�#�01/�(:�8& S �-;'^&�'5

=> 2.3[2] T f ∈ Ĉ(X, H), ;! H ,^g]X1 C �+#Y_ ≥. PT1 C

�_K intC ^@�4Z x̂ ∈ X eV f @N1 C �.N*(:��6!)Y! y, Q&
f(x̂) − f(y) ∈ intC.

T H 1.N Banach @A�`\ H ,E((`b'EaE@j�1a@AV H∗, �+
b,�J?V

‖p‖ = sup
z∈X,z �=θ

| p(z) |
‖z‖ = sup

z∈X,‖z‖=1

| p(z) | .

T C∗ 1 C �1a1� C∗+ 1 C �ck1a1�c
C∗ = {p ∈ H∗ : p(x) ≥ 0, ∀x ∈ C}, C∗+ = {p ∈ C∗ : p(x) ≥ 0, ∀x ∈ C, d x �= 0}.

1V*� p ∈ C∗, f(x) ∈ Ĉ(X, H), e

F(f,p)(x) = p ◦ f(x), ∀x ∈ X.

=> 2.4[14] T f ∈ Ĉ(X, H), ;! H ,^g]X1 C �+#Y_ ≥. 6!

F(f,p)(x∗) = min
x∈X

F(f,p)(x) = min
x∈X

p ◦ f(x),
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4Z x∗ ∈ X eV f @N p ∈ C∗+ �.N1S�T(:�5
\ T (f, p) V f @N p ∈ C∗+ �E(1S�T(:��]a�` T (f, p) �= φ, ;d T 1

.N_ Ĉ(X, H) ` 2X �.N+;8&5
=> 2.5[15] T Y 1.N Hausdorff \U@A� F : Y → 2X 1.N+;8&54Z
1) 6!1N X (�W.Nh+ G, G ⊃ F (y), Y! y �.Nhih O(y), Q&1NV*

� y′ ∈ O(y), 9( G ⊃ F (y′), `e F ! y ∈ Y l1,Æ-;� (u.s.c.);
2) 6! F ! Y ,1,Æ-;�;d1NVG� y ∈ Y , F (y) 1O+�`e F 1.N,

Æ-;O (u.s.c.o.) 8&m
3) 6!1N X (�W.Nh+ G, G ∩ F (y) �= φ, Y! y �.Nhih O(y), Q&1N

V*� y′ ∈ O(y), 9( G ∩ F (y′) �= φ, `e F ! y ∈ Y l1=Æ-;� (l.s.c.);
4) 6!Y! x ∈ F (y) Q&1N x �W.Nhih N(x), Y! y �.Nhih O(y),

Q&1NV*� y′ ∈ O(y), 9( N(x) ∩ F (y′) �= φ, `e F ! y ∈ Y l1N\=Æ-;�
(a.l.s.c.).

B1G66=�+5

=> 2.6 1NW.N f ∈ Ĉ(X, H), x∗ ∈ S(f)(^ x∗ ∈ T (f, p)), 6!1N x∗ ! X (�
W.Nhih N(x∗), 9Y! f ! Ĉ(X, H) (�.Nhih O(f), Q&1NV*� f ′ ∈ O(f),
9( N(x∗) ∩ S(f ′) �= φ (^ N(x∗) ∩ T (f ′, p) �= φ), ` x∗ eV f �.N+*1(:� (^+*
1S�T(:�). Cn� f eV E- +*^O E- &� (^ PT - +*^O PT - &�), 1- f

E(�1(:� (^1S�T(:�) 91+*�5
A 2.1 ,#�$%�� x∗ eV+*��1-W.No"8� f �j%a?9(.N

�V*8� x∗.
=> 2.7 1NW.N f ∈ Ĉ(X, H), T e(f) 1 S(f) �.N^@g?+56!1V*

h+ U ⊃ e(f), ! Ĉ(X, H) 9Y! f �.Nhih O(f), Q&1V*� f ′ ∈ O(f), 9(
U ∩ S(f ′) �= φ, 4Z e(f) eV f �+*�+5

A 2.2 6! e(f) = {x∗} 1.Np/+�` x∗ 1 f �.N+*�5
^�+ 2.4, iC(=���!5
BC 2.1 T f ∈ S(f), `
1)f 1 E− +*� (^ PT - +*�), qdkq+;8& S : Ĉ(X, H) → 2X (^ T (·, p) :

Ĉ(X, H) → 2X) ! Ĉ(X, H) ,1 l.s.c. �m
2) Y!(:� x∗ ∈ S(f)(^ x∗ ∈ T (·, p)), qdkq+;8& S : Ĉ(X, H) → 2X (^

T (·, p) : Ĉ(X, H) → 2X) ! Ĉ(X, H) ,1 a.l.s.c. �5
BC 2.2($4 [10] (�l 2) T X 1.N]�@A� Y 1.N Baire 7@A�

F : Y → 2X 1.N u.s.c.o. 8&5`Y! Y �.Nrmnj?+ Q′, Q& F ! Q′ ,1 l.s.c.

3 DEFGHIJKLMNOP
=> 3.1[2] T K V H ,�g]X1� B ⊂ K 1]+5[ 0 /∈ cl(B) d

C = U{λb|λ ≥ 0, b ∈ B},

`e B 1 K �.NB5[B B (`�`e K �((`B5
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BC 3.1 C∗+ �= φ qdkq K (B B. C.M�[ B 1*O]+�` C∗+  intC∗

^@d C∗+ = intC∗.
Q ^4 [2] (�o% 2.1 /8k&5
B1!(lm@A((=��5?5
R 3.1 ! Euclid @A Rn(n ≥ 2) (�\

B = {(x1, x2, · · · , xn) ∈ X : x1 + x2 + · · · + xn = 1, xi ≥ 0, i = 1, 2, · · · , n},
iC� B 1 Rn (�.Ng]?+�` Rn @A(�s.nlEoj�g]X1SU B V

Bpj�c C = λB.
BC 3.2 1NW.N f ∈ Ĉ(X, H) 'G�� p ∈ C∗+, [ x∗ ∈ T (f, p), ` x∗ ∈ S(f),

c T (f, p) ⊂ S(f).
Q 7t9,5PT x∗ /∈ S(f), `Y! y ∈ X , Q& f(x∗) − f(y) ∈ C, ( f(y) �= f(x∗).
p p ∈ C∗+, d f(x∗) − f(y) �= 0, ` p ◦ (f(x∗) − f(y)) > 0, c p ◦ f(x∗) > p ◦ f(y). -q

x∗ ∈ T (f, p) qu�v x∗ ∈ S(f).
=C 3.1 1NG�� p ∈ C∗+, T (·, p) : Ĉ(X, H) → 2X ! Ĉ(X, H) ,1.N u.s.c.o.

8&5

Q B1r!9) T (·, p) 1O+5
sr�iC F(f,p) 1-;�59:,�̂ N f(x) -;�v1NVG� ε > 0 'rN x0 ∈ X ,

9Y!rN δ > 0, Q&1V*� x ∈ X , ‖x−x0‖ < δ, 9( ‖f(x)−f(x0)‖ < δ. p[ p ∈ C∗+,
`Y!S�? M , Q& ‖p‖ < M . 4Z�B1(

‖p ◦ f(x) − p ◦ f(x0)‖ ≤ ‖p‖ · ‖f(x) − f(x0)‖ < ‖p‖ · ε.

bw�^N X 1O+�`B1Tt9) F(f,p) 1g+5c1 F(f,p) (�W.N_s
{xn}, xn → x∗, n = 1, 2, · · ·, B19( x∗ ∈ F(f,p). 9:,�^N F(f,p) �-;'�1NVG�

ε > 0 'S�? N , q n > N , .(
‖F(f,p)(xn) − F(f,p)(x∗)‖ < ε,

tu` F(f,p)(xn) = min
x∈X

F(f,p)(x), B1(

∥∥∥ min
x∈X

F(f,p)(x) − F(f,p)(x∗)
∥∥∥ < ε,

p^N ε �V*'� min
x∈X

F(f,p)(x) = F(f,p)(x∗). -@01A x∗ ∈ F(f,p), c F(f,p) 1g+5H

= T (·, p) 1O+5
Cn�B1!9) T (·, p) 1 u.s.c. �5PT T (·, p) ! f ∈ Ĉ(X, H) l),Æ-;�`Y

!h+ U ⊂ X, U ⊃ T (f, p),  _s {fn} ∈ C(X), fn → f , Q&1W.NS�? n, B197
u`.N xn ∈ T (fn, p), vU xn /∈ U . p^N X 1O+' {xn} ∈ X , )w.$'B1PT
xn → x0. -G�^ xn /∈ U B1S&` x0 /∈ U ' x0 /∈ T (f, p). 4ZY!rN x′ ∈ X , Q&

F(f,p)(x′) − F(f,p)(x0) < 0.
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H=�1NE(� x ∈ X , 9(

F(fn,p)(x′) − F(fn,p)(x) = F(fn,p)(x′) − F(f,p)(x′) + F(f,p)(x′) − F(f,p)(x0)

+F(f,p)(x0) − F(f,p)(x) + F(f,p)(x) − F(fn,p)(x)

= p ◦ (fn(x′) − f(x′)) + F(f,p)(x′) − F(f,p)(x0)

+F(f,p)(x0) − F(f,p)(x) + p ◦ (f(x) − fn(x))

≤ ‖p‖ · ‖fn(x′) − f(x′)‖ + F(f,p)(x′) − F(f,p)(x0)

+F(f,p)(x0) − F(f,p)(x) + ‖p‖ · ‖f(x) − fn(x)‖
≤ 2‖p‖ · ‖fn − f‖ + F(f,p)(x′) − F(f,p)(x0)

+F(f,p)(x0) − F(f,p)(x).

^N fn → f ;d F(f,p) ! x0 /-;�v ‖fn
i − fi‖ → 0 dq x o"8� x0 .�

F(f,p)(x)− F(f,p)(x0) V*8� 0. H=�Y! x0 �rNhih O(x0) 'S�? n1, Q&1E
(� x ∈ O(x0) 'S�? n ≥ n1, 9(

F(fn,p)(x′) − F(fn,p)(x),

Cn�^N xn → x0, Y!S�? n2 ≥ n1 Q& xn2 ∈ O(x0), `

F(fn2 ,p)(x′) < F(fn2 ,p)(xn2),

H= xn2 /∈ T (fn2, p), -qPT(1E(�S�? n, 9( xn ∈ T (fn, p) qu5H=� T (·, p)
! f ∈ Ĉ(X, H) l,Æ-;5_n� T (·, p) : Ĉ(X, H) → 2X ! Ĉ(X, H) ,1.N u.s.c.o. 8
&5

4 DHIJKVHWFP
B1-6;)1E(�1(:�8&91,Æ-;��>.;)1E(�1(:�8

&91=Æ-;�5=�x5A)5

R 4.1 T X = [0, 1] × [0, 1], ;\ C2(X) V_ X ` R2 �E(-;a?�+b�

C = R2
+. �+a? f, fn : X → R2 6=

f(x, y) = (x, y),

fn(x, y) =
((

1 − 1
n

)
x − 1

n
y, y

)
, ∀ (x, y) ∈ X.

` f, fn 91]a?�;dq n → +∞ .� fn → f . !-Gyo=�B1(

Min(f) = {(0, 0)}, S(f) = {(0, 0)},

Min(fn) =
{(

− 1
n

y, y
)

: y ∈ [0, 1]
}
, S(fn) = {(0, y) : y ∈ [0, 1]},

iC S ! f ),Æ-; (6v 1,2).
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X

Y
(− 1

n , 1)

Min(fn) = {fn(0, y) : y ∈ [0, 1]} =⇒
fn(X)

1 − 1
n

w 1

0
�

�

X

Y
(0, 1)

Min(fn) = f(0, 0) ⇒ fn(X)

1

w 2

R 4.2 B1!tu%�#��.Xxyyo5T X = [0, 1], ;\ C1(X) V_ X ` R

�E(-;a?�+b5�+a? f, fn : X → R 6=

f(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−4x + 1, x ∈
[
0,

1
4

)
;

0, x ∈
[1
4
,
3
4

)
;

4x − 3, x ∈
[3
4
, 1

]
.

fn(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−4x + 1, x ∈
[
0,

1
4

)
;

1
n

x − 1
4n

, x ∈
[1
4
,
12n − 1
16n − 4

)
;

4x − 3, x ∈
[12n− 1
16n− 4

, 1
]
.

` f, fn 91]a?�;dq n → +∞ .� fn → f . !-Gyo=�B1(

Min(f) = {0}, S(f) =
[(1

4
,
3
4

)]
,

Min(fn) = {0}, S(fn) =
{1

4

}
;
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iC S ! f )1=Æ-;�59:,�!1(:�+ [14 , 3
4 ] ( x = 1

4 1z.�+*�5
^�+ 2.4  �l 3.1, B1(=���?5
=C 4.1 T S : Ĉ(X, H) → 2X 11(:�8&5`
1) Y!.N u.s.c.o. 8& S0 : Ĉ(X, H) → 2X , Q&1W.N f ∈ Ĉ(X, H) 9( S0(f) ⊂

S(f). =.�B1A S �(K",Æ-;'m

2) 1W.N f ∈ Ĉ(X, H) 'G�� p ∈ C∗+, 1S�T(:��+b T (f, p) 1 f �+*
1(:�+5

Q 1) 1NG�� p ∈ C∗+, T S0(f) = T (f, p), VG f ∈ Ĉ(X, H). Y*` T (·, p) 1
Ĉ(X, H) � u.s.c.o. 8&�`�? 1) 1{l 3.2  �l 3.1 �/8�!5

2)^{l 3.2 �l 3.1C�T (·, p)1 Ĉ(X, H)� u.s.c.o. 8&�d1E(� f ∈ Ĉ(X, H)
9( T (f, p) ⊂ S(f). `1NV*h+ U ⊃ T (f, p), Y! f �rNhih O(f) Q&1E(�
f ′ ∈ O(f) 9( U ⊃ T (f ′, p). tu` T (f ′, p) ⊂ S(f ′), B1( (U ∩S(f ′)) ⊃ (U ∩T (f ′, p)) �= φ.
H= T (f, p) ⊂ S(f) 1 f �+*1(:�+5

=�@N+*���!/8!S{l 2.1, {l 2.2, �l 3.1 '�l 4.1.
BC 4.1 1NG�� p ∈ C∗+, Y! Ĉ(X, H) (�.Nrmnj?+ Q, Q& T (·, p)

1W.N f ∈ Q 91=Æ-;�5

Q ^{l 2.2 S/8k&5
=C 4.2 Y! Ĉ(X, H) (�.Nrmnj?+ Q, Q&1NW.N f ∈ Q, 92�Y

!.N x ∈ S(f) Q& x 1+*1(:�5-@01A�!W.N f ∈ Q ,� S 91N\=

Æ-;� (a.l.s.c.).
Q 1NG�� p ∈ C∗+, ^{l 4.1, Y! Ĉ(X, H) (�.Nrmnj?+ Q, Q&

T (·, p) !W.N f ∈ Q 91=Æ-;�51W.N f ∈ Q, T x ∈ T (f, p) ⊂ S(f). ^N T (·, p)
! f ∈ Q =Æ-;�v1N x �W.Nhih N(x), 9Y! f �.Nhih O(f), Q&
1E(� f ′ ∈ O(f) 9( N(x) ∩ T (f ′, p) �= φ. V#9) x 1.N+*1(:��Tt9
N(x) ∩ S(f ′) �= φ. -1|���HV T (f ′, p) ⊂ S(f ′) d N(x) ∩ T (f ′, p) �= φ.

�l 4.2 x)! Baire 7*+=�/8'?�"�#�$%92�Y!.N+*1(:
�5
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THE STABILITY OF THE EFFICIENT SOLUTIONS

FOR OPTIMIZATION PROBLEMS

HU Ming

(School of Mathematics and Physics, Jiangsu University of Science and Technology,

Zhenjiang 212003)

XIANG Shuwen

(School of Science, Guizhou University, Guiyang 550025)

Abstract In terms of the method of scalar assignment, the partly upper semicontinuity
of cone efficient solution in infinite dimensional normed spaces is investigated by using the
upper semicontinuity of cone positive proper efficient solution, and the generic stability of cone
efficient solution is proved. Then, in the sense of Baire catalogue, it is shown that for almost all
optimization problems, there exists at least one cone positive proper efficient solution that is
essential efficient solution. That is to say, for almost all optimization problems, a cone efficient
solution is a.l.s.c..

Key words Vector optimization, cone positive proper efficient solution, efficient solution,
upper semicontinuity, generic stability.


