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1 � �
��������� !����"#�$����%��&��������#�

���������� 50 ���� McIntyre ' [1] �  (!�� (RSS) ���� RSS �
"!��#"' #��)�*�$� #�$+&�����,%����%%�&$ 
!��"���$+#-$(��,&.'('��%/�

�0 RSS �12&'3" '(4)�"��0)�*5Æ�(�+)�.,)!"$
0-*���"$&�1&..* [1–5]. [1–5] 4) +/6,-"+)�,-�)�.,
0 ' RSS -� Kolmogrov-Smirnov16� [6] ,0 ' RSS -� Mann-Whitney-Wilcoxon
16� [7] 23 "7�/416� [8] ,0 RSS -� U �����00.51�26
RSS �89�3/�&.7 [9–11]. ' [12] *��0 RSS ��4#12�,0� [13] *,
0 (!��-�0$5,-:� M )��"81Æ9:;01�

6**1!;��<78 9,-:�<2 (!��-"7� M )��12�:8
'3���6�-�(!��;45��=�<���>�.6<2 M )�,-�7?

@8=:���1�9:AB>2(!��-$+7?@8;CD=: M )��,-�

<'1!E=> RSS��51?#/=>@�$�)� X(,-+ F ) *�? #�6�
+ n��6�@A1!@)�*7?� n?��?2F k #@B�'�?CAA#-?B$
k #@B$+$( (B�.'=>$�#@B$+G����), 1!CG���$'DAD
"EE� X 5�&� EE��@BFFG',�#/1!)C' nr(r = 1, 2, · · · , k, 6HG

k∑
r=1

nr = n)?*����$'D r#EE��@B�IH nr #��5+ X[r]i(i = 1, 2, · · · , nr).

* �JIH�	K� (10871188) L���	JKIELFG (KJCX3-SYW-S02) MNMJH
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H��1!:8 n #MPQ�5?
X[1]1, X[1]2, · · · , X[1]n1 ;
X[2]1, X[2]2, · · · , X[2]n2 ;

· · · · · · · · · · · ·
X[k]1, X[k]2, · · · , X[k]nk

.

H n #Q�5R+ RSS �6��*D r(r = 1, 2, · · · , k) +� nr #Q�5N@"3�,-
F[r]. � F[r] = F(r)(D r #O(����,-), H-$(?B5+�QR� (Perfect). �
n1 = n2 = · · · = nk �5+*S RSS ��P�

F (x) =
1
k

k∑
r=1

F[r]

��5+"8 RSS ���QR���� #"8����BST� Q����R�"8
��=�&.* [12].

1!<'23*S RSS ��*EE0.� M )��/)� X HG
Eρ(X − µ0) = min

µ
Eρ(X − µ), (1)

�* ρ � R1 � #Q*R�TU.�23 µ0 � M )� µ̂n, µ̂n +HG
k∑

r=1

m∑
i=1

ρ(X[r]i − µ̂n) = inf
µ∈R

k∑
r=1

m∑
i=1

ρ(X[r]i − µ) (2)

� #V�
+,0 µ̂n �12�1!"U-#"
1) ρ +TU.�Ψ− Æ Ψ+ ,S+ ρ �STT.�U. Ψ HG Ψ−(u) ≤ Ψ(u) ≤ Ψ+(u),

$VU u ∈ R;
2) U';V. c Æ h0, W:$VW� h ∈ (0, h0) ÆX�� u *�

Ψ(u + h) − Ψ(u) ≤ c;

3) G(u) = EΨ(X − µ0 + u), ' u = 0 X:U'�Y� G(0) = 0, 6 G(u) 'WY� #
XV (−∆, ∆) C��YT.�6 λ ≡ G′(0) > 0;

4) 0 < EΨ2(X − µ0) = σ2 < ∞, 6

lim
µ→µ0

E[Ψ(X − µ) − Ψ(X − µ0)]2 = 0.

+ )�� µ̂ ,-�1!? Z7?Z� {ωi}, HGU-#"
5) ω1, ω2, · · · , ωm + iid, P (ω1 > 0) = 1, Eω1 = 1, Eω2

1 = τ ≥ 1, 6(Z {ωi} W {X[r]i}
MP�

[ µ∗ +@8� M )��"X+
k∑

r=1

m∑
i=1

ωiρ(X[r]i − µ∗) = inf
µ∈R

k∑
r=1

m∑
i=1

ωiρ(X[r]i − µ), (3)
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1!;,W" X[1]1, X[1]2, · · · , X[k]m -
√

n(µ∗− µ̂n) �\],-E)�
√

n(µ̂n−µ0)�,-�
'H]*[*�1!,/4 L∗, P ∗, E∗, Var∗ E>^'W" X[1]1, X[1]2, · · · , X[k]m -�\]^

>\_�
]� 1.1 UB*S RSS ���"8�� k ^"�'#/ 1)– 5) -� µ∗ ^ (3) "X�

F_`_`X���6(Z��W" X[1]1, X[1]2, · · · , X[k]m ��1!�
√

n(µ∗ − µ0) =
1

λ
√

n

k∑
r=1

m∑
i=1

ωiΨ(X[r]i − µ0) + op(1), � n → ∞, (4)

`S_��'#/ 5) *? τ = 1 ���
√

n(µ̂n − µ0) =
1

λ
√

n

k∑
r=1

m∑
i=1

Ψ(X[r]i − µ0) + op(1) L−→ N
(
0,

σ2
RSS

λ2

)
, � n → ∞, (5)

�*
σ2

RSS =
[
σ2 − 1

k

k∑
r=1

( ∫
Ψ(x − µ0)dF[r](x)

)2]
. (6)

]� 1.2 UB*S RSS ���"8�� k ^"��#/ 1)– 5) `P�'#" 5) *?
τ = 2, 6 E|Ψ(X)|2+δ < ∞. [ µ̂n Æ µ∗ ,SU (2) Æ (3) "X�F_`_`X��6(Z

L∗(
√

n(µ∗ − µ̂n)) → N
(
0,

σ2
RSS

λ2

)
, � n → ∞. (7)

6*�Aa�H���D 2 aW  "b�<2��*=>�ab,�<2b'D 3 a
*W �D 4 aW  �0 RSS �� M )��"$��.'Daa$+ .59:�

2 b�c��
+<2d>�c�"X

e[r]i = X[r]i − µ0, r = 1, 2, · · · , k, i = 1, 2, · · · , m. (8)

& µ(n) HG
k∑

r=1

m∑
i=1

ρ
(
e[r]i − µ(n)√

n

)
= min

µ

k∑
r=1

m∑
i=1

ρ
(
e[r]i − µ√

n

)
, (9)

F1!�
µ(n) =

√
n(µ̂n − µ0). (10)

]� 1.1 e ! 'b 91�&#/'9f* µ0 = 0. "X

µ∗(n) =
1

λ
√

n

m∑
i=1

k∑
r=1

ωiΨ(e[r]i).

@A<2$_`X���6(Z�W" X[1]1, X[1]2, · · · , X[k]m, � n → ∞ ��$VU b > 0 �
|µ∗(n)| = op(nb), (11)



696 N O N O P P O 29 O

I

µ(n) =
1

λ
√

n

m∑
i=1

k∑
r=1

Ψ(e[r]i),

g+
E
∣∣∣ k∑

r=1

Ψ(e[r]i)
∣∣∣2 ≤ CrE

k∑
r=1

Ψ2(e[r]i) ≤ M, (12)

F
∞∑

n=1

E
∣∣∣ k∑

r=1
Ψ2(e[r]i)

∣∣∣2
nb+ 1

2
≤

∞∑
n=1

M

nb+ 1
2

< ∞. (13)

'ab 3.2 *[ an = nb+ 1
2 , p = 2, Xk =

∞∑
r=1

Ψ(e[r]k) F�

1
nb+ 1

2

m∑
i=1

k∑
r=1

Ψ(e[r]i) = o(1), a.s. (14)

gB$VW� ε > 0,

P ∗
{∣∣∣ 1

nb+ 1
2

m∑
i=1

k∑
r=1

ωiΨ(e[r]i)
∣∣∣ > ε

}

≤ P ∗
{∣∣∣ 1

nb+ 1
2

m∑
i=1

k∑
r=1

(ωi − 1)Ψ(e[r]i)
∣∣∣ >

ε

2

}

≤ 4
ε2n2b+1

m∑
i=1

k∑
r=1

τΨ2(e[r]i), (15)

'ab 3.2 *�[ an = n2b+1, p = 1, Xk =
∞∑

r=1
Ψ2(e[r]k), F�

∣∣∣∣ 1
n2b+1

m∑
i=1

k∑
r=1

Ψ2(e[r]i)
∣∣∣∣ = o(1), a.s. (16)

^ (15), (16) h�$_`X���6(Z�W" X[1]1, X[1]2, · · · , X[k]m, � n → ∞ �

1
nb+ 1

2

m∑
i=1

k∑
r=1

ωiΨ(e[r]i) = op(1), (17)

^BR: (11). RVW ε > 0, $_`X���6(Z�� n d,7��

P ∗{|µ∗(n)| > nb} <
ε

2
. (18)
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$VUW"� δ > 0, ? 0 < b < 1
20 , ^ab 3.4 h�� k ^"��$_`X���6(

Z��

I(|µ∗(n)| ≤ nb) sup
|γ−µ∗(n)|=δ

∣∣∣∣ k∑
r=1

m∑
i=1

ωi

{
ρ
(
e[r]i − γ√

n

)
− ρ
(
e[r]i − µ(n)√

n

)}
−1

2
λ(γ − µ(n))2

∣∣∣∣ = op(1), (19)

^ (18), (19) h�� n d,7��

P ∗
{

inf
|γ−µ(n)|=δ

k∑
r=1

m∑
i=1

ωiρ
(
X[r]i − γ√

n

)
≥

k∑
r=1

m∑
i=1

ωiρ
(
X[r]i − µ(n)√

n

)
+

1
4
λδ2

}
≥ 1 − ε. (20)

^ (20) , ρ �T1�� n d,7��

P ∗ {|µ∗ − µ(n)| < δ } ≥ 1 − ε, a.s. (21)

g+ ε Æ δ e�VU��c
µ∗(n) − µ(n) → 0, a.s. � n → ∞. (22)

^BR: (4), "b<f�
]� 1.2 e ! 'b 91�1!#" 0 < δ < 1. [

Zn =
1√
n

m∑
i=1

k∑
r=1

(ωi − 1)Ψ(e[r]i), (23)

(µ∗(n) − µ̂n) =
1
λ

(Zn + ζn), (24)

^"b 1.1, 1!�
E∗(|ζn| ∧ 1) → 0, a.s. � n → ∞, (25)

�* a ∧ b = min(a, b).
[

ηi = (ωi − 1)
k∑

r=1

1√
n

Ψ(e[r]i),

F�
Zn =

m∑
i=1

ηi, E∗ηi = 0,

$W"� k, �

E

( k∑
r=1

Ψ(e[r]i)
)2

= Var
( k∑

r=1

Ψ(e[r]i)
)

+
(

E
k∑

r=1

Ψ(e[r]i)
)2

=
k∑

r=1

Var(Ψ(e[r]i))

= kσ2
RSS ≤ kσ2 < ∞, (26)
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^c7.d
Var∗(Zn) =

1
n

m∑
i=1

( k∑
r=1

Ψ(e[r]i)
)2

→ σ2
RSS a.s., (27)

F1!de;g<2
L∗(Zn) → N(0, σ2

RSS), a.s. � n → ∞. (28)

gB><
(Var∗(Zn))−1

m∑
i=1

E∗η2
i I(|ηi| ≥ ε[Var∗(Zn)]

1
2 ) → 0 a.s. (29)

$VW� ε > 0, [

Ln(ε) ≡
k∑

r=1

m∑
i=1

1
n
Ψ2(e[r]i)E∗

(
(ωi − 1)2I(

∣∣(ωi − 1)
k∑

r=1

1√
n

Ψ(e[r]i)
∣∣ ≥ ε)

)
, (30)

[

Tm = max
1≤i≤m

∣∣∣∣ k∑
r=1

1√
n

Ψ(e[r]i)
∣∣∣∣, (31)

F
Tm ≤

k∑
r=1

1√
n

max
1≤i≤m

|Ψ(e[r]i)| → 0, a.s. � m → ∞. (32)

^ (31), (32) h

Ln(ε) ≤
k∑

r=1

m∑
i=1

1
n

Ψ2(e[r]i)E∗(ωi − 1)2I(Tm|(ωi − 1)| ≥ ε) → 0, a.s. (33)

^*$eY"b� (28) :<�"b 1.2 <f�

3 � �
6a*;W �a"b<2*X=>�ab,<2�23f� D = {µ ∈ R : |µ ≤ nb}

�* 0 < b < 1
20 + V.�<; D ,h` Zf'"g�if� D1, D2, · · · , DN , W:�#

if��%i'70 ν = n−2b. ^B&j?,h�W:
N ≤ cn3b,

$ a ∈ R Æ µ ∈ D, "X

R∗
ri(a, µ) =

∫ − µ√
n

0

{
a[Ψ(e[r]i + u) − Ψ(e[r]i)] − G(u)

}
du, (34)

Ari(ε, γ) =
{

sup
|αi−βi|≤γ

∣∣∣∣ k∑
r=1

m∑
i=1

(Rri(1, βi) − Rri(1, αi))
∣∣∣∣ ≥ ε

}
, (35)
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3�I X = (X[1]1, X[1]2, · · · , X[k]m).
"� 3.1 / ξ1, ξ2, · · · , ξn +"fMP�7?Z��W: |ξi| ≤ b < ∞ 6 Eξi = 0, i =

1, 2, · · · , n. I ν = E(ξ2
1) + · · · + E(ξ2

n), F$VW� ε > 0, �

P

{ n∑
i=1

ξi ≤ ε

}
≤ exp

(
− ε2

2ν + 2bε

)
. (36)

# .* [14].
"� 3.2 / Xn �MP r.v. (Z� EXn = 0, ;.(Z an ↑ ∞, 6$## p ≥ 1

∞∑
n=1

E|Xn|p
ap

n
< ∞, (37)

gh

1
an

n∑
k=1

Xk → 0 a.s.

# .* [15].
"� 3.3 '"b 1.1 �\]-�VW αi, βi ∈ D, 6 |αi − βi| ≤ 2γ, I

ζri =
(∫ βi√

n

αi√
n

(Ψ(e[r]i + u) − Ψ(e[r]i)) du

)2

, i = 1, 2, · · · , m, r = 1, 2, · · · , k, (38)

&$VW� ε > 0, U'W {αi}, {βi} ���V. ci Æ n1, � n > n1 ��

P

{ k∑
r=1

m∑
i=1

ζri ≥ εn3b− 1
2

}
≤ 2 exp(−c1n

3b+ 1
2 ). (39)

# ^#/ 2), 3) h�$d,7� n �∣∣∣ζri − Eζri

∣∣∣ ≤ c
∣∣∣ 1√

n
(αi − βi)

∣∣∣2 ≤ c√
n

,∣∣∣∣ k∑
r=1

m∑
i=1

Eζri

∣∣∣∣ ≤ k∑
r=1

m∑
i=1

E

(∫ βi√
n

αi√
n

(Ψ(e[r]i + u) − Ψ(e[r]i)) du

)2

≤
k∑

r=1

m∑
i=1

∣∣∣ 1√
n

(αi − βi)
∣∣∣ · ∣∣∣∣ ∫

βi√
n

αi√
n

E(Ψ(e[r]i + u) − Ψ(e[r]i))2 du

∣∣∣∣
≤ c√

n

k∑
r=1

m∑
i=1

∣∣∣∣ ∫
βi√

n

αi√
n

|u| du

∣∣∣∣
≤ c√

n

k∑
r=1

m∑
i=1

∣∣∣α2
i

n
+

β2
i

n

∣∣∣ ≤ cn2b− 1
2 , (40)
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k∑
r=1

m∑
i=1

Var(ζri) ≤
k∑

r=1

m∑
i=1

E(ζ2
ri) =

k∑
r=1

m∑
i=1

E

(∫ βi√
n

αi√
n

(Ψ(e[r]i + u) − Ψ(e[r]i)) du

)4

≤
k∑

r=1

m∑
i=1

∣∣∣ 1√
n

(αi − βi)
∣∣∣ · ∣∣∣∣ ∫

βi√
n

αi√
n

E(Ψ(e[r]i + u) − Ψ(e[r]i))
4
3 du

∣∣∣∣
≤ c√

n

k∑
r=1

m∑
i=1

∣∣∣∣ ∫
βi√

n

αi√
n

|u| du

∣∣∣∣3

≤ c√
n

k∑
r=1

m∑
i=1

∣∣∣α2
i

n
+

β2
i

n

∣∣∣3 ≤ cn6b− 5
2 , (41)

�* c + W {αi}, {βi} ���V.�^ab 3.1 h�$VW� ε > 0, U'W {αi}, {βi} �
��V. c1 > 0 Æ n1, � n ≥ n1 �

P
{ k∑

r=1

m∑
i=1

ζri ≥ εn3b− 1
2

}
≤ P

{∣∣∣ k∑
r=1

m∑
i=1

(ζri − Eζri)
∣∣∣ >

ε

2
n3b− 1

2

}
≤ 2 exp

(
− ε2n6b−1

8cn6b− 5
2 + 4cn3b− 3

2

)
≤ 2 exp(−c1n

3b+ 1
2 ). (42)

"� 3.4 '"b 1.1�\]-�W" γ > 0,$_`X���6(Z X[1]1, X[1]2, · · · , X[k]m

�
sup

|α−β|≤γ

∣∣∣ k∑
r=1

m∑
i=1

(Rri(ωi, β) − Rri(ωi, α))
∣∣∣ = op(1), m → ∞. (43)

# 'j#" α, β 34�h'34�F^ Ψ �*R1h∣∣∣∣ ∫ β√
n

α√
n

ωi{Ψ(e[r]i + u) − Ψ(e[r]i)} du

∣∣∣∣
≤
∫ β√

n

0

ωi{Ψ(e[r]i + u) − Ψ(e[r]i)} du +
∫ 0

α√
n

ωi{Ψ(e[r]i + u) − Ψ(e[r]i)} du,

�k<2U-�^ Schwarz 'ki�

k∑
r=1

m∑
i=1

∣∣∣∣ ∫ β√
n

α√
n

|G(u)| du

∣∣∣∣ ≤ c

k∑
r=1

m∑
i=1

∣∣∣∣ ∫ β√
n

α√
n

|u| du

∣∣∣∣
≤ c

n

k∑
r=1

m∑
i=1

|α − β| ∗ |α + β|

≤ cnb ∗ n−2b = o(1), (44)
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c$VW� ε > 0, U' n2 ≥ n1, � n ≥ n2 6 X /∈ An( ε
6 , 1) ���

P ∗
{

sup
α,β∈D

∣∣∣∣ k∑
r=1

m∑
i=1

{R∗
ri(ωi, β) − R∗

ri(ωi, α)}
∣∣∣∣ ≥ ε

3

}

≤ P ∗
{

sup
α,β∈D

∣∣∣∣ k∑
r=1

m∑
i=1

{(R∗
ri(ωi, β) − R∗

ri(ωi, α)) − (R∗
ri(1, β) − R∗

ri(1, α))}
∣∣∣∣ ≥ ε

6

}

≤ c
k∑

r=1

m∑
i=1

Var∗
{
R∗

ri(ωi, β) − R∗
ri(ωi, α)

}
≤ c2

k∑
r=1

m∑
i=1

[ ∫ β√
n

α√
n

{Ψ(e[r]i + u) − Ψ(e[r]i)}du

]2

= c2

k∑
r=1

m∑
i=1

ζir , (45)

3b&:�$VW� ε > 0, γ > 0, � α, β ∈ D 6 |α − β| ≤ 2γ, X /∈ An( ε
6 , 2γ) ��U'

n3 ≥ n2, W:� n ≥ n3 ��

P ∗
{∣∣∣∣ k∑

r=1

m∑
i=1

[
R∗

ri(ωi, β) − R∗
ri(ωi, α)

]∣∣∣∣ ≥ ε

3

}

≤ c3

k∑
r=1

m∑
i=1

(∫ β√
n

α√
n

{Ψ(e[r]i + u) − Ψ(e[r]i)} du

)2

= c3

k∑
r=1

m∑
i=1

ζir(α, β), (46)

VU?" βl ∈ Dl, l = 1, 2, · · · , N . ^�X<�$VW� ε > 0, γ > 0, � n ≥ n3 ��

P ∗
ri(ε) = P ∗

{
sup

|α−β|≤γ

∣∣∣∣ k∑
r=1

m∑
i=1

(R∗
ri(ωi, β) − R∗

ri(ωi, α))
∣∣∣∣ ≥ ε

}

≤ 2N
N∑

l=1

P ∗
{

sup
β∈Dl

∣∣∣∣ k∑
r=1

m∑
i=1

{R∗
ri(ωi, β) − R∗

ri(ωi, βl)}
∣∣∣∣ ≥ ε

3

}

+
∑

|βj−βk|≤2γ

P ∗
{∣∣∣∣ k∑

r=1

m∑
i=1

{R∗
ri(ωi, βj) − R∗

ri(ωi, βk)}
∣∣∣∣ ≥ ε

3

}

≤ 2Nc2

N∑
l=1

k∑
r=1

m∑
i=1

ζirl + c3

∑
|βj−βk|≤2γ

k∑
r=1

m∑
i=1

ζri(βj , βk), (47)
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VW ε > 0, F^ (47) Æab 3.3 W b �?�h�� n ≥ n3 ��

P
{

P ∗
ri(ε) ≥ ε1, X /∈ Ari

(ε

6
, 1
)⋃

Ari

(ε

6
, 2γ

)}
≤

N∑
l=1

P

{ k∑
r=1

m∑
i=1

ζril ≥ ε1

4c2N2

}
+

∑
|βj−βk|≤2γ

P

{ k∑
r=1

m∑
i=1

ζri(βj , βk) ≥ ε1

2c3N∗

}

≤
N∑

l=1

P

{ k∑
r=1

m∑
i=1

ζril ≥ n3b− 1
2

}
+

∑
|βj−βk|≤2γ

P

{ k∑
r=1

m∑
i=1

ζri(βj , βk) ≥ n3b− 1
2

}

≤ 4N2exp{−c1n
3b+ 1

2 }, (48)

^BP:�$VW ε1 > 0,

P
{
P ∗

ri(ε) ≥ ε1, X /∈ Ari

(ε

6
, 1
)⋃

Ari

(ε

6
, 2γ

)
, i.o.

}
= 0. (49)

,ij��&.: �$VW� ε > 0,

P
{
X /∈ Ari

(ε

6
, 1
)⋃

Ari

(ε

6
, 2γ

)
, i.o.

}
= 0. (50)

^ (49), (50) i:�$_`X��6(Z�� X[1]1, X[1]2, · · · , X[k]m W"��

sup
|α−β|≤γ

∣∣∣∣ k∑
r=1

m∑
i=1

(R∗
ri(ωi, β) − R∗

ri(ωi, α))
∣∣∣∣ = op(1), m → ∞, (51)

&

Rri(α, β) = a

∫ β√
n

0

{Ψ(e[r]i + u) − Ψ(e[r]i)} du − 1
2
λ
( β√

n

)2

= R∗
ri(α − β) +

∫ β√
n

0

(G(u) − λu) du. (52)

^ Schwarz 'ki�$VU� α, β ∈ D Æ 0 < b < δ
5 , �

k∑
r=1

m∑
i=1

∣∣∣∣ ∫ β√
n

α√
n

(G(u) − λu)du

∣∣∣∣
≤

k∑
r=1

m∑
i=1

∣∣∣∣ ∫ β√
n

α√
n

u1+δdu

∣∣∣∣ ≤ c

k∑
r=1

m∑
i=1

(∣∣∣ β√
n

∣∣∣2+δ

+
∣∣∣ α√

n

∣∣∣2+δ)
≤ cn−δ( 1

2− 2+δ
δ b) = o(1). (53)

A8 (51), (53) R&:A0�
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4 M l$c%m&'
Ha*1!23(!��� M )�"$W-*��� M )���>� µ̂n U (2) "

X�-*��- µ � M )� µ̃, µ̃ +HG
n∑

i=1

ρ(Xi − µ̃) = inf
µ∈R

n∑
i=1

ρ(Xi − µ) (54)

� #V�F'#" 1)– 3) -��
√

n(µ̃ − µ0)
L−→ N

(
0,

σ2

λ2

)
. (55)

=�&.* [16]. F9:"$�>

ARE(µ̃, µ̂n) =
σ2

σ2
RSS

=
σ2

σ2 − 1
k

k∑
r=1

(∫
Ψ(x − µ0)dF[r](x)

)2 . (56)

nh ARE 70 1.

5 Æ(c)o
1!$ X ?D.,-�%j$+9:�> 1 �' ρ(x) = x2, ρ(x) = 1

2x2I(|x| ≤ 1) +
(|x| − 1

2 )I(|x| > 1), ., ρ(x) = 1
2xI(x > 0) + xI(x ≤ 0) -�$ k ,S? 2 8 8 ��9:"$

�>�@*1!R&.7 � ARE > 1, (!��;-*��<���.6 k p7�Bp2
k�

+ )�
√

n(µ̂n − µ0) �,-�1!'W"�6�%j-" �07?@8�9:�
Hk ω ?,-+ Gamma(1,1), l$ ρ(x) = 1

2xI(x > 0) + xI(x ≤ 0) , k = 3, m = 2000 ?
2000 #�6"9:�@l 1 Æl 2 �&.7 'W"�6-7?@8�,-W;0,-T
�%m:��',-l�&.7 � √

n(µ̂n − µ0) �,-mn (Mestimate) W7?@8mn
(Weighted) >;;0,-mn (Normal) <+m:�l 1 *�nql+l&;0,E.�r
ql+ √

n(µ∗ − µ̂n) �,E.�BS�1!T,S�_ Ho#,-�s>_#,EY�@
> 2 &.7 √

n(µ̂n − µ0) �s>,EYW √
n(µ∗ − µ̂n) <+m:�

m 1 x p exp(0.5)-2 �	���to
ρ(x) k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8

x2 1.361 1.632 1.984 1.777 2.462 2.822 2.512{
1
2
x2, |x| ≤ 1

|x| − 1
2
, |x| > 1

1.515 1.766 2.501 2.838 2.967 3.397 4.044{−x, x ≤ 0
1
2
x, x > 0

1.323 1.533 1.634 1.872 2.166 2.290 2.288
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m 2 �qn	op

α 0.01 0.025 0.05 0.1 0.9 0.95 0.975 0.99

N −3.044 −2.565 −2.153 −1.677 1.677 2.153 2.565 3.044

µ̂n −1.899 −1.586 −1.308 −1.054 1.014 1.250 1.531 1.834

µ̂w
n −1.821 −1.627 −1.477 −1.303 0.984 1.225 1.570 1.649

r 1

norm
m-estimate
weighted

r 2 ��qPr

u * + ,
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APPROXIMATION TO THE DISTRIBUTION OF M -ESTIMATES

IN RANKED-SET SAMPLING

BY RANDOMLY WEIGHTED BOOTSTRAP

WU Yaohua LIU Chiyu

(University of Science and Technology of China, Hefei, Anhui 230026)

Abstract Ranked-Set Sampling(RSS) is a sampling method when a set of sampling units
drawn from the population can be ranked by certain means rather cheaply without the actual
measurement of the variable of interest which is costly and/or time consuming. This paper
is concerned with the consistency and asymptotic normality on the RSS M -estimates and
approximation to its distribution by randomly weighted bootstrap.

Key words Ranked-Set sampling, M -estimates, randomly weighted bootstrap, asymp-
totic normality.


