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MR(2000) '()*+ 62C15, 62F30

1 , -
������� (Y, Xβ, σ2V, V ≥ 0), !�� [1,2] "�.#�$��� Sβ ����

����%�������%��&'�� (����/!��� ⎧⎪⎪⎨
⎪⎪⎩

Y = ABC + ε,

E(ε) = 0,

Cov(�ε) = σ2Σ ⊗ V,

(1.1)

�0 Y ) p × n �"#�.� A, C $%) p × q, k × n �*1 �. (q ≤ p), �. Bq×k !

σ2 > 0 +,1&-� n × n ��. Σ ≥ 0 ! p × p ��. V ≥ 0 "*1� ε ).'�.� �ε

(/# ε )$%20*1&� ⊗ (/ Kronecker +,�
'-.- Kt×qBLk×l �����( µ(K ′) ⊆ µ(A′) ) µ(L) ⊆ µ(C), �0 µ(C) (/�.

C �$1&3*���*+ ($2), ,�.#�.-
L(d(Y ), KBL) = (d(Y ) − KBL)(d(Y ) − KBL)′, (1.2)

* �-4./�/0 (10501052) 56130
412322007-05-08, 435412322008-03-11.
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89�5:.-6) R(d(Y ), B, σ2).
78 2.1  d1(Y ) 6 d2(Y ) + KBL �7;87���98��: (B, σ2), "<

R(d1(Y ), B, σ2) ≤ R(d2(Y ), B, σ2),

)9;9"<: (B0, σ
2
0), =� R(d1(Y ), B0, σ

2
0) − R(d2(Y ), B0, σ

2
0) �= 0, ;: d1(Y ) �<=

� d2(Y ). 98";< Φ 0=9"7>���<=� d(Y ), ;: d(Y ) ";< Φ 0+��%
��?=: d(Y ) + KBL ";< Φ 0���%���6) d(Y ) Φ∼ KBL.

@�/!��� �%A(> [3−10] "?>B KBL ��������%��?@@ [3]

AB"� (1.1) !#�.- (1.2) $���� Σ = In, V = G > 0 �AC�"��B HL∗ 0
��� DY F + KBL(�0 L′ $C>) ���%����&'��?D

HL∗ = {DY F : DY F ∈ HL, DA �= K C CF = L},

HL = {DY F : D, F $%) t × p, n × l �.}.
3EF [6] ;#�G8DD� Σ ≥ 0, V ≥ 0 ���AC (@EH&I L′ $C>). EJK [7] "

Σ = In, V = G ≥ 0 �AC$����89�FLG��B (L )C>H.)

L∗ = {DY F + M : DY F ∈ HL∗, M ) t × l �.}

0���%��(MNO� L′ )$C>.?C>H.A+���B�FB��P�� G
IQ�HJFB (9 L′ $C>; C KIJC>). KL?> KBL ������"LFB��
�� $6MDN���B0���%�+�7RSOMT�NO�

 (PU#"� (1.1) !�.#� (1.2) $�?>LG��B

HL2 = {DY F : DY F ∈ HL, CF = L} (1.3)

QFLG����B

L2 = {DY F : DY F ∈ HL2, M ) t × l �.} (1.4)

0���%��$%��� KBL �����+��%��&'��?DA&I L �= 0.

2 HL2 CDEFGH
6

Θ = {(B, σ2) : B ∈ Rq×k, σ2 > 0},
�RSÆ

IJ 2.1 �7;� DY F ∈ HL2, DY PC′F ∈ HL2, )��: (B, σ2) ∈ Θ , <

R(DY F, B, σ2)

= σ2tr(F ′ΣF )DV D′ + (DA − K)BLL′B′(DA − K)′

≥ R(DY PC′F, B, σ2)

= σ2tr(F ′P ′
C′ΣPC′F )DV D′ + (DA − K)BLL′B′(DA − K)′

= σ2tr(L′[(CE+C′)+ − I]L)DV D′ + (DA − K)BLL′B′(DA − K)′,



3 V WPQR
�"�	�
��	���
����� 317

)ST*F��&'�)
ΣPC′F = ΣF, (2.1)

�0 PC′ = E+C′(CE+C′)+C, E = Σ + C′C.
TX 2.1 UY�0<CK'� ΣPC′F = ΣF ��� DY F U*�7VKB�)���%

�Q F �WLL@�
IJ 2.2  Lk×l �= 0, S1, S ") t × q ��.�; ∀Bq×k, S1BLL′B′S′

1 ≤ SBLL′B′S′

"*F��&'�) S1 = cS, |c| ≤ 1.
M �$�XZ�$ÆK&��Y� L = (l1, l2, · · · , lk)′ �= 0, =V l1 �= 0, , B =

(β, 0, · · · , 0), β )7; q Z1&�@;� l′1l1 �= 0, ;<
∀βq×1, S1ββ′S′

1 ≤ Sββ′S′.

Y( [11] �TX 3.2, K< S1 = cS, |c| ≤ 1.
IJ 2.3  ΣPC′F = ΣF , ; D1Y F �<=� DY F ��&'�+

D1V D′
1 ≤ DV D′, (2.2)

∀βq×1, (D1A − K)ββ′(D1A − K)′ ≤ (DA − K)ββ′(DA − K)′, (2.3)

)W (2.2) [0ST*F[�9" β �= 0 =� (2.3) [*F=ST�
N 2.1 YTX 2.2 �1� (2.3) [S\�

D1A − K = c(DA − K), |c| ≤ 1.

@;� (2.2), (2.3) 8[]+"��� (Y, Aβ, σ2V, V ≥ 0) $� Kβ ��� D1Y �<
=� DY ��&'��G<TX 2.1, PU�\��

IJ 2.4 DY F
HL2∼ KBL ��&'�)

ΣPC′F = ΣF, (2.4)

DY ∼ Kβ. (2.5)

Y( [1] �-X 3.1 F(��

7J 2.1 "� (1.1) 6#�.- (1.2) $� DY F
HL2∼ KBL ��&'�)

(1) ΣPC′F = ΣF, DV = DPAV .
(2) DA = K ?= DA �= K, �7; a ∈ (0, 1), <

g(a, D) = DAHA′D′ − KHK ′ + a(DA − K)H(DA − K)′ ≥ 0

=*F��0 PA = A(A′T +A)+A′T +, H = (A′T +A)+ − I, T = V + AA′.
N 2.2 ^ C = F = L = I, �\��A]� (Y, XB, σ2Σ ⊗ V ) $� DY ∼ SB ��&

'��

7J 2.2 ^ µ(L) ⊆ µ(C) C µ(K ′) �⊆ µ(A′), L[ KBL =���; DY F
HL2∼ KBL �

�&'�+
ΣPC′F = ΣF, DV = DPAV.
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M K&�YTX 2.1 ���$Æ�$��AIÆY7��� D1Y PC′F1 =_�<=�
DY F (��YTX 2.3, ^ D1A−K �= c(DA−K), |c| ≤ 1, D1Y PC′F1 =_�<=� DY F ;
`�HM�Y� µ(K ′) �⊆ µ(A′), DA �= K, D1A �= K, @� D1 ���HX

D1A − K = c(DA − K)(D1 = cDA + (1 − c)K,

aW c = 1 [Y<b�ZL[ R(D1Y PC′F1, B, σ2) ≡ R(DY F, B, σ2).

3 L2 CDEFGH
IJ 3.1 �7;� DY F + M ∈ L2, DY PC′F + MPL′ ∈ L2, )��: (B, σ2) ∈ Θ , <

R(DY F + M, B, σ2)

= R(DY F, B, σ2) + MM ′ + (DA − K)BLM ′ + ML′B′(DA − K)′

≥ R(DY PC′F + MPL′ , B, σ2)

= R(DY PC′F, B, σ2) + MPL′M ′ + (DA − K)BLM ′ + ML′B′(DA − K)′,

)ST*F��&'�)

ΣPC′F = ΣF )M = MPL′ . (3.1)

IJ 3.2  S, G $%) t × q, k × t ��.�6 H = SBG + G′B′S′, ;9" q × k �

�. B �= 0, =� H �= 0 ��&'�+ S �= 0 ) G �= 0 .
M K&�XZ�^Æ�$��A_ÆY9" B0 �= 0, =� SBG F[�:.(��Y

� St×q = (s1, s2, · · · , st)′ �= 0, Gk×t = (g1, g2, · · · , gt) �= 0, ^9" i, =� si �= 0, gi �= 0, ,
B0 = si · g′i �= 0, ;<

e′iSB0Gei = e′iS · (sig
′
i) · Gei = s′isi · g′igi �= 0.

^\�K9" i �= j, =� si �= 0, gj �= 0 ) sj = 0, gi = 0, , B0 = si · g′j �= 0, ;<
e′iSB0Gej = e′iS · (sig

′
j) · Gej = s′isi · g′jgj �= 0,

e′jSB0Gei = e′jS · (sig
′
j) · Gei = s′jsi · g′jgi = 0,

(< e′iSB0Gej �= −e′jSB0Gei, ] SBG F[�:�

IJ 3.3  DA = K, ; DY F + M
L2∼ KBL ��&'�+

ΣPC′F = ΣF, DV = DPAV, (3.2)

M = 0. (3.3)

M K&�+XZ��A_@;�
R(DPAY PC′F, B, σ2)

= σ2tr(L′[(CE+C′)+ − I]L)K[(A′T +A)+ − I]K ′

≤ σ2tr(F ′ΣF )DV D′ + MM ′

= R(DY F + M, B, σ2),
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=Z DPAY PC′F #�<=� DY F .
$Æ�$��AIÆY7��� D1PAY PC′F1 + M =_�<=� DY F + M (��

R(D1PAY PC′F1 + M1, B, σ2)

= σ2tr(L′[(CE+C′)+ − I]L)D1PAV P ′
AD′

1 + M1M
′
1 + (D1A − K)BLL′B′(D1A − K)′

+(D1A − K)BLM ′
1 + M1L

′B′(D1A − K)′.

^ D1A �= K, RÆ D1PAY PC′F1 + M1 =_�<=� DY F + M ; ^ D1A = K, ;<
R(D1PAY PC′F1 + M1, B, σ2)

= σ2tr(L′[(CE+C′)+ − I]L)K[(A′T +A)+ − I]K ′ + M1M
′
1.

XZ^ M1 �= 0, ; D1PAY PC′F1 + M1 =_�<=� DY F + M ; ^ M1 = 0, ;
R(D1PAY PC′F1 + M1, B, σ2) ≡ R(DY F + M, B, σ2).

IJ 3.4  DA �= K, ; DY F + M
L2∼ KBL ��&'�+

ΣPC′F = ΣF )M = MPL′ , (3.4)

DY F
HL2∼ KBL. (3.5)

M YTX 3.1, (3.4) [+K&��]�" (3.4) *F�Ac$�ÆY

DY F + M
L2∼ KBL ⇐⇒ DY F

HL2∼ KBL.

K&��^��: (B, σ2) ∈ Θ , <

R(D1Y PC′F1, B, σ2) ≤ R(DY F, B, σ2),

;K<
D1V D′

1 ≤ DV D′, (3.6)

∀Bq×k, (D1A − K)BLL′B′(D1A − K)′ ≤ (DA − K)BLL′B′(DA − K)′. (3.7)

YTX 2.2, D1A − K = c(DA − K), |c| ≤ 1, ;<
R(D1Y PC′F1 + cM, B, σ2)

= σ2tr(L′[(CE+C′)+ − I]L)D1V D′
1 + c2[(DA − K)BL + M ][(DA − K)BL + M ]′

≤ σ2tr(L′[(CE+C′)+ − I]L)DV D′ + [(DA − K)BL + M ][(DA − K)BL + M ]′

= R(DY F + M, B, σ2).

C DY F + M
L2∼ KBL, K< D1V D′

1 = DV D′ ) |c| = 1, ^Z

R(D1Y PC′F1, B, σ2) ≡ R(DY F, B, σ2).
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�$��^��: (B, σ2) ∈ Θ , <

R(D1Y PC′F1 + M1, B, σ2)

= σ2tr(L′[(CE+C′)+ − I]L)D1V D′
1 + (D1A − K)BLL′B′(D1A − K)′

+(D1A − K)BLM ′
1 + M1L

′B′(D1A − K)′ + M1M
′
1

≤ R(DY F + M, B, σ2)

= σ2tr(L′[(CE+C′)+ − I]L)DV D′ + (DA − K)BLL′B′(DA − K)′

+(DA − K)BLM ′ + ML′B′(DA − K)′ + MPL′M ′, (3.8)

;K<
D1V D′

1 ≤ DV D′,

∀Bq×k, (D1A − K)BLL′B′(D1A − K)′ ≤ (DA − K)BLL′B′(DA − K)′.

2`YTX 2.2, D1A − K = c(DA − K), |c| ≤ 1, ;<
R(D1Y PC′F1, B, σ2)

= σ2tr(L′[(CE+C′)+ − I]L)D1V D′
1 + c2(DA − K)BLL′B′(DA − K)′

≤ σ2tr(L′[(CE+C′)+ − I]L)DV D′ + (DA − K)BLL′B′(DA − K)′

= R(DY F, B, σ2).

C DY F
HL2∼ KBL, ;K< D1V D′

1 ≤ DV D′ ) |c| = 1. $MAÆ c = 1 �AC� c = −1 �
AC�BadJ�

R∗(B, σ2)
�
= R(D1Y PC′F1 + M1, B, σ2) − R(DY F + M, B, σ2)

= (DA − K)BL(M1 − M)′ + (M1 − M)L′B′(DA − K)′ + M1M
′
1 − MPL′M. (3.9)

$8OAc?>�
(1) LM ′

1 �= LM ′, ( L(M1 − M)′ �= 0, YTX 3.2, 9" B0, =�

J = (DA − K)B0L(M1 − M)′ + (M1 − M)L′B′
0(DA − K)′ �= 0.

@;� J )�:.�]K< αt×1 �= 0, =� α′Jα �= 0, L[^ α′Jα > 0, , B = mB0; ^
α′Jα < 0, , B = −mB0, �RÆY

α′R∗(B, σ2)α → +∞, m → +∞,

?Q (3.8) [e_�
(2) LM ′

1 = LM ′, S\` PL′M ′
1 = PL′M ′. ^ PL′M ′ = 0, ;K< M1 = 0, \;

R∗(B, σ2) = M1M
′
1 ≥ 0 Q (3.8) [e_�ZL[

R(D1Y PC′F1 + M1, B, σ2) ≡ R(DY F + M, B, σ2).

^ PL′M ′ �= 0, Y PL′M ′
1 = PL′M ′ < M ′

1 = P−
L′PL′M ′, @;� PL′ )bc.�9"Pf

. Q, =�

PL′ = Q

(
Ir 0
0 0

)
Q′, P−

L′ = Q

(
Ir N1

N2 N

)
Q′, r = rk(L),
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�0 N1, N2, N )dW�-��.��R�e
R∗(B, σ2) = M1M

′
1 − MPL′M ′ = M(P−

L′PL′)′(P−
L′PL′)M ′ − MPL′M ′

= MQ

(
N ′

2N2 0
0 0

)
Q′M ′ ≥ 0.

XZ^ N2 �= 0, ;Q (3.8) [e_aZW N2 = 0 [�<

R(D1Y PC′F1 + M1, B, σ2) ≡ R(DY F + M, B, σ2).

7J 3.1 "� (1.1) 6#�.- (1.2) $� DY F + M
L2∼ KBL ��&'�+

i) PC′F = F, DV = DPAV ;
ii) DA = K, M = 0 ?= DA �= K, M = MPL′ , )�7; a ∈ (0, 1), <

g(a, D) = DAHA′D′ − KHK ′ + a(DA − K)H(DA − K)′ ≥ 0

=*F�

N 3.1 ^ C = F = L = I, ���A]� (Y, XB, σ2Σ ⊗ V ) $�DY + M ∼ SB ��

&'��f%`�, C = F = L = 1, �\��( [2] �-X 1.

7J 3.2 ^ µ(L) ⊆ µ(C) C µ(K ′) �⊆ µ(A′), L[ KBL =���; DY F + M
L2∼ KBL

��&'�+

ΣPC′F = ΣF, DV = DPAV )M = MPL′ .

N 3.2 ?Dbg�ÆYHcgd�/!��� Q��� �FLG��QLG��
Q+��%��hh�-X 2.1 Q( [1, 6] C[NVK�<�Z-X 3.1 Q( [2, 7] e �
<�A+/Q�'� M = MPL′ , ?�'�fR& [7]. �R1g�^ L′ $C>�L'�+K
I�aZW L′ JC>[�'�SZCK�?[�G8C[Nhi�<�

T U V W
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ADMISSIBILITY FOR LINEAR ESTIMATES OF

THE REGRESSION COEFFICIENTS

IN THE GENERAL GROWTH CURVE MODEL

LIU Gang

(School of Information, Renming University of China, Beijing 100872)

ZHANG Shangli

(School of Science, Beijing Jiaotong University, Beijing 100044)

Abstract In this paper, the admissibility for linear estimates of regression coefficients
in the general growth curve model is discussed under the matrix loss function, necessary and
sufficient conditions for linear estimates to be admissible are obtained for some homogenous and
nonhomogenous linear estimates class, respectively, which extend some results in literatures.

Key words Growth curve model, linear estimator, admissibility.
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