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1 * +
� (X, ρ) �������� ρ ����� S = {x0, x1, · · · , xn} � X ,� n + 1 ���

�� (X ,��-��), {yi : i = 0, 1, · · · , n} ⊂ R, ���

{(x0, y0), (x1, y1), · · · , (xn, yn)} (1)

���-�Æ� f : X → R, !". f(xi) = yi(i = 0, 1, · · · , n), #$��� f ��-�Æ
(1) ����-���%� �&�'(�) N(x) ".�*

N(xj) = yj , j = 0, 1, · · · , n,

 ! N(x)��Æ (1)���+,�-�)�%�!-""##$ ε, �&�'(�) Na(x),
.$

|Na(xj) − yj | < ε, j = 0, 1, · · · , n,

 � Na(x) �%%�Æ (1) ���/&�-�)�
�� R 0#'�(1�$ σ &�� Sigmoidal �$�%�)".�*

lim
x→−∞σ(x) = 0, lim

x→+∞σ(x) = 1.

/23�'(�)'/*�-+Æ�/�'(�)45*,-�.67�/��(8)
9012�%0 (*: [1–8]). Shrivatava * Dasgupta[9] �+,�$ φ(x) �!$ Sigmoidal
�$ S(x) = 1

1+e−x ;�"-<+,�-�) �3�.$4=� Ito * Saito[10] 4=</

+,�$ φ �0>� Sigmoidal �$;�+,�-�)� ���?1�@5AB+,�-
* �C1D��2E (60873206) �6FG1D��2E (Y7080235) 23H73
I4JK52007-05-15, I6874JK52008-10-08.
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�)�:;N�;O<��%��P�Æ�<A/&�-�)�.6� Sontag � [11] ,=
>5=?�+Æ�4/� Llanas* Sainz[12] �+,�$�0>� Sigmoidal �$��*@�
"-Q>&�+,�-�) �3�.$4=�AB [13] !%�?� Sigmoidal +,�$@
d C Euclid ��,��-�Æ�ABCD<+,�-@/&�-�DE>&�'(�)�
EABF:)�!RF�$�'/GG�5-'(�)�-*�?.$HHS�-�Æ6
G��AB [7] ��?�����,.6�)��-*'/+ÆIJ-KI%AB [14] �L
M�J=KT��L�+,�$ gj(x), �����,CD+,�-*/&�-�)�E-/
'/�����RF���

U# K � X ,�VN�! δ > 0, W s(x, δ) = {y : y ∈ X, ρ(y, x) < δ}, M ⋃
x∈K

s(x, δ) ⊃ K

O K �V3N�!% K  �(OPQ�R( {x0, x1, · · · , xn} ⊂ K ".
n⋃

i=0

s(xi, δ) ⊃ K.

X ϕ(t) : [0, +∞) → R, DS>Y�!". ϕ(0) = 1, lim
t→+∞ϕ(t) = 0. !% A > 0, PO�

� {x0, x1, · · · , xn}, W

gi(x, A) =
ϕ(Aρ(x, xi))

n∑
j=0

ϕ(Aρ(x, xj))
, i = 0, 1, · · · , n, x ∈ X.

7%% gj(x, A) �Q38T
N(x) =

n∑
j=0

cjgj(x, A), (2)

 N(x) ZP4B��� 4 >&�'(�)�[RIU 1 >�S\>�S\� x(x ∈ X), U
2 >���TV4>�] x W� ρ(x, xj), :;S\�N*�-^�����!7�U 3 >�
S\�U 3 >@( n + 1 �'(U�U j �'(U�+,�$� gj(x, A), U 4 >�S->�
S-N� N(x).

/ ϕ(t) = e−t ;�$X�'(�)R�AB [15] ,CD�'(�)�AB [7] >5<Y
;�-'(�)� �3O�� C(K) ,�Z_3�ÆA!".0V�*��? ϕ(t) TW
>5�$X�-'(�)� �3�E"-GGF:�R4$@`#4�

9: 1.1 � (X, ρ) ������ K � X �V;N� {x0, x1, · · · , xn} ⊂ K ��-�
�� d = min

1≤i,j≤n,i�=j
ρ(xi, xj), A∗ ". 0 < ϕ(A∗d) < 1

n ,  !#'� [0, +∞) → R 0DS>Y

!". ϕ(0) = 1, lim
t→+∞ϕ(t) = 0 ��$ ϕ(t), A > A∗ O f ∈ C(K), X% (2) �+,�-'(

�) ��

9: 1.2 � (X, ρ) ������ K � X �V;N� S = {x0, x1, · · · , xn} ⊂ K ��

-���! n⋃
i=0

s(xi, δ) ⊃ K, d = min
1≤i,j≤n,i�=j

ρ(xi, xj), A∗ ". 0 < ϕ(A∗d) < 1
2n ,  !#'�

[0, +∞) → R 0DS>Y!". ϕ(0) = 1, lim
t→+∞ϕ(t) = 0 ��$ ϕ(t), A > A∗, P S ��-

��X% (2) ��-'(�) N(x) ! f(x) ∈ C(K), (%@GGF:

‖N(x) − f(x)‖∞ ≤ 2nϕ(Ad)
1 − 2nϕ(Ad)

‖f‖∞ + 2n‖f(x)‖∞ϕ(2Aδ)
ϕ(Aδ)

+ ω(f, 2δ),
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�, ‖f‖∞ = max
0≤i≤n

|f(xi)|, ‖f(x)‖∞ = max
x∈K

|f(x)|, 1

ω(f, δ) = sup
x,y∈K,

ρ(x,y)≤δ

|f(x) − f(y)|

��$ f �RF[�

M#4 1.2ZN�/+,�$ ϕ(t)". lim
t→+∞

ϕ(2t)
ϕ(t) = 0;�! f(x) ∈ C(K)O-"� ε > 0,

 ��-�� {xi}n
i=0 O A∗, / A > A∗ ;�!,��-'(�)". ‖N(x) − f(x)‖ < ε.

R�-'(�)� C(K) ,Z�
cd0�∀ε > 0, \� f(x) �VN K 0�RF���]P � δ > 0, .$ ω(f, 2δ) < ε

3 .

!Y δ, M% K V�[ K , �(O δ � {xi}n
i=0, R

n⋃
i=0

s(xi, δ) ⊃ K. e {xi}n
i=0 ��-�

�� n, d, δ ,#�/ A → +∞ ;�#4 1.2 F:S,U�H\U]Hfg�% 0, [ �
A∗, / A > A∗ ;�(

2nϕ(Ad)
1 − 2nϕ(Ad)

‖f‖∞ <
ε

3
, 2n‖f(x)‖∞ϕ(2Aδ)

ϕ(Aδ)
<

ε

3
.

^1 ‖N(x) − f(x)‖ < ε.
^B_�/ ϕ(t) = e−t ;���(

<= 1.1 / A > ln 2n
d ;�+,�-'(�) ��!(GGF:

‖N(x) − f(x)‖∞ ≤ 2ne−Ad

1 − 2ne−Ad
‖f‖∞ + 2ne−Aδ‖f(x)‖∞ + ω(f, 2δ).

2 >?@AB
9: 1.1 CDE F_4=Q3L`8

N(xi) =
n∑

i=0

ci
ϕ(Aρ(xi, xj))

n∑
j=0

ϕ(Aρ(xi, xj))
= f(xi), i = 0, 1, 2, · · · , n

(B�RF_4!,`$ha

M =

⎡
⎢⎢⎢⎣

m00 m01 · · · m0n

m10 m11 · · · m1n

...
... · · · ...

mn0 mn1 · · · mnn

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

1+
n∑

i=1

ϕ(Aρ(x0,xi))

ϕ(Aρ(x0,x1))

1+
n∑

i=1

ϕ(Aρ(x0,xi))

· · · ϕ(Aρ(x0,xn))

1+
n∑

i=1

ϕ(Aρ(x0,xi))

ϕ(Aρ(x1,x0))

1+
n∑

i=0,i�=1

ϕ(Aρ(x1,xi))

1

1+
n∑

i=0,i�=1

ϕ(Aρ(x1,xi))

· · · ϕ(Aρ(x1,xn))

1+
n∑

i=0,i�=1

ϕ(Aρ(x1,xi))

...
... · · · ...

ϕ(Aρ(xn,x0))

1+

n−1∑
i=0

ϕ(Aρ(xn,xi))

ϕ(Aρ(xn,x1))

1+

n−1∑
i=0

ϕ(Aρ(xn,xi))

· · · 1

1+

n−1∑
i=0

ϕ(Aρ(xn,xi))

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Zi�

M%

mii =
1

1 +
n∑

j=0,j �=i

ϕ(Aρ(xj , xi))
≥ 1

1 + nϕ(Ad)
≥ 1

1 + nϕ(A∗d)
>

1
2
,

n∑
j=0,j �=i

mij =

∑
j �=i

ϕ(Aρ(xj , xi))

1 +
∑
j �=i

ϕ(Aρ(xj , xi))
= 1 − mii <

1
2
,

]P�mii −
∑
j �=i

mij > 0, RhaM !jbc�%�M Zi�RQ3L`8(B�^1��
-'(�) ��

9: 1.2 CDE �WALa�W

gi(x, A) =
ϕ(Aρ(x, xi))

n∑
j=0

ϕ(Aρ(x, xj))
, fi = f(xi),

 ! x ∈ K, (

N(x) − f(x) =
n∑

i=0

cigi(x, A) − f(x) =
n∑

i=0

(ci − f(x))gi(x, A)

=
n∑

i=0

(ci − fi)gi(x, A) +
n∑

i=0

(fi − f(x))gi(x, A)

=
n∑

i=0

(ci − fi)gi(x, A) +
∑

xi /∈s(x,2δ)

(fi − f(x))gi(x, A)

+
∑

xi∈s(x,2δ)

(fi − f(x))gi(x, A) = I1 + I2 + I3.

�

f = (f0, f1, · · · , fn)T, C = (c0, c1, · · · , cn)T,

 M

MC = f O If = f ,

(

C − f = (M−1 − I)f .

0"X

|mii − 1| = |1 − gi(xi, A)| =

∑
j �=i

ϕ(Aρ(xj , xi))

1 +
∑
j �=i

ϕ(Aρ(xj , xi))
≤ nϕ(Ad)

*

|mij | =
ϕ(Aρ(xj , xi))

1 +
∑
j �=i

ϕ(Aρ(xj , xi))
≤ ϕ(Ad), j �= i.
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]P

‖M − I‖∞ = max
0≤i≤n

(∑
j �=i

|mij | + |mii − 1|
)
≤ 2nϕ(Ad) ≤ 2nϕ(A∗d) < 1.

[k-

M−1 = [I + M − I]−1 = I + (I − M) + (I − M )2 + · · · + (I − M)n + · · · ,

$X

‖M−1 − I‖∞ ≤ ‖I − M‖∞ + ‖I − M‖2
∞ + · · · + ‖I − M‖n

∞ + · · ·
=

‖I − M‖∞
1 − ‖I − M‖∞ ≤ 2nϕ(Ad)

1 − 2nϕ(Ad)
,

]P

‖C − f‖∞ ≤ ‖M−1 − I‖∞‖f‖∞ ≤ 2nϕ(Ad)
1 − 2nϕ(Ad)

‖f‖∞.

^1

|I1| ≤
n∑

i=0

|ci − fi|gi(x, A) ≤ ‖C − f‖∞ ≤ 2nϕ(Ad)
1 − 2nϕ(Ad)

‖f‖∞.

0"X/ xi /∈ s(x, 2δ) ;�M
n⋃

i=0

s(xi, δ) ⊃ K N� � i0 . x ∈ s(xi0 , δ), !(

gi(x, A) =
ϕ(Aρ(x, xi))

n∑
j=0

ϕ(Aρ(x, xj))
≤ ϕ(A2δ)

ϕ(Aρ(x, xi0 ))
≤ ϕ(2Aδ)

ϕ(Aδ)
,

]P

|I2| ≤
∑

xi /∈s(x,2δ)

|fi − f(x)|gi(x, A) ≤ 2‖f(x)‖∞
∑

xi /∈s(x,2δ)

gi(x, A) ≤ 2n‖f(x)‖∞ϕ(2Aδ)
ϕ(Aδ)

,

|I3| ≤
∑

xi∈s(x,2δ)

|fi − f(x)|gi(x, A) ≤ ω(f, 2δ)
∑

xi∈s(x,2δ)

gi(x, A) ≤ ω(f, 2δ).

G0�(

|N(x) − f(x)| ≤ 2nϕ(Ad)
1 − 2nϕ(Ad)

‖f‖∞ + 2n
ϕ(2Aδ)
ϕ(Aδ)

‖f(x)‖∞ + ω(f, 2δ).

M% x � K ,-e�[

‖N(x) − f(x)‖∞ ≤ 2nϕ(Ad)
1 − 2nϕ(Ad)

‖f‖∞ + 2n
ϕ(2Aδ)
ϕ(Aδ)

‖f(x)‖∞ + ω(f, δ).

#4 1.2 4b�
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3 HIJKL
� X = Rm, e

ρ(x, y) = ‖x − y‖2 =
( m∑

i=1

(xi − yi)2
) 1

2
, K =

m c︷ ︸︸ ︷
[0, 1]× [0, 1] × · · · × [0, 1] .

] m CDd#L5ld n eA�fAg nm �e m C#L5�P?fe#L5�,g��
-���R S = {x0, x1, · · · , xnm−1}. M%

nm−1⋃
i=0

s
(
xi,

√
m

2n
+ ε

)
⊃ K,

Y;( δ =
√

m
2n + ε O d = 1

n . ,-#4 1.2, EU� ϕ(t) hRF�X ε → 0, Z$
<= 2.2 / A > A∗ ;��, A∗ ". ϕ

(
A∗
n

) ≤ 1
2n , !0V�-'(�)(GGF:

‖N(x) − f(x)‖∞ ≤ 2nmϕ
(

A
n

)
1 − 2nmϕ

(
A
n

)‖f‖∞ + 2nm ϕ
(√

mA
n

)
ϕ
(√

mA
2n

)‖f(x)‖∞ + ω
(
f,

√
m

n

)
.

/ ϕ(t) = e−t, A > n ln 2n ;�(GGF:

‖N(x) − f(x)‖∞ ≤ 2nme−
A
n

1 − 2nme−
A
n

‖f‖∞ + 2nme−
√

mA
2n ‖f(x)‖∞ + ω

(
f,

√
m

n

)
.

 ! X = Rm, e
ρ(x, y) = ‖x − y‖∞ = max

1≤i≤m
|xi − yi|,

E! K *�-���eM*i5 2.2 jI� ( δ = 1
2n + ε, d = 1

n , Z$�-'(�)�G
GF:

‖N(x) − f(x)‖∞ ≤ 2nmϕ
(

A
n

)
1 − 2nmϕ

(
A
n

)‖f‖∞ + 2nm‖f(x)‖∞
ϕ
(

A
n

)
ϕ
(

A
2n

) + ω
(
f,

1
n

)
.
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ESTIMATIONS OF ERROR FOR INTERPOLATION NEURAL

NETWORKS IN DISTANCE SPACES

XU Shiying CAO Feilong

(Department of Information and Mathematics Sciences, China Jiliang University, Hangzhou 310018)

Abstract This paper deals with the interpolation and approximation of neural networks
in distance spaces. First a class of generalized activation function and is introduced a simple
method is used to prove the existence of interpolation networks in the distance spaces. And then
the estimates of error for the interpolation neural networks approximating continuous function
is given.

Key words Neural networks, interpolation, approximation, estimations of error.


