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1 ��&'�
������( [1−4]  )�*!�+�",�� #!$%+�&' � (-"#

 "$(.)*/0&'+!+�(1 )�%2,--34 .5/&' [5] 6!�+�
(0)7*1%-2 +8(()�,39!�+�",�� #!$%+�&' (0
� ((&' [6] 639!�+�1%--2 +8((45,39!�+�",�� #
!$%+�&' -0� (/:.(6&5;639!�+�/2*0)7 +8(()
�,!�+�",�� #!$%+�&' 70�1 [7].

6&8!�+�29:/2*3$ +8;6<� 4,((<5,3$!�+�"
,�� #!$%+�&' 70�1=67=� �1(45,#!$%��  8>
> 1?4,(6& @A29;B9,&' [5, 7] ? @A@A/

: (E, d) % m ; Polish <C( B(E) D= E ? Borel BE>?( P (E) D=�4
6 B(E) -@C6 [0,1] - #!$%>?( {µ0; µn, n ∈ N} A P (E) ? #!$%D/
M(E) D= E - 3$!�>?(N D=>?EB�FF EG/ Ac D=3$E A  G
E/C {Sn ⊂ B(E), n ∈ N}, H

lim sup
n→∞

Sn :=
{
x ∈ E : x = lim

k→∞
xnk

, xnk
∈ Snk

, ∀k ∈ N
}
. (1)
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P� 1.1 : {(fn, µn) : n = 0, 1, 2, · · ·} A M(E) × P (E) ? BE(8*R3 ε > 0,
R63$E Kε ⊂ E ST� bε > 0, SU

i) fn(x) ≥ −bε, ∀x ∈ Kε; (2)

ii)
∫

E\Kε

| fn(x) | µn(dx) < ε, n = 0, 1, 2, · · · . (3)

QV#!$%D {µ0; µn, n ∈ N} ",!�D {f0; fn, n ∈ N} A�(1%TU W8#!$
%D {µ0; µn, n ∈ N} ",!�D {−f0;−fn, n ∈ N} A�(1%TU (QV#!$%D
{µ0; µn, n ∈ N}",!�D {f0; fn, n ∈ N}A�-1%TU W8#!$%D {µ0 ; µn, n ∈ N}
",!�D {f0; fn, n ∈ N}X�-1%TUR�(1%TU(QV#!$%D {µ0; µn, n ∈ N}
",!�D {f0; fn, n ∈ N} A�1%TU /

P� 1.2 [8] : {f0; fn, n ∈ N} A M(E) ? !�D(8*R3 x0 ∈ E, xn → x0, -
lim inf
n→∞ fn(xn) ≥ f0(x0),

QV fn (0)7� , f0 W8 −fn (0)7� , −f0, QV fn -0)7� , f0; 8 fn

X-0)7R(0)7� , f0, QV fn )7� , f0.
6&-" Y6#V3Z[&' [4, 7–9]. \W]X5Y(6&Z[ !�\S3$!

�/

2 T�'U
A,]F6^VW�1 <5(^_`a<5(b �1/
PX 2.1 8 {f0; fn, n ∈ N} %1%(-2 !�D(* fn (0)7� , f0. :

{µ0; µn, n ∈ N} A P (E) - #!$%D(* µn
w−→ µ0. Q

lim inf
n→∞

∫
E

fn(x)µn(dx) ≥
∫

E

f0(x)µ0(dx). (4)

� Y, {f0; fn, n ∈ N}%1%(-2 !�D(_c2`((̂ _a�!� fn ≥ 0, n =
0, 1, 2, · · ·. *R34� Z[� M , N , C fM

n := fn ∧ M *�43$E
Gn

i :=
{

x ∈ E : fn(x) >
i

N

}
, i = 0, 1, 2, · · · , MN ;

Gi :=
{

x ∈ E : f0(x) >
i

N

}
, i = 0, 1, 2, · · · , MN.

_d\<
1
N

[ MN∑
i=0

µ0(Gi) + 1
]
≥

∫
E

fM
0 (x)µ0(dx) *

1
N

MN∑
i=0

µn(Gn
i ) ≤

∫
E

fM
n (x)µn(dx).

Y, fn (0)7� , f0, bc lim sup
n→∞

(Gn
i )c ⊂ (Gi)c. Y&' [5] �1 3, *e2 i, \-

lim inf
n→∞ µn(Gn

i ) ≥ µ0(Gi). .)
∫

E

fM
0 (x)µ0(dx) ≤ 1

N

[
MN∑
i=0

µ0(Gi) + 1

]
≤ 1

N

[
lim inf
n→∞

MN∑
i=0

µn(Gn
i ) + 1

]
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≤ lim inf
n→∞

∫
E

fM
n (x)µn(dx) +

1
N

. (5)

,% (5) hif* N @70(U

lim inf
n→∞

∫
E

fM
n (x)µn(dx) ≥

∫
E

fM
0 (x)µ0(dx).

^j_gh� �1(if* M @70(-

lim inf
n→∞

∫
E

fn(x)µn(dx) ≥ lim
M→∞

lim inf
n→∞

∫
E

fM
n (x)µn(dx) ≥

∫
E

f0(x)µ0(dx).

� 1 �1 2.1 29;B9,&' [5]  �1 5 =&' [7]  2k 2.
PX 2.2 8 µn

w−→ µ0, lm
i) 8 fn (0)7� , f0, *#!$%D {µ0; µn, n ∈ N} ",!�D {f0; fn, n ∈ N}

A�(1%TU (Q-

lim inf
n→∞

∫
E

fn(x)µn(dx) ≥
∫

E

f0(x)µ0(dx); (6)

ii) 8 fn -0)7� , f0, *#!$%D {µ0; µn, n ∈ N} ",!�D {f0; fn, n ∈ N}
A�-1%TU (Q-

lim sup
n→∞

∫
E

fn(x)µn(dx) ≤
∫

E

f0(x)µ0(dx); (7)

iii) 8 fn )7� , f0, *#!$%D {µ0; µn, n ∈ N} ",!�D {f0; fn, n ∈ N} A
�1%TU (Q-

lim
n→∞

∫
E

fn(x)µn(dx) =
∫

E

f0(x)µ0(dx). (8)

� i) Y#!$%D {µ0; µn, n ∈ N} ",!�D {f0; fn, n ∈ N}  �(1%TU((Q
* ε > 0, R63$E Kε ST� bε > 0, SU ∀x ∈ Kε n(-

fn(x) ≥ −bε, n = 0, 1, 2, · · · .
C f−bε

n := fn ∨−bε, Q |f−bε
n | ≤ |fn|, **2# x ∈ Kε, n = 0, 1, 2, · · · , - f−bε

n (x) = fn(x).
j_ (2) h(^_- ∣∣∣ ∫

E

fn(x)µn(dx) −
∫

E

f−bε
n (x)µn(dx)

∣∣∣
=

∣∣∣ ∫
E\Kε

[fn(x) − f−bε
n (x)]µn(dx)

∣∣∣
< 2

∫
E\Kε

|fn(x)|µn(dx) < 2ε, n = 0, 1, 2, · · · . (9)

Y fn (0)7� , f0, Q f−bε
n (0)7� , f−bε

0 * f−bε
n A1%(-2(R µn

w−→ µ0,
Y (4) h(-

lim inf
n→∞

∫
E

f−bε
n (x)µn(dx) ≥

∫
E

f−bε

0 (x)µ0(dx). (10)
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,%@G (9) h(-∫
E

fn(x)µn(dx) −
∫

E

f0(x)µ0(dx)

=
[ ∫

E

fn(x)µn(dx) −
∫

E

fn(x)−bεµn(dx)
]

+
[ ∫

E

fn(x)−bεµn(dx) −
∫

E

f0(x)−bεµ0(dx)
]

+
[ ∫

E

f0(x)−bεµ0(dx) −
∫

E

f0(x)µ0(dx)
]

≥
∫

E

fn(x)−bεµn(dx) −
∫

E

f−bε
0 (x)µ0(dx) − 2ε. (11)

(11) hifa* n @(70(^C ε → 0, ;j_ (10) h(-

lim inf
n→∞

∫
E

fn(x)µn(dx) ≥
∫

E

f0(x)µ0(dx).

ii) 8 fn -0)7� , f0, *#!$%D {µ0; µn, n ∈ N} ",!�D {f0; fn, n ∈ N}
A�-1%TU (Q −fn (0)7� , −f0 *#!$%D {µ0; µn, n ∈ N} ",!�D
{−f0;−fn, n ∈ N} A�(1%TU /Y�1 2.2 ? i), -

lim sup
n→∞

∫
E

fn(x)µn(dx) = − lim inf
n→∞

∫
E

−fn(x)µn(dx) ≥
∫

E

f0(x)µ0(dx).

iii) `aob�1 2.2 ? iii)  4,2�ob�1 2.2 ? i), ii)  4,(i< (6) h* (7)
h3U (8) h/

� 2 �1 2.2 29;B9,&' [7]  �1 1.
P� 2.3 : {(fn, µn) : n = 0, 1, 2, · · ·} A M(E) × P (E) ? BE(8

lim
R→+∞

lim inf
n→∞

∫
{x:fn(x)≤−R}

fn(x)µn(dx) = 0, (12)

QV {fn, n ∈ N} ",#!$%D {µn, n ∈ N} A(2c3&W8 {−fn, n ∈ N} ",#!
$%D {µn, n ∈ N} A(2c3&(QV {fn, n ∈ N} ",#!$%D {µn, n ∈ N} A-2
c3&W8 {fn, n ∈ N} ",#!$%D {µn, n ∈ N} X-2c3&R(2c3&(QV
{fn, n ∈ N} ",#!$%D {µn, n ∈ N} A2c3&/

PX 2.4 8 µn
w−→ µ0, *

∫
E f0(x)µ0(dx) R6(lm

i) 8 fn (0)7� , f0, * {fn, n ∈ N} ",#!$%D {µn, n ∈ N} A(2c3
&(Q-

lim inf
n→∞

∫
E

fn(x)µn(dx) ≥
∫

E

f0(x)µ0(dx); (13)

ii) 8 fn -0)7� , f0, * {fn, n ∈ N} ",#!$%D {µn, n ∈ N} A-2c3
&(Q-

lim sup
n→∞

∫
E

fn(x)µn(dx) ≤
∫

E

f0(x)µ0(dx); (14)
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iii) 8 fn )7� , f0, * {fn, n ∈ N} ",#!$%D {µn, n ∈ N} 2c3&(Q-

lim
n→∞

∫
E

fn(x)µn(dx) =
∫

E

f0(x)µ0(dx). (15)

� i) C Hn = {x : fn > −R}, H0 = {x : f0 > −R}, f−R
n := fn ∨ (−R), n = 0, 1, 2 · · ·, Y

fn (0)7� , f0, Q- lim sup
n→∞

Hc
n ⊂ Hc

0 , c µn
w−→ µ0, Y&' [5] �1 3, -

lim inf
n→∞ µn(Hn) ≥ µ0(H0). (16)

p2jb( f−R
n (0)7� , f−R

0 . Y (4) h(-

lim inf
n→∞

∫
E

f−R
n (x)µn(dx) ≥

∫
E

f−R
0 (x)µ0(dx). (17)

j_ (16) S (17), qr,&' [7] �1 2  <53U

lim inf
n→∞

∫
E

fn(x)µn(dx) ≥ lim inf
n→∞

∫
E

fn(x)I{x:fn(x)≤−R}µn(dx) +
∫

E

f0(x)µ0(dx). (18)

d3: {fn, n ∈ N} ",#!$%D {µn, n ∈ N}  (2c3&((j_ (12) h( (18)
hif* R @70(-

lim inf
n→∞

∫
E

fn(x)µn(dx) ≥
∫

E

f0(x)µ0(dx).

ii) Y {fn, n ∈ N} ",#!$%D {µn, n ∈ N}  -2c3&(a( {−fn, n ∈ N} "
,#!$%D {µn, n ∈ N} A(2c3&(ke�1 2.2 ii)  <5`U/

iii) `aob�1 2.4 iii)  4,2�ob�1 2.4 i), ii)  4,(;flb (13) h*
(14) h3U (15) h/

3 g��h'U
PX 3.1 8 µn

w−→ µ0, *R6",#!$%D {µ0; µn, n ∈ N} �1%TU !� g(x),
SU | fn(x) |≤ g(x), n = 0, 1, 2, · · · , lm

i) 8 fn (0)7� , f0, Q-

lim inf
n→∞

∫
E

fn(x)µn(dx) ≥
∫

E

f0(x)µ0(dx);

ii) 8 fn -0)7� , f0, Q-

lim sup
n→∞

∫
E

fn(x)µn(dx) ≤
∫

E

f0(x)µ0(dx);

iii) 8 fn )7� , f0, Q-

lim
n→∞

∫
E

fn(x)µn(dx) =
∫

E

f0(x)µ0(dx).
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� Y�1 2.2 a(ij<5#!$%D {µ0; µn, n ∈ N} ",!�D {f0; fn, n ∈ N} A
�1%TU m3/.A#!$%D {µ0; µn, n ∈ N} ", g(x) A�1%TU (QY�4
1.1 a(*R3 ε > 0, R63$E Kε ⊂ E ST� bε > 0, SU

| g(x) |≤ bε, ∀x ∈ Kε;

* ∫
E\Kε

| g(x) | µn(dx) < ε, n = 0, 1, 2, · · · .

RY, | fn(x) |≤ g(x), n = 0, 1, 2, · · ·, Q*-[ ε > 0 S3$E Kε ⊂ E ST� bε > 0,
^_-

| fn(x) |≤| g(x) |≤ bε, ∀x ∈ Kε; (19)

∫
E\Kε

| fn(x) | µn(dx) ≤
∫

E\Kε

| g(x) | µn(dx) < ε, n = 0, 1, 2, · · · . (20)

Y (19) hS (20) ha(#!$%D {µ0; µn, n ∈ N} ",!�D {f0; fn, n ∈ N} A�1
%TU /

�k 3.2 8 µn
w−→ µ0, *R6",#!$%D {µ0; µn, n ∈ N} TU )7!� g(x),

SU | fn(x) |≤ g(x), n = 0, 1, 2, · · ·, lm
i) 8 fn (0)7� , f0, Q-

lim inf
n→∞

∫
E

fn(x)µn(dx) ≥
∫

E

f0(x)µ0(dx);

ii) 8 fn -0)7� , f0, Q-

lim sup
n→∞

∫
E

fn(x)µn(dx) ≤
∫

E

f0(x)µ0(dx);

iii) 8 fn )7� , f0, Q-

lim
n→∞

∫
E

fn(x)µn(dx) =
∫

E

f0(x)µ0(dx).

� Y�1 3.1 a(ij<5#!$%D {µ0; µn, n ∈ N} ",!� g(x) A�1%TU
 /Y,#!$%D {µ0; µn, n ∈ N} ", g(x) ATU (QY&' [4] �4 1 a(*R3
 ε > 0, R6UE Kε ⊂ E, SU∫

E\Kε

| g(x) | µn(dx) < ε, n = 0, 1, 2, · · · . (21)

RY, g(x) )7(Q*-[ ε > 0 SUE Kε ⊂ E, C bε =: max
x∈Kε

|g(x)|, ^_-

|g(x)| ≤ bε, ∀x ∈ Kε; (22)

Y (21) h* (22) h(#!$%D {µ0; µn, n ∈ N} ",!� g(x) A�1%TU /
PX 3.3 8 µn

w−→ µ0, *
∫

E f0(x)µ0(dx) R6(lm
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i) 8 fn (0)7� , f0, *R6",#!$%D {µ0; µn, n ∈ N} (2c3& !
� g(x), SU fn(x) ≥ g(x), n = 0, 1, 2, · · · , Q-

lim inf
n→∞

∫
E

fn(x)µn(dx) ≥
∫

E

f0(x)µ0(dx); (23)

ii) 8 fn -0)7� , f0, *R6",#!$%D {µ0; µn, n ∈ N} -2c3& !
� g(x), SU fn(x) ≤ g(x), n = 0, 1, 2, · · · , Q-

lim sup
n→∞

∫
E

fn(x)µn(dx) ≤
∫

E

f0(x)µ0(dx); (24)

iii) 8 fn )7� , f0, *R6",#!$%D {µ0; µn, n ∈ N} 2c3& !� g(x),
SU | fn(x) |≤ g(x), n = 0, 1, 2, · · · , Q-

lim
n→∞

∫
E

fn(x)µn(dx) =
∫

E

f0(x)µ0(dx). (25)

� i) Y�1 2.4 a(ij<5#!$%D {µ0; µn, n ∈ N} ",!� g(x) A(2c3
&(/Y g(x) ",#!$%D {µn, n ∈ N} (2c3&(= fn(x) ≥ g(x), n = 1, 2, · · ·, .)
^_-

0 ≥ lim
R→+∞

lim inf
n→∞

∫
{x: fn(x)≤−R}

fn(x)µn(dx)

≥ lim
R→+∞

lim inf
n→∞

∫
{x: fn(x)≤−R}

g(x)µn(dx)

≥ lim
R→+∞

lim inf
n→∞

∫
{x: g(x)≤−R}

g(x)µn(dx) = 0.

,%
lim

R→+∞
lim inf
n→∞

∫
{x: fn(x)≤−R}

fn(x)µn(dx) = 0.

ii) Y g(x) ",#!$%D {µn, n ∈ N}  -2c3&(a( −g(x) ",#!$%
D {µn, n ∈ N} A(2c3&(ke�1 2.2 ? ii)  <5`U/

iii) `aob�1 3.3 ? iii)  4,2�ob�1 3.3 ? i) S�1 3.3 ? ii)  4,(;
flY (23) h* (24) hU5 (25) h/

4 lmnop�hqrs�qtu�v
PX 4.1 6 ∫

E
f0(x)µ0(dx) R6 4,(((�n[%1? 

i) µn
w−→ µ0;

ii) 8 fn (0)7� , f0, *!�D {fn, n ∈ N} ",#!$%D {µn, n ∈ N} (2
c3&(Q-

lim inf
n→∞

∫
E

fn(x)µn(dx) ≥
∫

E

f0(x)µ0(dx);
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iii) 8 fn -0)7� , f0, *!�D {fn, n ∈ N} ",#!$%D {µn, n ∈ N} -
2c3&(Q-

lim sup
n→∞

∫
E

fn(x)µn(dx) ≤
∫

E

f0(x)µ0(dx);

iv) 8 fn )7� , f0, *!�D {fn, n ∈ N} ",#!$%D {µn, n ∈ N} 2c3
&(Q-

lim
n→∞

∫
E

fn(x)µn(dx) =
∫

E

f0(x)µ0(dx).

� i)⇒ ii) iii) iv). Y�1 2.4 sB/
ii) iii) iv)⇒ i). ke&' [7] �1 3  <5`U/
PX 4.2 6 ∫

E
f0(x)µ0(dx) R6 4,(((�n[%1? 

i) µn
w→ µ0;

ii) 8 fn (0)7� , f0, *R6",#!$%D {µn, n ∈ N} (2c3& g(x),
SU fn(x) ≥ g(x), n = 1, 2, · · ·, Q-

lim inf
n→∞

∫
E

fn(x)µn(dx) ≥
∫

E

f0(x)µ0(dx);

iii) 8 fn -0)7� , f0, *R6",#!$%D {µn, n ∈ N} -2c3& g(x),
SU fn(x) ≤ g(x), n = 1, 2, · · ·, Q-

lim sup
n→∞

∫
E

fn(x)µn(dx) ≤
∫

E

f0(x)µ0(dx);

iv) 8 fn )7� , f0, *R6",#!$%D {µn, n ∈ N} 2c3& g(x), S
U | fn(x) |≤ g(x), n = 1, 2, · · ·, Q-

lim
n→∞

∫
E

fn(x)µn(dx) =
∫

E

f0(x)µ0(dx).

� i)⇒ ii) iii) iv). Y�1 3.3 sB/
ii) iii) iv)⇒ i). ]>qr,&' [7] �1 3  <5/
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LIMIT THEOREMS FOR THE INTEGRATION OF

MEASURABLE FUNCTION SEQUENCE

WITH RESPECT TO WEAK CONVERGENCE PROBABILITY

MEASURE SEQUENCE

HUO Yongliang

(Department of Mathematics and Computer Science, Chongqing University of Arts and Sciences,

Yongchuan Chongqing 402160; Department of Applied Mathematics, Xidian University, Xi’an 710071)

LIU Sanyang

(Department of Applied Mathematics, Xidian University, Xi’an 710071)

Abstract Limit theorems and dominated convergence theorems for the integration of
measurable function sequence with respect to weak convergence probability measure sequence
are studied and some new equivalent conditions of weak convergence of probability measure are
obtained.

Key words Limit theorem, dominated convergence theorems, weak equi-tight, uniformly
integrable.


