
� � � � � � �
J. Sys. Sci. & Math. Scis.
28(6) (2008, 6), 641–648

���	
��
�������

������
∗

� � �
(���������� Æ� 200062)

�� ���� m ����� (m ≥ 3) ���	� m ����������
	��	


�����
		�
�����	 �
�����	�
���
	�����
� O(n)−

2
9 .

!"# ��	�	���		�����

MR(2000) $%&'( 62E17

1 ) *
�������+��������� ����,!���"�X , �-�.� X #

�$��% �����/0"��&��'("� (����"�). %Æ��)� i �*

�& (Ui, Vi, δi, γi), i = 1, 2, · · · , n,  + Ui, Vi &����"� (!") P (Ui ≤ Vi) = 1), δi, γi

&+,�" ��"����1-��#!."#����//��"�#$Æ X �%&

�" ($%&�"�'�), 0 [1] 1%&��%(�2'3�4(�%&�"#%)'�*+
�)�,-)*5(. 0 [2] +6&/*,�%/��-2� +/.Æ-�/0#!�
71�2'3�%&�"�$Æ01�282, 9343/)��:.4;!�71�2
'3�%&�"$Æ0�<5=56�# O

(
ln ln n

n

)− 1
3 , 0 [3] +>�/*,�+6 ,#�

/)��37?���8@9A�/0 0 [4] 1%&4�6�:7;B%&�<= �0
80 [4] �/0C9�DA m 7;B%& (m ≥ 3), :E m 7;B%&#;>?F5G�%
&��71�2'3�<.&%&�"$Æ0�<5=5 

2 67 m 89:;<=

2.1 >?@ABCD
�0H=E0 [5] +�") 2.1 >") 2.3 >") 2.4 ?") 2.5, ,@ +�") 2.2 @

&.3�") 2.2.

* AABEFBFGICC
JDKDE2007-01-30.



642 L M E N O 	 N 28 F

@A 2.2 PGF0 X � (0, M1) �GHH-I m )7! x1, x2, · · · , xm, !Q3I#?
.��J P (X = x1) = P (X = x2) = · · · = 1

m , , x1, x2, · · · , xm I?. 
) x1 < x2 < · · · < xm, E x̂1 J+ x1 �$Æ�E x

(k)
1 J+3 x1 �� k �$Æ�KR�

L) x̂i ? x
(k)
i , M Z = (x1, x2, · · · , xm)T, Z(k) =

(
x

(k)
1 , x

(k)
2 , · · · , x(k)

m

)T

.

2.2 HIJKLMNOPQRSTU
1 Z = (x1, x2, · · · , xm)T S. �3 m )7�NT%&KU0 [4] �OL�PQ.3�
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i=1

αi(xj)pj
m∑
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, j = 1, 2, · · · , m. (2.1)
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j $ αi(Xj) #%)+,�"� (V& αi
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L, X i
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�$Æ $Æ Z = (x1, x2, · · · , xm)T �QX.3!
� 1 Q I Z = (x1, x2, · · · , xm)T �RY$Æ Z(1) =

(
x

(1)
1 , x

(1)
2 , · · · , x(1)

m

)T.
� 2 Q IY"W {an}, {cjn} (j = 1, 2, · · · , m) 9Z0 [4] + (2.7) W? (2.8) W 
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j + cj1, x
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65�� x
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m

)T
. (2.4)
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2.3 QR]^ {Z(k)} _`aSbD
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(k)
j ± cjk, M

M
(k)
j (yj) =̂ M

(k)
j
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(k)
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(k)
2 , · · · , x(k)

j−1, yj , x
(k)
j+1, · · · , x(k)

m
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= E
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x
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(k)
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(k)
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m
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_`5�" h(u, v) 9Z!3DA v, �∫ x1

0

h(u, v)du ≥ (m − 1)
∣∣∣ ∫ yj

xj

h(u, v)du
∣∣∣, j ≤ m − 1;
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xm

h(u, v)dv ≥ (m − 1)
∣∣∣ ∫ yj

xj

h(u, v)dv
∣∣∣, j ≥ 2.
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fd 2.1 _bL 2.1 �2'5d") 2.1 3") 2.6 IbX�`� Z(k) → Z, a.s.
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1
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1
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)
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1
6
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.
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jn
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= Bn +
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cjn
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j + cjn) − p̂j(x

(n)
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}

+
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j=1

a2
n

c2
jn

E(p̂j(x
(n)
j + cjn) − p̂j(x

(n)
j − cjn))2

≤ Bn +
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j=1

2an

cjn
(−cjnL)E(x(n)

j − xj)2 +
m∑

j=1

a2
n

c2
jn

≤ Bn(1 − 2anL) +
m∑

j=1

a2
n

c2
jn

= Bn

(
1 − 2L

n1−ε

)
+

m∑
j=1

1
n2(1−ε)−(1−2ηj)
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(
1 − 2L

n1−ε

)
+

m

n1+2(η−ε)
, η = min(η1, η2, · · · , ηm).

�0 [4] bL 2.1, �

lim
n→∞n2η−εBn ≤ m

2L
. (2.7)

45

Bn = O(n−(2η−ε)). (2.8)

 ��\^`� {Z(k)} �g^W {Z(kj), j = 1, 2, · · ·} 5HH 1 <5� Z. fI β 9Z

(2η − ε)−1 < β <
(1

2
− η + ε

)−1

. (2.9)

3Vg" k = 1, 2, · · ·, (V nk = [kβ ], �echd�GW

P (‖Z(nk) − Z‖ ≥ δ) ≤ E‖Z(nk) − Z‖2

δ2
=

O(k−β(2η−ε))
δ2

= O(k−β(2η−ε)). (2.10)

� (2.9) W� β(2η − ε) > 1, 45
∑

k−β(2η−ε) < ∞, #� Z(nk) → Z a.s.
4U�\^ {Z(n)} 5HH 1 <5� Z. 3 nk ≤ n < nk+1, �

‖Z(n) − Z‖ ≤ ‖Z(n) − Z(nk)‖ + ‖Z(nk) − Z‖

≤
nk+1∑
s=nk

‖Z(s+1) − Z(s)‖ + ‖Z(nk) − Z‖

≤
nk+1∑
s=nk

√√√√ m∑
j=1

a2
s

c2
js

+ ‖Z(nk) − Z‖

≤
nk+1∑
s=nk

√
m

s1+2η−2ε
+ ‖Z(nk) − Z‖. (2.11)
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�& nk+1 − nk = O(kβ−1), � β �fI (2.9) .
nk+1∑
s=nk

√
m

s1+2η−2ε
= O(kβ−1)

√
mk−β( 1

2+η−ε) (2.12)

= O
(
n(ε−η+ 1

2 )− 1
β
)

= o(1). (2.13)

@ (2.13) Wei (2.11) W�1 k → ∞  � ‖Z(n) − Z‖ → 0 a.s.
YfX�KR0 [4] +� (2.39) W� (2.11) W65fg!�J+b

‖Z(n) − Z‖ ≤ O(kβ−1)
√

mk−β( 1
2 +η−ε) + o(n−ϕ) a.s. (2.14)

 + ϕ 9Z 1−8ε
3 > ϕ > [1−8ε−σ(1+ε)]

3 > 0.
c0 [4] +<5=5�1%KR�6�3W(L 
fd 2.2 �bL 2.1 �2'5d") 2.1 3") 2.6 IbX�2'3�� (2.4) (V�]

0^W {Z(n)} �<5=59Z ‖Z(n) − Z‖ = o(n− 1
3 +σ).  + σ &%)65h�i�h" 

�� X �%&�"# F (t) =
∑

tj≤t

1
m , �g6(V F (t) �$Æ& F̂n(t) =

∑
t̂j≤t

1
m . (L

2.1 ?(L 2.2 <.&/)$Æ0�,i 
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3.1 >?@ABCD
@A 3.1 )PGF0 X �`5�" f(x) ?.�9Z A1 ≥ f(x) ≥ A0 > 0, f(x) �lh

# [0, M1],  + M1 &S.�� A0 ? A1 I#a" 

@A 3.2 PG]0 (U, V ) �`5�" h(u, v) ?.�9Z A2 ≥ h(u, v) > 0, (u, v) ∈ DH ,
DH = {(u, v) : 0 < u < v < M2},  + M2 65?.,-( M2 > M1, A2 &a" 

cd 3.1 _") 3.1 bX�`3DA<(�Vg" m, `�%)NT�PGF0 Y ,  
%&W& P (Y = ti) = 1

m (i = 1, 2, · · · , m), !Q�%&�" FY c X �%&�" FX 9Z
sup

t∈(0,∞)

|FX(t) − FY (t)| = 1
m .

3.2 mnop F (x) STUqras
) X #%)?F�PGF0�cPG]0 (U, V ) SX�!9Z") 3.1 ? 3.2, 3i(

�Vg" m, PQ X �%&�"�$Æ�� 

[�� 2 j�1%�VE*��65���bL 3.1 (V�NTPGF0 Y �IY$Æ
T̂ = {t0, t̂1, · · · , t̂m−1, tm}, �!� (2.14) W��

max
1≤j≤m

|t̂j − tj | = O(kβ−1)
√

mk−β( 1
2 +η−ε) + o(n−ϕ) = o(1) a.s. (3.1)

 +a" ϕ 9Z 1−8ε
3 > ϕ > [1−8ε−σ(1+ε)]

3 ,  + σ = 8ε
2−ε .

�� Y �%&�"# FY (t) =
∑

tj≤t

1
m , �g�6(V FY (t) �$Æ0&

F̂Y (t) =
∑
t̂j≤t

1
m

. (3.2)
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3%kY" t, �

|FX(t) − F̂Y (t)| ≤ 1
m

+ 2A1 max
i

|t̂i − ti|. (3.3)

� (3.1) W�3i(� m, lim
n→∞ sup

t∈(0,∞)

|FX(t) − F̂Y (t)| = 1
m .

 ��PQ m �&i("�3<(�*�" n, ") m = g(n), / j3kl�3,�
W\

m = g(n) → ∞, n → ∞ (3.4)

!

max
1≤j≤m

|t̂j − tj | → 0, n → ∞. (3.5)

9Z (3.4) ? (3.5) W� m #�`�ljkl#m(��mej3�3W(L 

fd 3.1 _") 3.13 3.2dXjW�$Æ T̂ = {t0, t̂1, · · · , t̂m−1, tm}�")IbX�)*
�"& n,Im = g(n) = n

1
5 , ε ∈ (0, 1

100 ), η = 1
2−2ε, β = 3

1+ε ,`� |FX (t)−F̂Y (t)| = O(n− 1
5 ).

 + F̂Y (t) =
∑

t̂j≤t

1
m � (3.2) W(V�# FX(x) �$Æ 

e 3%kY" t, � (3.3) W�

|FX(t) − F̂Y (t)| ≤ 1
m

+ 2A1 max
i

|t̂i − ti|

= n− 1
5 + 2A1 max

i
|t̂i − ti|. (3.6)

45�j3-n\^ max
j

|t̂j − tj | = o(n− 1
5 ) J6 

o(L 2.1, �

Bn+1 = E(Z(n+1) − Z)T(Z(n+1) − Z)

≤ Bn

(
1 − 2L

n1−ε

)
+

m

n1+2(η−ε)

= Bn

(
1 − 2L

n1−ε

)
+

1
n

9
5−6ε

.

�0 [4] bL 2.1 �

lim
n→∞n

9
5−6ε−(1−ε)Bn ≤ 1

2L
,

45

Bn = O(n−( 4
5−5ε)). (3.7)

1 nk ≤ n < nk+1  
(
M ∆ =

[
3

1+ε

] · [2
5 − 5

2ε − (1+ε)2

6

]
> 0.5 > 0

)

P
(
n

∆
β ‖Z(nk) − Z‖ ≥ δ

) ≤ n
2∆
β E‖Z(nk) − Z‖2

δ2

=
O(k−β( 4

5−5ε)+2∆)
δ2

= O(k−(1+ε)),
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J

‖Z(nk) − Z‖ = o
(
n−∆

β
)

a.s. (3.8)

1 nk ≤ n < nk+1  �

‖Z(n) − Z‖ ≤ ‖Z(n) − Z(nk)‖ + ‖Z(nk) − Z‖

≤
nk+1∑
l=nk

√
m

l1+2η−ε
+ ‖Z(nk) − Z‖

= o
(
n−

(
7
30− 17

6 ε− ε2
6

))
.

m

max
1≤j≤m

|t̂j − tj| ≤ ‖Z(n) − Z‖ = o
(
n−

(
7
30− 17

6 ε− ε2
6

))
= o

(
n− 1

5
)
. (3.9)

�(L 3.1 +�.0 g(n) = ns, ` s �%)Fnnp�/R#3,�(L 3.2.
fd 3.2 _(L 3.1 2'bX�)*�"& n, I m = g(n) = ns, ε ∈ (0, 1

100 ), η = 1
2 −2ε,

`�

1) max
1≤j≤m

|t̂j − tj | = o(n−∆1);

2) |FX(t) − F̂Y (t)| = O(n−s),  +

s ∈
(
0,

2
9
(1 − 9ε − ε2)

)
, ∆1 = 1 − 2ε − 1

2
s − 1

3
(1 + ε)(2 + ε). (3.10)

F̂Y (t) =
∑

t̂j≤t

1
m # FX(x) �$Æ 

e KR (3.7) W�� Bn = O(n−(1−s−5ε)), 45

P
(
n

∆
β ‖Z(nk) − Z‖ ≥ δ

)
≤ n2∆

β E‖Z(nk) − Z‖2

δ2
= O(k−β(1−s−5ε)+2∆).

_I ∆ 9Z
−β(1 − s − 5ε) + 2∆ = −(1 + 2ε), (3.11)

` (3.8) WbX oq�_I

β
(1

2
s + 3ε

)
− 1 = −(∆ + ε), (3.12)

` (3.9) W6J+&

max
1≤j≤m

|t̂j − tj | ≤ ‖Z(n) − Z‖ = O(k−1+β(3ε+ s
2 )) + o

(
n−∆

β
)

= o
(
n−∆

β
)
. (3.13)

@ (3.11) ? (3.12) ei (3.13) �(L��%o% r� ∆
β > s, � s ∈ (0, 2

9 · (1− 9ε− ε2)). 4
U�� (3.6) W�

∣∣FX(t) − F̂Y (t)
∣∣ ≤ 1

m
+

2
M1

max
i

|t̂i − ti| = n−s + o
(
n−∆

β
)

= O(n−s).
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t 1 �(L 3.2+�1 s = 1
5  �̀ � max

1≤j≤m
|t̂j−tj| = o(n− 1

5 ), |FX(t)−F̂Y (t)| = O(n− 1
5 ).

/R#(L 3.1 �/% 
t 2 %&�"$Æ0�<5=54p6& O

(
n− 2

9+σ
)
.
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THE ESTIMATION OF A DISTRIBUTION WITH INTERVAL

CENSORED DATA AND ITS CONVERGENCE RATE

DING Bangjun

(Department of Statistics, East China Normal University, Shanghai 200062)

Abstract Firstly, the result with binomial distribution is generalized to random variable
X with function P (X = xi) = 1

m for i = 1, 2, · · · , m. With this result, a procedure is proposed
to obtain an estimation of distribution function with continuous variable, the convergence rate
of the estimation is also obtained.

Key words Interval censored data, stochastic approximation, convergence rate.


