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Summary

A Large Deviation Principle (LDP) for a class of random processes depending
on a small parameter € > 0 is established. This class of processes arises from
a random perturbation of a dynamical system. Then, exponential estimates for
events of the type “not very large deviations” (deviations of order €*,0 < k < % )
are obtained. Finally, the wave front propagation, as € | 0, of the solution of
some initial-boundary value problems is analyzed; these problems are formulated
in terms of a reaction-diffusion equation whose diffusion coefficient is of order
% and the nonlinear term is of order ﬁ . The wave front is characterized in
terms of the action functional corresponding to the Large Deviation Principle
initially obtained.

Key Words: Action functional; large deviation; “not very large deviations”;
wave front propagation.

1 Introduction

This paper is concerned with a family of random processes (X; : t >
0) depending on a small parameter ¢ > 0 and satisfying the system of
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differential equations

Xf=b(X:,YF), X5=zecRY (1.1)
where b(z,y) = (b'(x,y), --,b%(z,9)), = € RY, y € R, is bounded as
well as are its first and second derivatives. We define Y7 = Y: where

(Y; : t > 0) is a random process whose trajectories are continuous with
probability one or have a finite number of discontinuities of first kind
on any finite interval. These conditions are sufficient (see Freidlin and
Wentzell(1984, Chapter 7, §1)) for system (1.1) having a unique solution
with probability one.

We assume that there exists a vector field b(z) in IR such that

. 1T - a
TETOO T/o b(z,Ys)ds =b(z), VxelRS, (1.2)

uniformly in z, with probability one. Under (1.2) the trajectories of
(X§,t > 0) converge, as € | 0, to the solution (Z;: ¢ > 0) of

ft = l_)(ﬂ_)t), To=2x € IRd. (13)
The convergence is in the space (C’[O,T] (IRY):; || - H) of the continuous

functions on [0, 7] with values in IRY, with the supremum norm || - || .

Problems related with deviations of order 1 (large deviations) have been
studied by Freidlin (1985a,1985b, 1976, 1972). Under some additional con-
ditions, he established a Large Deviation Principle (LDP) for the family of
random processes (X7 : ¢ > 0). In this set up the theory of Large Devia-
tions is described through an “action functional” Sor(v), ¢ € Cpo 1 (IRY)
which satisfies the following conditions:

(A.0) Compactness of the level sets: Vs >0, Vo € RY,

d(s) = {w € Comy(RY) : Sor () <5, 90 =x}

are compact sets.
(A.I) Lower bound: Vé > 0, Vy > 0, Vp € C[O,T](Rd), Jeg > 0 such
that

1
PAIX? = ¢l < 8} 2 exp{ =2 [Sor(e) +91}, 0 <<z
(A.II) Upper bound: V6 >0, Vy >0, Vs> 0, Jeg > 0 such that

P {por (X, 8(s)) > 0} < exp{—é(s - 7)} L O<e<ep
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Under conditions (A.0)-(A.II), one says that 1S,7(-) is the action func-

tional for the family of random processes (X; :¢ > 0). The term % is the

normalizing coefficient and S,r(-) is the normalized action functional.

Deviations of order /¢ (normal deviations) were studied by Khas’mins-
kii (1966). Taking into account the smoothness of b(x,y) and assuming
strong mixing conditions for (Y;:t > 0), he proved that

G == (1.4)

converges weakly, as ¢ | 0, to a Gaussian Markov process on [0,7]. The
precise assumptions for the function b(x,y) and the process (Y; : ¢ > 0)
may be found in Khas’minskii (1966) or in Freidlin and Wentzell (1984,
Theorem 3.1, Chapter 7).

In this paper we are mainly interested in the asymptotic behavior of
(Z; :t>0),as € | 0, where

X5 — 3y 1
Z8 =2t = —. 1.
; e 0<k< 5 (1.5)
It turns out that , V§ >0,
lim P{||X® —z || > 0"} = lim P{||Z;| > 6} = 0. (1.6)
el0 el0

Deviations of order £ of X°® from Z are called “not very large devi-

ations” or “moderated deviations”. Estimations for this kind of deviations
are obtained from the LDP for (Zf : ¢ > 0), which is the main result of

this paper.

Baier and Freidlin (1977) and Freidlin and Wentzell (1984, Chapter 7,
§7), considered “not very large deviations” when the initial condition is an
equilibrium point of the system (1.3). They studied the stability of the
solution of (1.1) in a neighborhood of order £ of the equilibrium point, as
€ 1 0. In this case, if 0 is the initial point, then 5(0) = 0 and the process
Z; becomes

X&
Z8 = 6—; (1.7)

The stability of “0” is characterized by the first exit time of (X} )¢>0
from D, = D.«. For 0 < k < % , the behavior of such random variable is
related to “not very large deviations” of (X§) from D, or, equivalently,
“large deviations” of Z; from D.

In Baier and Freidlin (1977) or in Freidlin and Wentzell (1984) a LDP
for this family of processes is enunciated and a suggestion for the proof of
the lower and upper bounds is given.
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By using the method suggested by Bailer and Freidlin (1977) we shall
establish a LDP for the family Z; in (1.5) when the initial point is not nec-
essarily an equilibrium point. These large deviations results are important
in the study of wave-type solutions for reaction-diffusions equations de-
pending on a small parameter (see Freidlin (1985a,b) and some extensions
in Carmona (1995 a)). In §5 of this paper we consider some examples.

In what follows we outline the main steps and state the main results
related with LDP in the more general situation, when the initial point of

the process in (1.1) is any = € R%.
From the smoothness of b(x,y) we may write

b(XE, YY) ds—fo Zs)ds
= J,[b a:s,Ys) — b(Zs)ds + [ B(Zs, YE)(XE —75)ds  (1.8)
+ Jor3(XE — 1) ds;

the matrix B(z,y) is given by

i

Bl (z,y) = 8bk (x,y), i, ke{l,2,---,d} (1.9)

and 7r2(-) is the rest of Lagrange in the Taylor’s expansion of b(z,y) in a
neighborhood of .
Let us define

e _ 1 b € 7( _ 1 bai €
= %/0 b(Zs, Y5) — b(Z,)] ds = %/o bz, Y) ds. (1.10)

Then Z; in (1.5) satisfies

r?(Xf — )

75 = v 4+ B(3y, YE) Z5 + s . ZE=0. (1.11)

Our first result is the LDP for the family of random processes E%_“nf;
the action functional is given in Theorem 1. Besides (1.2), we shall assume
the following conditions:

Condition B- 1 There exists a matriz A(x) = (Aij(x))ij=1,..a nonneg-
ative definite, symmetric, bounded, continuous in x , invertible, such that
for any step functions o, 1 : [0,T] — R,

lim, o e'72% lnEexp{ T fo < o, b(1hg, YE) > ds}

1.12
=3 fo < A(ys)as, as > ds. ( )
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Condition B- 2 Jty, 0 <ty <1 and a function o(t) >0 with o(t) — 0
as t | 0 such that

meosipsciey <! fIn Bexp {aratzry [T BE ) s}
= ljoo < +00
where for a d-dimensional vector b,
lnE{eXp(/ b)}
means
In E{exp([ b1)}
In E{exp(f ba)}
In E{exp(f ba)}
Condition B- 3 For some A >1— 2k, V§ >0,
lim.o e In P {SUPOStST ‘ ~[Y(B(&s, YE) — B(7s))
s fs B(Zy)dv 7 (114)
X [ elu T b(Zy, YY) duds| > 5} = —00
where B(z) satisfies
Bl (z) = 8—Bi = i / Bi(x,Ys) (1.15
p(z) = 3xk( —Tj}rloo k(T 15)

uniformly in x , with probability one.

Remark 1.1 Condition B-1 is equivalent to the existence of the limit in
(1.12) for every continuous functions « and .

In §3 we shall prove the following theorem:

Theorem 1.1 Under conditions B-1 and B-2, the action functional for
1
the family of random processes €2~ "n; is given by ﬁS&T(cp) , where

Lo S < ATNE) G s > ds, 0 acc
Sor(p) =14 2 | .
+0o0, in the rest of Cjor(IR%)
(1.16)
where A™Y(x) is the inverse matriz of A(x).
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Theorem 1.1 is an extension of a result obtained by Gértner (1976)
where he has considered a family of random processes converging weakly,
as € | 0, to a Wiener process in IR. He established sufficient conditions for
this family of random processes, conveniently re-scaled, to have the same
action functional as of the limit process in the new scale. In Theorem 1.1
we extend Gértner’s result in two ways: The space variable has dimension
d > 1 and the family of random processes 7; converges weakly, as ¢ | 0,
to a Gaussian process W, with independent increments, EW} = 0 (if we
assume the hypothesis for Khas’'minskii’s result being valid). It is worth
to observe that the weak convergence above cited is not an hypothesis of

Theorem 1.1.
The main result in this paper is the LDP for the family (Z7 : ¢ > 0) in

(1.5). In §4 we shall prove the following theorem:

Theorem 1.2 If conditions B-1, B-2, and B-3 are satisfied then the ac-
tion functional for (Z7 :t > 0) is given by ;%Q;SOT(QD) with

5o < ATHE) (@5 — B@s)ps), (95 — B(T:)ps) > ds,
Sor(p) = if @ is a.c.
+00, in the rest of Cjo ) (IRY)
(1.17)

where B(z) satisfies (1.15).

Theorem 1.2 provides the exponential estimates for probabilities of “not
very large deviations”. The asymptotics of such probabilities are essentially
different of the corresponding to “large deviations”. As in the case of
“normal deviations”, the study of deviations of order £ is reduced to the
study of deviations of the same order of the linearized system obtained
from (1.8).

Now we sketch the proof of Theorem 1.2. Firstly we consider the lin-
earized system

L E ~ ~
Y, = b(z, Y7) + Bz, YF) T3, T5=o0. (1.18)

We prove that, if El—EQgSOT(gp) is the action functional for g then it is
the action functional for Z; . Then we take a simplified linearized system

L€ - _ A N
T, =b(z, YY)+ B(z) Y;, Y5=0. (1.19)

It turns out that, under Condition B-3, % and g have the same action

functional. Finally, using Theorem 1.1, we prove that g has ﬁSOT(cp)

as its action functional. ) ) .
In §5 we study the asymptotics of the solution for a class of reaction-

diffusion equations depending on a small parameter € > 0, as € | 0. Using
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Theorem 1.1 and Theorem 1.2 we prove that the solution converges to a
wave-type function.

Wave-type solutions for reaction-diffusion equations have been studied
since 1930’s by Kolmogorov, Petrovskii, Piskounov (1937) (such equation
is called KPP equation), Aronson & Weinberger (1975), by using classi-
cal methods and later, after 1970, by Freidlin (1985b), Gértner (1982),
McKean (1975), and others, via stochastic approach. Freidlin (1985b)
introduced a small parameter € > 0 in the generalized KPP equation
whose diffusion coefficient became small, of order . He described the
wave front for the solution of certain class of problems, as ¢ | 0, by using

the Feynman-Kac formula and large deviations for some families of random
processes.

Carmona (1995a) generalized Freidlin’s work in one direction by in-
troducing a “fast variable” gy of order % in some initial-boundary value
problems for the equation

aua(ta$ay) 1 0% (t,z,y) 9%us (t,z,y)
5 —x o taumy) T
1
+<f(z,y,vf), veR, |y[<a, t>0.
In §5 of this paper, we consider problems of the type

Bu(t.o, 825t77 ous (t,x,
o) — L Owlon) L f(er,y,uf) + & b(eta,y) 2EEEY),

T € ]Rd, y € (—a, a)?

zga(O,:E,y) =g(x)

% y=ta =0

(1.20)
where 0 < k < %, b(x,y) satisfies the conditions specified in the intro-
duction of this paper, the initial function is nonnegative, continuous in the
interior of its support Go # R4, [(Go)] = [Go] where [A] is the closure of
A and (A) its interior]. For each pair x,y, the nonlinear term f(x,y,u)
belongs to the class F; (see Freidlin (1985a)), i.e., Va,y, f(z,y,-) € Ct,

c(x,y) = f'(x,y,0) = supy<,<; W > 0; we call ¢(x,y,u) = W

To analyze the solution u®(t,x,y) to this type of problem we shall use
the Feynman-Kac formula and “not very large deviations” for families of
random processes as in (1.1) or, equivalently, large deviations for families
of random processes as in (1.5) and (1.7). This is done, roughly speaking,
in the following way: To the differential operator

16 1 o)
LF=—— + —b(e" — 1.21

it is associated a random process (X, Yy ; Py,) where (Yy; P,) is a Brown-

ian motion on [—a,a] starting at y € (—a, a), with instantaneous reflection
at £a, YF=Y: and
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1t
Xf=z+ E_“/o b(e"XE,YE)ds, xe R (1.22)

Notice that the diffusion coefficient of the variable y is of order % ; SO

it is called "fast variable”. )
The Feynman-Kac formula allows us to express the solution of (1.20)

through the integral equation

1 t
wi(t,y) = By exp { g [ e X8V 5, X2 VE) ds

1.23
where EZ, is the expectation corresponding to the measure Py . (Usin;
the action functional for certain families of random processes as in (1.5)
and (1.7) one can verify that u®(¢,x,y) converges, as ¢ | 0, to a step
function u’(t,z,y) given by

1, V(t,z)>0, |y|<a
0 — ’ ’ ’
u (t,x,y)—{ 0, V(t,z) <0, |yl <a,

for some function V(¢,x) which will be specified in §5.

We emphasize that Baler and Freidlin(1977) and Freidlin and Wentzell
(1984, Chapter 7) considered the case when the averaged system starts
at an equilibrium position. We have considered a general starting point.
Although a long time has passed since the publication of Baler and Frei-
dlin(1977) the complete proof has never been published, as far as we know.
Only a short proof was provided by those authors. We give the complete
proof to the extended result. On the way of obtaining such complete proof
we needed extensions of LPD results in Gértner(1976) in directions de-
scribed in the manuscript. The proofs of such extensions are provided.
Using those generalizations we study propagation of traveling waves for an
equation of Kolmogorov-Petrovskii- Piskunov as extensions to the results
in Carmona(1995a, b).

2 Auxiliary Results
Proposition 2.1 If condition B-1 holds then Yz, o € RY,

limy oo T?* " 'InE  exp {T"" fOT < o, b(z,Ys) > ds}

=1<A@@a,a>. 1)

Proof: This equality follows from Condition B-1 by changing variables.
|
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The proof of the following proposition is similar to the one of Lemma
4.3, Chapter 7, in Freidlin and Wentzell (1984) and we omit it.

Proposition 2.2 Suppose that (Y; P,) is a homogeneous Markov process

with values in a compact set D C IR! and (2.1) holds uniformly in the
initial point y € (D), where (D) is the interior of D . Then, Condition
B-1 is satisfied.

Now we shall characterize a class of random processes (Y; : t > 0)

which satisfies conditions B-1 and B-2. o
For sake of completeness, first, we announce the conditions (L.1)-(L.5)

in Theorem 2.2 of Carmona (1995b) which are used next.

(L.1). (Y3; P,) is a homogeneous Feller-Markov Process.

(L.2). (Y3; P,) is uniformly stochastically continuous, i.e.,
V€>O,Py(|YS—Y}| >¢e)—0

as t — s — 0, uniformly in y € D and in s,t € [0,+00).

(L.3). The semigroup {T;}1>0 in (2.1) is strongly positive with respect to
the cone {f € Cp: f > 0}.

(L.4). For each h € Cp, the semigroup {Tt(h)}tzo in (I) below satisfies the
Feller condition, i.e., T Cp c Cp.

(L.5). For each h € Cp, {Tt(h)}tzo 18 a compact semigroup. Then, for any
B e,

1 _ t
lim —log E exp(/ Bh(Ys)ds) = H(5)
T—oo T 0
exists uniformly in y. Moreover, H([3) is differentiable and convex in (3.

Lemma 2.1 Let (Y3 Py) be a homogeneous Markov process on the phase
space (D,B(D)), D C R' compact, and B(D) the o-field of the Borel

subsets of D in the topology inherited from the Euclidean norm in IR'.
Assume conditions (L.1)-(L.5) above. Then, Condition B-1 is satisfied.

Proof: Let us suppose that b(0) = 0. For each a € IRY we introduce the
semigroup of operators

150 = Byf e { [ <a0.5) > as}, (1)

where f is a continuous numerical function on D .
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As we assumed its conditions, from Theorem 2.2 in Carmona (1995b)
we know that

. 1= T
qun}_loo T In £, exp {/0 < a,b(0,Ys) > ds} = Mo, (2.2)

where A(a) is the maximal eigenvalue of A%, the infinitesimal generator
of T. It is real and simple, differentiable and convex; the corresponding
eigenvector ¢ is positive, and |¢|| = 1. Moreover, T¢(y) = eMN¥ig(y).

Taking into account that 1 is the maximal eigenvalue of T} for a =0,
we have A(0) =0. On the other hand, from (2.2),

1T
Ma) > TETOOTE@’/O < a,b(0,Y,) > ds

. 1 T _ _
= < a,TEIJrrloo f/o Eyb(0,Y;)ds >=< o, b(0) > .

the last equality following from (1.2). Since b(0) = 0 we have A(a) >0,
for all o € IRY. Therefore N(0) =0 and

Ma) = = zd: PN s +o(a?) as ] — 0. (2.3)
2 =1 80@60@' J

Now, the compactness of D implies that 3K > 0 such that 0 < K <
#(y) <1, Vy € D. Then,

U () () < 2 (T 6))
=12\t a) + 2" Ling(y) < 251 In(T) "1) (y).

Hence, using (2.3) we get

ot 1 [ 1< 9%
Jm 7 In (Tt 1) (y) = 5”2231 e (0)aia;
-1 < Aa,a >
= ,

which is Condition B-1 in the case b(0) = 0.
When the initial point in (1.3) is not an equilibrium point, the argu-
ments are the same as above if one recall that

1
lim - [ b(z,Ys)ds=0, VzeRY wp. 1
t——+o0 t 0
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and then A\(z,a) >0, Vz,a. The matrix A(z) in Condition B-1 is given
by

1
— 5 Z aalaa] (z,0);. (2.4)

Let ¢ € Cloq)(IRY) be a step function, constant in [%T, #T], Jj =
0,1,2,---,r—1. For each a = (al,u' o) € (RY)", define

=5 Z < Ay a”l AR (2.5)

This function is convex, lower semi-continuous in «, Hd’(O) = 0,
HY(a) < 400, Ya. Let LY(B) be its Legendre transform:

LY(B) = sup, {< a, B> —Hd’(oz)}

=5 < AT )BT BT > B e (RY) (26)

This function is convex, lower semi-continuous, assuming values in
(—o00,+00], and it is not identically equal to +oo.
Define for each s >0,

¥(s) ={Be R :L¥(5) <s}

= {8 Y § o) < A7) #*, B! > <5 (2.7)

The following proposition is similar to Theorem 1.1, Chapter 5, in Frei-
dlin and Wentzell (1984) and we omit its proof.

Proposition 2.3 V6 >0, Vs > 0, 3ay, -, ay € (RY" such that

N

o (s) c N {5 <o, B> —HY () < s} C @' 45(s),

1=1

where @' 5(s) = {8 : dist(B3,®"(s)) < J}.

Let us define, for each z,a € R4

1
H(z,a) = 3 < Ax)o, a0 >= = Z Ajj (). (2.8)
i,j=1
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This function is convex in the second argument and jointly continuous (by
the hypothesis A(z) is continuous). Let L(x, 3) be its Legendre transform:

L(z. ) =sup{< @ > ~H(z,a)} = 5 < A" (@), >, fERE (29)

it is convex in ( and jointly lower semi-continuous in all variables.
For a:[0,T] — R4, let us define

Ge(a) =InE,exp §f0T Qy dﬁf} (2.10)

=InE, exp %IOT < oy, b(Ty, V) > dt}.

The process nj was introduced in (1.10). For v, = z;, Condition B-1
may be written as

1 1 (T
lim e!72%G. (1—a) = 5/ < A(Z) oy, ap > dt. (2.11)
0

el0 g2 hF

3 Proof of Theorem 1.1

In this part we shall prove that, under B-1 and B-2, conditions (A.O)-

(A.II) are fulfilled for the family of processes E%_“nf and the functional
in (1.16). This result is an extension of results obtained by Géartner (1976).
We shall use the same approach for proving it.

It is well known (see e.g., Freidlin and Wentzell (1984), Lemma 4.2,
Chapter 7) that the level sets of the functional Si;() in (1.16) are compact

sets. So condition (A.0) is verified. The following theorem gives condition
(A.I) (the lower bound).

Theorem 3.1 If conditions B-1 and B-2 are satisfied then ¥y > 0, V6 >
0, Vo € Cpo (RY), 0o =0, Jg¢ >0 such that

1o 1
Pt~ — ol < 8} 2 exp { - o5z [Shr() +4] ], 0<e < (B)

where n; s the process introduced in (1.10).

Proof: For sake of simplifying notation we assume 7' = 1. Let r > 0
be an integer and 7; be the random polygonal line with vertices at the
points £ and 75 =715, j=1,---,7. Let n=n(c) =r[X] and 7 be the
random polygonal line with vertices at % with 75 =75, j=1,---,n.

Notice that 75 =75, j=1,---,7.
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Let (@m)m=1,2,.. be a sequence of sets in C[O,l](]Rd) which will be
defined later. Then for any ¢ € Cjg (RY) and 6 >0,

P{lle2 "7 — || < 5}
> P{lle2~7 — ol < §} = P{lle ™" — 27| = 5}
> P{lle2™ — gll < 3} = P{TF ¢ Quie)
—P{llez™"nF — 2| 2 §, €27 € Que))
=L —1,—1Is.
(3.2)

Since ¢ is continuous, then for r sufficiently large and 0 < ¢’ < % we
have

1 ) 1
b= Pl — ol < 3} = P{ max b - g <5}

=17

Let ¢ € Cjo (RY) with S}, (¢) < +0o0 and @; be the polygonal line
with step % such that ¢x = ¢, k = 0,1,---,r. Then, ¢, is a step

function. Let us define

alt,) = 55,2, (3.3)

where L(z, ) was introduced in (2.9). Then

o (@ alta) = (34)

where H(x,«) is given in (2.8). Since @, is a step function then «(-,z) is
also a step function. Besides, a(t,z) is bounded because the matrix A(x)
and @, are bounded.

Now we apply Cramér’s method by introducing a new probability mea-
sure P¢ defined by

1

N 1 1 1
() = Bxsep { —— [ attan) drf - G (5—at.2)) |
c27F Jo g2k

where G(a) is given in (2.10). Hence,



28 Brazilian Journal of Probability and Statistics, 14, 2000

1_
P {maxkzl,...,r ”52 ’“‘?72 — Pk ” < 5/}
r s
= F¢X 1, exp{
[maxg—1,..., €27 "N, —p g [1<]
kT Yk

+G. (E%%a(-, m)) } T

_EE

—ﬁ Jo alt, zy) dng

1 —
1, ex (t,z)d(n; — 1 t]}
[maxp_1,..... €205 —¢p | <] { {fo d(ni 52#’”)
ra r

X exp{ [fo a(t, :Ti't) @, dt — 725G, <€%1Ho¢(., i))} } )

(3.5)
where FE° is the expectation corresponding to the measure P®. From
Condition B-1 and (2.8) we have

1 1
lim ' 72 G, ( : a(-,a;_)) = —/ < A(T)a(t, 7)), at,zy) > dt
€l0 K 2 Jo

_ /1 H(zi, alt, 7)) dt.
0

Then Vv > 0, Jeg > 0 such that

617 " |:f0 J;t, t $t)dt - _:| < G <E§ na(-,j.))
< ok [Jy H@oa(t @) dt+ 3], 0<e<e.
Since a(t,z)p, — H(z,a(t,r)) = L(z,¢,) and taking into account that

1 1
/0 (2, 5y) dt < /0 (3, 4 dt,

the second exponential in (3.5) is greater or equal to

1 ro ~y
exp{—glfzi {/0 L(mt,gpt)dt—kg}}, 0 <e<egg.

On the other hand, if maxj—i..., |6%_“772 —pr| <07, 0< & <&

and ¢” sufficiently small, we have

L .
/Oa(t7$t)d(€2 ﬁt—sﬁt)<§
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because «(t,Z;) is bounded. Hence, returning to (3.5), we obtain

Lz exp{—zrbd fexp { oo |fy L@ @) dt + 3] |

. 1 ) (3.6)
XPEimaxg_1,..,[|e27"n% — x| <6, 0<e<ep.

Now we shall prove that

lim B 3R — i >80 L =0
i P { a5 — o] > 07

2}, the following

7‘77‘7...77‘

For this, it is sufficient to show that for ¢ €
relatlons are valid:

limpg—1 ... ]55{&?5_“%€ - @t — 6" >0} =0, and

- 3.7
limp—1 ..., PE{—si_”‘nEZ +@i—6">0}=0, fori=1,---,d. (8.7)

From the Chebyshev’s exponential inequality we can write, for all v* >
0,

Pe {6%_“77§’i — g0 > 0} < Efexp {El—fm[eé_“nf’i — @} - 5”]}
= Eanp{ T *2~ [55 “7752 - @ - 5”]}
xexp{ a(s, &g)dn — G. (—%1—Ka(,:1_7)>}
€

— E* exp{ L [olals, Zs) + 7" X geP] dnf — e (G + 67)

where e is the component of order i of the canonical basis of IRY.
Hence,

Pe{ez it — g — & ZO}Sexp{—aTlm 1=2r @, (—%—a( x))

el (5%1*% {a(w )+ V*X[o,t}e(i)} +9*(@) +67)

(3.8)
From Condition B-1,
lim 7@ ! <A a(s, Zs),as,Ts) > ds
6],0 3 E% Ii 7 . 2 S » S .
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But

Then,
fol < A(7s)(a(s, Ts) + ’Y*X[o,t]e(i))a (a(s,zs) + ’Y*X[o,t}e(i)) > ds
= Jo < A(@s)a(s, zs),a(s, &) > ds + 2 [§ o521 Aij(@5)a? (s, 25)7" ds
+’Y*2 fot Au(i's) ds.
Hence, Condition B-1 implies that

lim | €' 72* G, ( %l,ﬂ [a(, 7)) + ’Y*X[o,t}e(i)])
£
=3 J) < A(z5)a(s, &s), a(s, &s) > ds
7 fy S0 Aij(@s)ad (s, T) ds + 37*2 f5 Aul

Therefore, the expression in brackets in (3.8) converges, as € | 0, to

- f(] Zg 1 Am(ws) (3 xs) ds — 1 *2 f(] u(js) ds + ’Y*(@% + 6”)
=9 [0+ G = f§ X A(@,)0d (5,8) ds — G [ Ais(Es) ds]
We should find * > 0 such that the above expression be strictly positive.

For such v* we get (3.7) from (3.8).
Notice that

OH
Do Ak ZA“C
and
O*H
W [Z Aig( ] = A (z).
From (3.4) we have
H
ok (z,a(t,x) ZAzk gpt

Therefore the limit in (3.9) reduces to

vt
v {5” _x / Aii(is)ds}.
2 Jo
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From the hypothesis on A(z) we have [} A;;(Zs)ds > 0. We choose
~* > 0 such that ¢§” — % fg Aii(Zs)ds > 0.
Now we can say that V4 > 0, 3¢9 > 0 such that

P{es " —i—0" > 0} < exp {— 51}% {7*5” - %V*Q/OtAﬁ(:cs) ds — 'y]}

for all 0 <e <egp. Choose 0 <7 <%0 — %7*2 fé A;i(Zs) ds and we get
PLed et — gl — 67 > 0} < exp {_51%2»@0} . 0<e<e

for some C' > 0. Then, V§ > 0, Jeg > 0 such that

P* {kr_nlax HE%_KT@ — x|l < 5”} >1-9, 0<e<ep.

But, for e sufficiently small, 1 —§ > exp {—fﬂ} Therefore, returning
to (3.6), we conclude that Vy > 0, Jeo > 0 such that

1
,[1>€Xp{—€1f2’i [S&l((ﬂ)""}/}}, 0<E§€0.

For estimating

I = P{ea ™" ¢ Qu) |

we shall use arguments analogous to the ones in Gértner (1976), which we

outline next. ) ) ) )
For each number] > 0 there exists a monotonic function I'(t) with

I'(t) | 0 as ¢ | 0 such that

i LB loo > 1,
k=Lowr o (1)v/d
where ty, ls, and o(t) come from Condition B-2 in (1.13). We choose
r > 0 sufficiently large such that I'(1) < % and 1 <t.
Define

[nto] n—j Kk 4 i Kk
Q= N {7 eCpum: Hf(ﬁ> i

j=1 k=0 n n

)H < r(%)}. (3.10)
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Let n(e) = r[L]. Then,

[nto] n—j L j
B Y S P, -t 2 1)
: n n

d l)
< ZZZP{rs“m ~etg» DL,
P 2 2 Va
From Chebyshev’s inequality one obtain
I, < an(E) to 2exp {_a_liﬁ [inf0<t<t0 %

lnEeXp{:I:—l—f + dng’i}H] }

o)

— SUPo<h<i—t gl=2s
e<t<tg

But n%(e) = (r[£])? < 6%, elz = exp{—%} and e"%*Ineg — 0 as

€ | 0. Then one may conclude that

I, < 2dt0exp{— T (26'"2% In E)}exp {— e

inf ) — oo — {
0<t<to o(t)Vd 2
I
§exp{—€1_—2ﬁ}, 0<€§€0.

For estimating
B S L 7
I; =P ||82 n.o—e2mn || >§7€2 GQn

one can prove that VI > 0, Jeg > 0 such that

Y

H/—/

I
[3<€Xp{—61_—2’{}, 0<e<ep.

Returning to (3.2) the result follows.

Now we shall prove the upper bound (A.II).
Theorem 3.2 V6 >0, Vy >0, Vs >0, Jdeg > 0 such that

1y 1
P{pOT (52 n?,tI)(s)) 26} §exp{—€1_2n(s—’y)}, 0<e<ep,
(3.11)

where
P(s) = {‘P € Clo,1] (]Rd) 1 Sor(p) <8, o = 0}

and Sip(p) is defined in (1.16).



Carmona and Tanaka: Exponential estimates for “not very large deviations” 33

Proof: Again we take T'=1.

P{Pm (€%_H77‘,€,‘I)(3)) > 5}
0]
P

< P (377, 9(5)) > §} + P {|ed 7 — b < 3]
1 k- 1,

< P oo (3707,0()) > -+ P{H0 £ Quio)

+P{llex"n — 37N > 5,657 € Quge

= I4 + I2 + I37
(3.12)
where Q. is defined in (3.10).

We have seen in the proof of Theorem 3.1 that for all I > 0, there
exists a sequence {Qpm }m=1,2,.., a number 7, and €9 > 0 such that

I
Ig+13<exp{—m}, 0<e<ep. (3.13)

Now we shall estimate

I,=P {,001 (6%_”77‘?,@)(3)) > g} .

It is known that L(z, ) is jointly semi-continuous in all variables. Then,
the functional

1
/0 Ly, 1) d 2/ < AN W), > dt

is lower semi-continuous in ¢ and ¢. Let 9" — ¥ as n — +oo. Then,
for ¢ fixed and using Fatou’s Lemma,

1
lim inf L(l/)t ;o) dt > hm 1nfL(¢t s p) dt > / L(ty; 1) dt

n—-—+o00 n—-+00

Then, YA >0, 36* > 0 such that if ||z, — | < 6%,
1/t -1 . 1/t N
§A <A (T[)t)(.pt,tpt > dt > §A < A (l‘t)@t,(pt > dt — A. (314)

We choose v as a step function with v; =z, , 7 =0, ---,r—1 satisfying

J
|z. — | < 0* and, for s >0, we define '

1 /1 ..
©9(5) = {0 € Con®) i 5 [ <A w0pi e > de<s).
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Since ®¥(s — A) C ®(s) we have

0 0
P{Pm (6%_'{77.6,@(3)) > 5} < P{Pm (€%_R77.€,q)¢(5 - A)) > 5} =P.
Define

1 /e _ e _ _ _
A= (AL AD) = e (L e — 5 75 — 2, TR~ ).

S jw®™
ﬁ|[\‘}m

Notice that A* € (IRY)". Fix a = (a!,---,a") € (RY)". Then,

lim._o €!72%In E exp {1—}2? < a, A& > }
= lim._,o e~ 2“lnEexp{€“ 12] L <ad, fj L b(, YE)dt >}
2

= lim.|o €72 In Eexp {E“_l fo < at,b(:it,Y; ) > dt}
= %fol < A(it)at,at > dt,
(3.1
where the last equality follows from Condition B-1 and oy = o7 , E

t<?i, j=1,---,r. Now,

I/\\C_“/

1
P < P{%/ < A‘l(wt)s%‘“ﬁi,s%‘“ﬁf > dt > s — A}.
0
From (2.6) and (2.7) we get
P<P{L'(\)>s - A} <P{X¥ ¢ (s—A)}.

Since ®"(s —2A) C ®"(s — A), 9P"(s — A) = {B € (RY)": LY(B) =
s — A} is a compact set, and ®"(s — 2A) N IP"(s — A) = 0, we have
d = dist(¢" (s — 2A),09"(s — A)) > 0. Then, from Proposition 2.3 and
Chebyshev’s inequality, there exist ay,---,ay € (IRY)" such that

P < PO (s— A< P{p(\,d"(s — 2A)) > d}

P{)\E € UN {B:< a;, B> —HY(c:) > s — 2A}}

ZZ 1P{exp{m[< g, A° > —Hw(ai)]} > exp{z—f%%}}
fvlexp{sl—%%}Eexp{l—}ﬁ {< a, A° > —Hw(ai)”

exp {~522 152N exp { - Efr(?ﬁ}

exp eli% [ 1= 2“lnEexp{elf% < oy, A® >H}

(VAN VAN VAR VAN

(3.16)
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From (3.15) we know that

) _ 1 1/t _
1611%1 gl=2e lnEeXp{m < aj, A° >} = 5/0 < A(Zp)ay g, ;> dt,

where a;; = o, % <t< %, j=1,---,r. Since %fol < A(Yy)ay, o >

dt is lower semi-continuous in 1), we take the same step function v, (with
Y; =%;, j=0,---,r—1), and we write for every v >0,

leiﬁ]l 1725 In Fexp {61_% < ay, A° >} < %/01 < A(r)as, oy > dt + A
= HY(a;) + A < HY (o) + %,
for A > 0 sufficiently small. Returning to (3.16) we get
P <o 5B} S e {120 exp (ke [19(0) 4]}
= exp{—ﬁ}exp{%ﬁ}Nexp{%}

SeXp{—ﬁ%%}, 0< e <eo.

and we can say that Vy > 0, Jdeg > 0 such that

S — 1
I, <exp {—El_zi }, 0<e<e. (3.17)

Therefore, by taking I = s— 7 in (3.13), there exists 9 > 0 such that
P{po (7207, ®(s)) >0} < L+ L+
1
< exp {_51——%(3 — ’y)}, 0<e<e.

Remark 3.1 A(z) being Lipschitz continuous, there exists a matriz o(x)
such that A(z) = o(x)o*(x), z € RY. Define W0 = f(f o(Zs) dWs where
Wi is a d-dimensional Wiener process starting at zero, Ty is the func-
tion introduced in (1.3), and WY is a Gaussian process with independent
increments, EWY =0, and correlation matriz (RY(t)); j=1,..a given by

.. . R t
RY(t) = EW>WX = / Aij(Z5) ds.
0
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It is known (see Freidlin and Wentzell (1984)) that the action functional for
Eé_KWtO is given by ﬁS&T(cp) where S§r () is the functional in (1.16).
Then, from Theorem 3.1 and Theorem 3.2 we conclude that €%_H77§ and

1_ . . o
27 "W have the same action functional. Moreover, under Khas minskii’s

conditions (see Khas'minskii (1966)), n converges weakly to WP where
A(x) satisfies

Api(x) :TETooT/ / Api(x,s,t)dsdt
and

Api(z,s,t) = EbF(2,Yy) — EbF (2, V)] b (2, Y;) — Ebi(z,Y;)].

Remark 3.2 When 5(0) = 0, Theorem 1.1 gives the normalized action
t fOF)

ek

functional for £~ Fny = ds which is

Se ( ) fO <A” 1()057()05 > ds, ¢ a.c.
o +OO in the rest of Clo 1) (IRY),

with normalizing coefficient = L— where A is the matriz in Condition B-

1. This is the case dealt in Bazer and Freilin(1977) and in Freidlin and
Wentzell(1984, Chapter 7). It is easy to verify that the action functional
for the family of processes

t
Ye)d
Vf:erifof(E,f) . zeR?

s also given by El—EQgSéT(gp) . However, in this case, the level sets are

O(s) = {¢ € Clom(R?) : Sgrlp) <5, o =x}.

4 Proof of Theorem 1.2

Now we shall prove Theorem 1.2 in the most general situation, when the
initial point is not necessarily an equilibrium point for the system (1.3).

We consider X satisfying (1.1) with X§ = € RY and Z; the solu-
tion of (1.3). Then,

X: —a:—i-/ b(XE,Y5)d (4.1)
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We define .
15 = [ BOXE YD) — b)) ds. (42)
0
The process Z; in (1.5) can be written as
15 1
ze=—L —.
L= 0<kK< 5
We define ~ .
~ 15 . 15
Z; = —L and Z; = —L,
er er

where T¢ and T¢ were introduced in (1.18) and (1.19).

First we recall that the action functional for E%_“nf with n; given in
(1.10) is El—}ﬁSéT(gp) with S}y given in (1.16). The contraction principle
implies that the normalized action functional for Zf is SOT((,DA) in (1.17)

with normalizing coefficient 51%2& . Now we shall prove that Z; and Z;
have the same action functional.

Proposition 4.1 If Condition B-3 in (1.14) holds then Z& and ZF have
the same action functional.

Proof: Given v >0, § >0, and ¢ € C[O7T}(Rd), Yo =1,

P{|Z5 =yl <8} > P{|Z°— 27| < § 1125 — ¢l < §}
> P{|Z -l <$}-P{lZ° -2 2§} (43)

I — Ir.

Since ;%Q;SOT(cp) in (1.17) is the action functional for ZF, 3g¢ > 0 such
that

1
I > exp {—M[SOT(@ +’y]}, 0<e<ep

For estimating I we recall that the processes Y¢ and Yi satisfy the
linear differential equations

which implies that

T5 = oxp { i B@. Y2 ds} fi exp {— Ji B(@y, Y7) du} b, Y5) ds
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and
T5 = exp { i B(2,) s} Ji exp {5 B(z) du} b(z,, Y5) ds.

Then,

~ A t — A
Ze— e = / B(Zs, Y7) zads—/ B(24) 2 ds

IN

t A
/ Bla, YD) Zids — | B(a.Y2)Z:ds
0 0

t . t .
+ /B(:zs,xf;)zgds—/ B(z,)2° ds
0 0

t . 1 t B .
< K/ 122 - 72l ds + — / (B(z,,YS) — Blz,)) T2 ds
0 0
t ~ A
_ K/ 25— 2| ds
0
11/t e _ P [PB@)dvi . e
+ = (B(Zs,Ys) — B(Zs)) eJu b(Zy,YS) duds|,
0 0

for some K > 0. Using Lemma 1.1, Chapter 2, in Freidlin and Wentzell
(1984) we obtain

|Z5 — Zf|
KL\ [1 (B34, YE) — B(3a)) [5 e BE® bz, vE) duds|.
Hence, Vd > 0

P{Iz - 2] 2 5} <

/Ot(B(a;S,Yj) B(z / eJu BEI® §z ve) duds

g
> —>.
-2

1
xXP{ sup —
o<t<T E"

From Condition B-3 we have that VM > 0, deyg > 0 such that

- . o M
I2EP{||Z'E—Z_€H Z§}§GXP{_€1—2R}’ 0<e<ep. (4.4)

Returning to (4.3) we get

1
P{1Z: ~ ¢l < 8} 2 exp { -5 [Sor(0) + 11} 0<e <o,
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which is the lower bound in (A.I).
The upper bound is easily obtained. Let s > 0 and

@(s) = {¢ € Cor(RY) : Sor(p) <, 9o =x € RY}.
Then,
P{por (25,0(s)) > 6}
< P{por (25,0(s)) 26,127 - ZI| < §} + P{l127 - 27| = ]
< P{por (25,0(9)) > 3} + P{12° - 27 > 4}
<exp{—d (s— 3} +oxp {— e},

where the last inequality follows from (4.4) and the fact that Sor(p) is
the normalized action functional for Z; . By taking M = s,

P{pOT (Z?,@(s)) > 5} < exp{—gl%%(s —7)} , 0<e<eo.

Proposition 4.2 If Syr(y) is the normalized action functional for Zf
with normalizing coefficient 51%2& then it is the normalized action func-
tional for Z7 with the same normalizing coefficient.

Proof: Given § >0 and v >0,

P{|zs -l <8} >P{l|ze -2 < 5,125 - ¢l < §}
>P{|1Z: - ¢ <§}-P{llzs - 27| = §} (45
=1L —I.

A lower bound for I is obtained from the hypothesis that ;%Q;SOT(QD)

is the action functional for Z;. For estimating I we introduce a new
process

t t
Vf:/ b(T§+:zs,Yf)ds—/ b(z,) ds.
0 0
Then,
t t ~
Vf+/ b(fs)ds:/ b(TS + 7., Y5) ds.
0 0
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From the smoothness of b(z,y) we get
b(T5+ 25, Y) = b(s, YY) + B(Zs, Ys) T2+ (1)),
where 72(-) is the rest of Lagrange of order 2. Then,
VE = fgb(zs,YE) ds + [y B(z,,YE) Tods + [g rP(T%)ds
which implies that
- t -
T =V¢ —/ r@(T2) ds.
0
Therefore, taking into account (4.1) and (4.2),
|2 — Zf| = 2|75 - T
= L |J bOXE, e ds — [ b(T5 + 7, YE) ds + J3 v (T2) ds
< & [K [§1X2 = (T84 &) ds + [ [r®(T%)] ds]
= L [K Ji 05— Tl ds + [ [ (Y9)] ds]
= K o125 = Zilds + & fg Ir® (Y9)| ds.

From Lemma 1.1, Chapter 2, in Freidlin and Wentzell (1984) we get
€ 7E Kt 1 ¢ (2) (e
12: = 2 < ' [T as
for some K > 0. Since the second order derivatives of b(x,y) are bounded,
we get
. M -
P19 < TSR

for some M > 0. Therefore,

- 1 T 5
sup |25 — 75| < —eKT/O 3 (T2)| ds

0<t<T er
1 M (T - 1 -
< AT 1TE|? ds < —efT MenT|| 22| 2
er 2 2 ‘
which implies that
- ) —KT
p=p{iz:- 225} <P{IZ 2 §x %)
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On the other hand, for s > 0, ®(s) = {¢ : Sor(e) < s, po = 0} is
compact. Moreover, ¢ = 0 € ®(s), Vs > 0 because Spr(0) = 0. Let
p = dist(0; 0®(s)) . Notice that p > 0 since 0P(s) is compact. Besides,

for € > 0 sufficiently small, 6?{? i% > 2p. Then, dep > 0 such that
15

L < P{Z) = 20} < P{por (27,0(5)) > p}

4.6
§exp{—€1%%(s—%)}, 0 <e <eo. (46)

The last inequality follows from the properties of the action functional. By
choosing s = Sor(¢) + 7, we have

1 1
I, > §eXP{—m {SOT(SD) —I-%}}, 0<e<Lep.

From (4.5) we get

PUIZE -l <8 = exp{-5 [Sor(e) + 3 |

1
> exp{—m [Sor () —i—’y]} L O<e<e

The upper bound follows easily from (4.6): Vs >0, Vé >0,
P{por (Z¢,9(s)) > 6}
< P{por (22,0(s) > 0,||125 = 77| < 3} + P{||z= - 77| = £}
< P{por (25, 0(5)) = §} + P{llze - 22| > §}

gexp{—ﬁ(s—v)}, 0<e<eg.

5 Wave front Propagation

In this part we shall describe the wave front for the solution of the initial-
boundary value problem introduced in (1.20). The main results may be
proved by using the same approach as in Freidlin (1985a, Chapter VI, or
1985b).
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The conditions under b(x,y), the initial function g(z), and the non-
linear term f(x,y,u) were specified in the introduction. We assume an
additional condition: b(0) = 0 where b(z) satisfies (1.2).

Using the Feynman-Kac formula, the solution u®(t,z,y) of (1.20) sat-
isfies the equality (1.23). The properties of f(z,y,u) imply that

1 t
wta) < BgOD e | [ Xyt 6

where (X7 )i>0 is the process in (1.22), ¢(z,y,u) = W ,and c(z,y) =
SUPg<y<1 (2, y,u).
Define
1t
ng—/ (e X5, YE) d ——/ (Z8,Y%)d
e* Jo
where

¢
7 =X =" +/ b(ZE,YE)ds, = e R4
0
Notice that )
Zf = bZEYE), 75 =ca.
Moreover,

t _
o[ bV ds =i B2)
0

with probability 1. The Averaging Principle implies that Z7 —.o Z; =0
where z; satisfies (1.3) with Zp = 0. On the other hand, it is known that
there exists a function ¢(z) such that %fot c(z,Ys)ds =100 €(2) with
probability one, for all z € IRY. Since b(0) = 0 we conclude that

( / b(ZE, YE) ds / (ZSE,Y,j)ds) o0 (0,2(0)1)

with probability one.
Define

t t
= (et [ 00.¥0)ds, [ 0.7 ds — e(0)r)
0 0

It is not difficult to show that the action functional for % does not change
if we start with Z§ = 0. Then Theorem 1.1 gives the normalized action

&
functional for g—,@ :

. 3 I < ATH0,E(0)t) (1, ), (Bry ) > dt,
SOT(@?”) = @, n a.c. , (52)
+00, in the rest of Cjg (R4 x RY)
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with normalizing coefficient ﬁ, where A(0,z) is the matrix satisfying

= W7y oo rae I By exp { T~ [ < (o, B), (b(0, Y2), ¢(0,Y;) — 2 > dt}.

Using Theorem 1.2, we obtain the action functional for (Xf, 15 — E(O)t)

er

with initial point (x,0) which is given by El—}ﬁSOT(gp,n) where

Iy < ATH0,2(0)) (e, ) — B(0,2(0)t) (0, me))
((¢e,m¢) — B(0,2(0)t) (pr, 1)) > d,

©,n a.c.

+00,  in the rest of Cjy 1 (R4 x IRY).

Sor(p,n) =

(5.3)
Let us define, for each t > 0 and z € IRY,

V(t,z)
= sup {5(0)75 — Sor(9,m) : .1 € Clo 400)(RY), 00 =X, @1 € Go, no = 0} -

By using the properties of the action functional, one can prove, similarly
to Lemma 6.2.1 in Freidlin (1985a), that

1 t
laiFol g7 In E2,9(X{)exp {m/o c(Z5YS) ds} =V(t,x). (5.4)

Using (5.1) and (5.4) we obtain

11{101 u®(t,x,y) =0 if V(t,x) <0 and |y| < a.
15

For proving that lim.jo u®(¢,z,y) = 1 in the region V(¢,z) > 0 and
ly| < a, we shall assume that Condition (N) (see Freidlin (1985a)) holds:

Condition (N): V(t,z) such that V(¢t,z) =0,

V(t,2) = sup {a0)t — Su(,m) : (#,m) € Clo soe) (RE X RY), 0 = x,
ot € Go, V(t —s,ps) <0 for s € (0,t), no =0}.

Similarly to the proof of Theorem 6.2.1 in Freidlin (1985a) one can prove
that, under Condition (N), lim|g v®(¢,2,y) = 1 uniformly in any compact
subset of {(¢t,z,y) : V(t,z) >0, |y| < a}.

The following examples show the form of the wave front in some par-
ticular cases of Problem (1.20).



44 Brazilian Journal of Probability and Statistics, 14, 2000

Example 5.1 Assume b(z,y) = b(y) and f(z,y,u) = f(u). The differ-
ential operator in (1.21) becomes

1 92 1 0

L= 2 092 + g—nb(y)%

and (X7 :¢>0) in (1.22) is given by

1 t
Xi—a+ —/ b(Y?) ds.
0

ER

In this case, b(z) =b=0. Let c(u) =uf(u), ¢= f'(0) = supyc,<i @ ,

c>0.
Now,

V(t,x)

I 1.
zsup{ct—§/0 <A Yo, pg > ds: ¢ € Cpp 100)s P0 =T, @tGGO}.

For simplifying this function we assume Gy = {x € R?: ||x|| < 0}. From
the Euler-Lagrange equation (see Arnold (1989)) we obtain

1
V(t,x) =ct — % <A 'z,z> zeR%

The set {(t,z,y) : 2t2¢ =< A~lx,2 >} describes the position of the wave

front, as € | 0. If = € IR, then the velocity of propagation is o* = v/2Ac.
It is not difficult to show that Condition (N) is satisfied.

Example 5.2 Assume f = f(y,u), b =b(y). The operator L° remains
the same as in Example 5.1 as well as the process (Xj : ¢t > 0). Define

c(y,u) = f(zi’u), c(y) = supg<y<i c(y,u). We assume that ki, ks such
that 0 < k; < c(y) < kg, Vy and lim;_ 4o 1 T fo s)ds =¢> 0. Accord-
ing to Remark 3.1, the family of processes ( iy ow { Jye(Ye)ds — ct} } has
the same action functional as (5% Jyb(YE) ds, 67[[0 c(YE)ds — Et]) . The
function V'(¢,x) becomes

1 rt
V(t,z) = sup {ct— 5/ < AN (@5 s), (f5,15) > ds
0

(1) € Clo, o) (IR? X RY), 00 = x, 1m0 = 0,00 € Co f

1
= ¢t— inf — <A (z,7),(z,y) >
c 71532 Y(@,7), (2,7)
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Let v* be the point of minimum. Then,

1
V(t7$) = ct — % < A_l(ﬂj‘,’}/*), (337/7*) >

Condition (N) is satisfied and the position of the wave front is
{(t,x,y) c2et =< AN, y"), (z,77) >}.

Example 5.3: In (1.20) assume f = f(u). The differential operator is
L# in (1.21) and the process satisfies (1.22). The function V(¢,x) is given
by
V(t,z) = sup{ét — %fé < A7Yps — Bys), (s — Bps) > ds :
(28S C[O,-I—OO)(]R‘d)? Yo =X, @t € G0}7

where A is the matrix in Condition B-1 and B is given in Remark 4.1.
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