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',"% %')&%"-+&($' Merton[1] � Duffie[2] #.$($"(�%(%))'

*�*/&+01+"(�%2,&,--"345$./���%01��&�'1'(

.(%$/)2" Karatzas[3] **% 3%%67"0381+$29��7� '
45#"�73��!"(�45:!'�($�;"326,478��'�� [4,5]

�" Lakner ��$#$���%Æ��7� '�!��"��6�7<-.�1+%/
��&��Æ��789� '

0 (Ω ,F ,Ft, P ) %%<.=%>123"3*849:�!"(�;?5%2,&,'
')&!$ – ($%�;<9

dBt = rtBtdt, (1)

7� rt %@�A6*1'B Rt 1+C6*1="���

dBt = RtBtdt. (2)

* 78:>��9: (10371067), ;:�?@<�9:�<;D<A==>BE?F>?;<G
CHDEI2004-12-17.
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!'�;<9
dSt = µtStdt + σtStdWt, (3)

7A µt, σt $K1+!'%F=�GBÆ1�F=L01'���& µt 26-CCDM5

3H<9
dµt = aµtdt + bdWt + cdVt, (4)

7� {Wt}t≥0 � {Vt}t≥0 %&D� (Ω ,F , P ) #%�<EENF% 1- IO=/&+0'
�&P!'�#QG*"��* δ(t, St) 1+�=H t %G*1'

0
Ft := σ{Ws, Vs; 0 ≤ s ≤ t}, Gt := σ{Su; 0 ≤ u ≤ t}.

�&�!"(�%�73�5:!'�;"($�;I@�*1�C6*1'* / J
F6JK!'%L01'KR"26DM5!'%F=�GBÆ1"ISGL {Wt}t≥0 �

{Vt}t≥0 %��';"���& St % {Gt}t≥0 MH%"R {µt}t≥0 � {Wt}t≥0 % Ft MH%'

�73%�7LTM./IN {Gt}t≥0 %��'

&$OUNP"���& a, b, c %VO" rt, σt %,&,%�QRO" σ−1
t F�Q'

��* Xt 1+ t =H�73;J�%WX" πt %�7.!'%7*O'�& πt %K

L�M%"H<9 E[
∫ T

0
π2

t dt] < ∞. ��MN πt PYO"SPQ>!'�"R2'S)"�
7.($%7*O Xt − πt F�"PYO"��Z7TT&"*1 Rt [QRC6'

��%U�"����#$���!'QG*H@�*1 rt 2S.C6*1 Rt %01

��&�� '+*U$/%67"45$7 VV�% Black-Scholes'1'��2��4
5%))\� [4,5] W%]"RHW^1+$#$���QG*H@�*12_.C6*1
%��&�� '�7%U"��X1+$))�%`Oa���;%ST"7F-+&`

O%YXb'

�c 3 U"��1+$%<Æ��7� '�73�UV#$��%VV�6ÆdZW
eWX'**Y�U%))�ZL[["��45$Æ�T\']T67%CCXÆ%"3
H45$X1%Æ�T'

�!UÆ\"��#.%<M�"\�U�*5%Y)'
?@ 1.1 �����#%03f] xt ∈ R ��#%�DMf] Zt ∈ R, 8�<9{

dxt = F (t)xtdt + G(t)dWt + C(t)dut,

dZt = xtZtdt + D(t)ZtdWt, ∀t ∈ [0, T ],

7A F (t), G(t), C(t), D(t), D−1(t) ∈ R ^�Q" {ut}0≤t≤T � {wt}0≤t≤T %�<EENF%

1- I/&+0'^_ Ex4
0 < +∞, x0, Z0 $KNF. {ut}0≤t≤T � {wt}0≤t≤T , H x0 `. Z0

%_a$/%g`%" Zt %Z Zt ah% σ- iO"[ZL� %T x̂t = E[xt|Zt] <9�b
(%b$6j ⎧⎪⎨⎪⎩ dx̂t = F (t)x̂tdt +

G(t)D(t) + Πt

D2(t)

(dZt

Zt
− x̂tdt

)
,

x̂0 = E[x0], ∀t ∈ [0, T ],
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7A Πt = E[(xt − x̂t)2|Zt] <9efeb$6j⎧⎪⎨⎪⎩ Π̇t = − Π 2
t

D2(t)
+ 2

(
F (t) − G(t)

D(t)

)
Πt + C2(t),

Π0 = E[(x0 − x̂0)2], ∀t ∈ [0, T ].

!Æ�`P [6](&) 12.1).

2 ABCDEFGHIJKLM
�7%U�"�����!"(�#$���!' St %01��&�� '

gN6j (1),(2) � (3), �73%WX Xt <9
dxt = [rtXt + (µt + δ(t, St) − rt)πt − (Rt − rt)(Xt − πt)−]dt + σtπtdWt, (5)

7� x− = |x|−x
2 , ∀x ∈ R, 3H x+ = |x|+x

2 , ∀x ∈ R.
0 K %P!'��%_R�;" T %_Rf'Zk`(%b$6j%Dl"!'��

%'g*�;<9�bk`(%b$6j{
dXt = [rtXt + (µt + δ(t, St) − rt)πt − (Rt − rt)(Xt − πt)−]dt + σtπtdWt,

XT = (ST − K)+, ∀t ∈ [0, T ],
(6)

7A {Wt}t∈[0,T ] � {µt}t∈[0,T ] 2�DM"R {St}t∈[0,T ] 6-DM5'��Mm*ZL)2*

* {St}t∈[0,T ] %��4JK {µt}t∈[0,T ].
0

µ̂t = E[µt|Gt], Pt = E[(µt − µ̂t)2|Gt],

a�&D%<b�Æj"7<9

dW t =
1
σt

(dSt

St
− µ̂tdt

)
, (7)

;"

dSt = µ̂tStdt + σtStdW t, (8)

ZZL)25" {W t}t∈[0,T ] % (Ω ,G,Gt, P ) #%O=/&+0'gNY) 1.1, ��45⎧⎨⎩ dµ̂t = aµ̂tdt +
bσt + Pt

σ2
t

(dSt

St
− µ̂tdt

)
,

µ̂0 = E[µ0], ∀t ∈ [0, T ],
(9)

7� Pt <9efe6j ⎧⎨⎩ Ṗt = 2aPt + b2 + c2 −
(
b +

Pt

σt

)2

,

P0 = E[(µ0 − µ̂0)2], ∀t ∈ [0, T ].
(10)

B σt = σ &VO="���"#.X1T

Pt =
α1 − Lα2 exp(α2−α1

σ2 t)
1 − L exp(α2−α1

σ2 t)
, (11)
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7�

α1 =
(
a − b

σ

)
σ2 − σ

√(
a − b

σ

)
σ2 + c2,

α2 =
(
a − b

σ

)
σ2 + σ

√(
a − b

σ

)
σ2 + c2,

L =
P0 − α1

P0 − α2
.

hi

µ̂t = µ̂0eat +
∫ t

0

ea(t−r)
(
b +

Pr

σ

)
dW r, (12)

7A Pr Z (11) 1#.'
gN6j (1),(2),(8) �N!7T\"��5:�73%WX"S!'%���;HP<

9 {
dXt = [rtXt + (µ̂t + δ(t, St) − rt)πt − (Rt − rt)(Xt − πt)−]dt + σtπtdW t,

XT = (ST − K)+, ∀t ∈ [0, T ].
(13)

^_0

Zt := σtπt, θt := σ−1
t (µ̂t + δ(t, St) − rt),

b(t, X, Z) := −[rtXt + θtZt − (Rt − rt)(Xt − πt)−],

hi��� ⎧⎨⎩ −dXt = −
[
rtXt + θtZt − (Rt − rt)

(
Xt − Zt

σt

)−]
dt − ZtdW t,

XT = (ST − K)+, ∀t ∈ [0, T ],
(14)

7A θt hV-+&=H t %)&c�'

6j (14) fh$%<nd,k`(%b$6j"�j%� %ef45!' St %��

�; Xt %X1T'��OP5 b(·, ·, ·) `. X � Z %U%'� [7] �" El Karoui, Peng �
Quenez ik$*U$/%67o)0O&U%k`(%b$6j'*�F#.$%g��
!�%H*"7�?j���&�� �%H*'�j��+* [7] �%[["#.���
-.�01���;%X1T'

l$45

b(t, Xt, Zt) = sup{bβ(t, Xt, Zt)|rt ≤ βt ≤ Rt}, (15)

7�

bβ(t, Xt, Zt) = −βtXt −
(
θt +

rt − βt

σt

)
Zt

= −βtXt − σ−1
t (µ̂t + δ(t, St) − βt)Zt.

Zk`(%b$6j\k&)"���

Xt = ess sup{Xβ
t |rt ≤ βt ≤ Rt}, (16)
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7A% Xβ
t <96j{−dXβ

t = −[βtX
β
t + σ−1

t (µ̂t + δ(t, St) − βt)Z
β
t ]dt − Zβ

t dW t,

Xβ
T = (ST − K)+, ∀t ∈ [0, T ].

(17)

Ym (17) %an6j{
dYs = −βsYsds − σ−1

s (µ̂s + δ(t, Ss) − βs)YsdW s,

Yt = 1, ∀s ∈ [t, T ],

��45

Xβ
t = E

[
exp

{∫ T

t

(
− βs − (µ̂s + δ(s, Ss) − βs)2

2σ2
s

)
ds

−
∫ T

t

µ̂s + δ(s, Ss) − βs

σs
dW s

}
(ST − K)+|Gt

]
. (18)

gN δ(t, St), βt, σt � σ−1
t %�Q,�&"$! µ̂t %g`Æj"H sup

0≤t≤T
Eµ̂t < ∞ , sup

0≤t≤T
Eµ̂2

t <

∞, sup
0≤t≤T

Dµ̂t < ∞, Z [6](c 6.2.3 #$"l 3), ���

E
[

exp
{
−

∫ T

0

µ̂t + δ(t, St) − βt

σt
dW t − 1

2

∫ T

0

(µ̂t + δ(t, St) − βt)2

σ2
t

dt

}]
= 1.

hi+* Girsanov &)"��6Ym%<)&�,>1Mb Q, o4 Q <9
dQ

dP
= exp

{
−

∫ T

0

µ̂t + δ(t, St) − βt

σt
dW t − 1

2

∫ T

0

(µ̂t + δ(t, St) − βt)2

σ2
t

dt

}
,

[

Ŵt = W t +
∫ t

0

µ̂s + δ(s, Ss) − βs

σs
ds

& Q �%/&+0"���

dSt = (βt − δ(t, St))Stdt + σtStdŴt, (19)

� {−dxβ
t = −βtX

β
t dt − ZtdŴt,

Xβ
T = (ST − K)+,

[R

Xβ
t = EQ

[
e−

∫
T

t
βsds(ST − K)+|Gt

]
, ∀t ∈ [0, T ]. (20)

Z (19) 1�"m."!'ah%G*1np$!'%�;"!"�%5oVVpph
!$7%ai%j,,'�\j��Mk;!Æ7%l'
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a���0))�%;�0O^&VO"H ∀t ∈ [0, T ], δ(t, St) = δ, βt = β F&VO="

4qq Xβ
t %X1T'

r0

dβ
0 (St) :=

1
σ
√

T − t
log

( St

Ke−(β−δ)(T−t)

)
− 1

2
σ
√

T − t,

dβ
1 (St) := d0(St) + σ

√
T − t,

N(x) 1+js$/f]%qr>1$/RO'OP5_Rl

ε = {ST > K} =
{
− ŴT − Ŵt√

T − t
< dβ

0 (St)
}
,

hi

Xβ
t = E(e−β(T−t)IεST |Gt) − Ke−β(T−t)Q(ε|Gt)

= e−δ(T−t)N(dβ
1 (St))St − Ke−β(T−t)N(dβ

0 (St)), (21)

3H

∂Xβ
t

∂β
= K(T − t)e−β(T−t)N(dβ

0 (St)) > 0,

[R Xβ
t `. β rm'gN (16), [ t =HP!'���;&

Xt = e−δ(T−t)N(dR
1 (St))St − Ke−R(T−t)N(dR

0 (St)). (22)

Ds (22) 1"��5:&$at)&3Hun��"�73HPP%[QRC64�
7!''

-v"���

Q@ 2.1 B;�`O^&VO="#$��Vo�01��%�;Z (22) 1#.'
B δ = 0, R = r =" (22) 1%tuVVs%hw% Black-Scholes '1'Z.'1�v

�.a!'wp1"-Rt_q./���ES"xqqÆjy$��$2./��--3

+*ZL[['B R > r ="!�67OUCCR$.)T�H*'

��F#.`Oa!'���;%ST"7-+&`O%YX,'

RS 2.2 a.#j;x2%01��&�� "!'�; S, F=L01 σ �C6*

1 R rg"!' S %01���;rg,_R�; K �G*1 δ rg"!'%01���

;rp'S�#:;�%�&�"P!'%���; Xt $K( S0, σ u R %mdRmd"

$K( K, δ %mdRvs'

T � (22) 1�0 t = 0, ��6t!

∂X0

∂S0
= e−δT N(dR

1 (S0)) > 0,
∂X0

∂σ
= e−δT S0

√
TN(dR

1 (S0)) > 0,

∂X0

∂R
= TKe−RTS0N(dR

0 (S0)) > 0,
∂X0

∂δ
= −T e−δT S0N(dR

1 (S0)) < 0,

∂X0

∂K
= −e−RT S0N(dR

0 (S0)) < 0.

-v"l$45t2'
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3 UVWXYZLM
�7UA"��+*c 1 U%))��%<#$���%Æ��78�� '�&%

<s�73%zyWX& x, ��u=3z3 [0,T] #"* / J6�#8 $� !${!'
St �($ Bt. 7A���&a{P% t ∈ [0, T ], rt = Rt, !';*a%G*1& δ(t, St).

��Wv#.

Q[ 3.1 a.%<#&% x ≥ 0, %<T\ π -+&lN%"rWXÆj Xx,π
t ≥ 0 H

E[
∫ T

0 π2
t dt] < ∞, ∀t ∈ [0, T ]. lNT\ π %w�x& A(x).
7A"�����%<OU%Æ��7� "S�736wx {πt}0≤t≤T ∈ A(x), o4

WeWXÆd'yz{|"
V (0, x) = max

{πt}0≤t≤T ∈A(x)
E log Xx,π

T . (23)

]T%67%gN!'�;%��"+*ZL[[#.!'F=BÆ1 µt %Æ�J
K"K\+*.=���%hw[[45Æ�T'

gNc 2 U�t_$5"⎧⎪⎪⎪⎨⎪⎪⎪⎩
dXx,π

t = [rtX
x,π
t + (µ̂t + δ(t, St) − rt)πt]dt + σtπtdW t,

dSt = µ̂tStdt + σtStdW t,

dµ̂t = aµ̂tdt +
bσt + Pt

σt
dW t, ∀t ∈ [0, T ],

(24)

7A {W t}0≤t≤T , {µ̂t}0≤t≤T ^�DM';"��6a log Xx,π
T * Itô '1"hi

E log Xx,π
T = log x + E

∫ T

0

rtdt − 1
2
E

∫ T

0

σ2
t π2

t

(Xx,π
t )2

dt + E
∫ T

0

µ̂t + δ(t, St) − rt

Xx,π
t

πtdt

= log x + E
∫ T

0

rtdt − 1
2
E

∫ T

0

σ2
t

(Xx,π
t )2

(
πt − µ̂t + δ(t, St) − rt

σt
Xx,π

t

)2

dt

+
1
2
E

∫ T

0

(µ̂t + δ(t, St) − rt)2

σ2
t

dt.

[R�

RS 3.2 �#$��Vo�"r�736^6j (23) hfÆdZWeWX"[Æ�T
\%

πt =
µ̂t + δ(t, St) − rt

σ2
t

Xx,π
t , (25)

7%WX Xx,π
t %||o1'Æ�ORO%

V (0, µ̂0, x) = log x + E
[∫ T

0

rtdt +
1
2

∫ T

0

(µ̂t + δ(t, St) − rt)2

σ2
t

dt

]
. (26)

#$���%Æ��7� �}}"���#.%<OUl\"|Æ67'yz}6%
gN{5��"+*ZL[[#.2�DMf]%JK"Z#$��� fhhw%.=�

�� '�M4%2��"��M1+W}%Vo'
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4 ]^_
!�**k`(%b$6j�ZL[["#.$#$���QG*% Black-Scholes �

�&�'1"31+$%/Æ��7� "|atu%~ORO45$Æ��7T\%X1
T'ra))�%~`O5omf"+*3K}67"6JK~`OO'-v"��%��

&�'1�Æ��7T\a�73%5o~`6*a%&%~q`*'

a b c d
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A BLACK-SCHOLES FORMULA FOR OPTION PRICING

WITH DIVIDENDS AND OPTIMAL INVESTMENT PROBLEMS

UNDER PARTICAL INFORMATION

Wu Zhen

(School of Mathmatics and System Sciences, Shandong University, Jinan 250100)

Wang Guangchen

(School of Mathmatics and System Sciences, Shandong University, Jinan 250100;

School of Mathematical Sciences, Shandong Normal University, Jinan 250014)

Abstract Using the convex analysis and filtering technique, a Black-Scholes formula for
option pricing with dividends under partial information is obtained, where the borrowing rate
R is not equal to the interest rate r. The optimal investment strategy for maximizing terminal
wealth problem under partial information is also obtained in this paper.

Key words Nonlinear filtering, option pricing, backward stochastic differential equations,
investment portfolio.


