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THE MAXIMAL SIZE OF A DIGRAPH WITH
MAXIMAL LOCAL CONNECTIVITY 1

Car Mao-CHEnG

(Inintnte of Systems Sofence, Academia Simica)

A digraph D == (VV, A4) consistz of 2 vertex set V(D) and an arc set A(D) such
that eech are (r, y) has head ¥ and tail » in V(D). In this paper we consider only
the strict digraphs, that is, the digraphs without loops and two arcs having the same heads
and tails. Such a digraph will be denoted by D = (¥, A4). The number of arcs in D
is called the size of D and denoted by (D). Let d7(x). d*(x)}, N (x) and N*(x}
denote the indegree, outdegree, in-neighbour set and out-neighbour set of a vertex * in
D, respectively.  For every x, y€ V(D) (in this order), r # . the local connectivity
g(x, ¥) (resp. arc-comnectivity A(x, ¥)) is defined to be the maximum number of wver-
tex-digjoint (resp. arc-disjoiot) paths from * 1w y. Pur £(D) == max {e(x, y):x, ¥€
V(D), e+ v} and I{D) = max {1 (x, ¥): x, ye V(D), x= y}. [r] denotes the
greatest integer = r and {r} the least integer =r. Most graphical terms and notations used
here can be found in [1].

The purpose of this paper is to determine the maximal size of a digraph D with
order # and R(D) =1 (resp. 2(D) = 1).

First we cstablish an upper bound on the size (D).
Theorem 1. Let D= {(V, 4) be a digraph of order n with £(D) =<1, Then
Wn—1) ifa=s7,

(D)= [_4] if n=7.

Proof. We apply induction on n. For m= 1, 2, there is acthing to prove; so sup-
pose n = 2 and the result holds for smaller values of .

Suppose first that D comains two oppositely oriented ares with the same ends, say
(2, %), (v.x)€ A(D). Then we comtract (z. ) and (y,2), thar is, delete (2, ¢)
and (¥, z) from D and idemtify * and y. The resulting digraph is dencted hy D',
Then D has n— 1 wertices, e{D) = ¢(D") + 2, and #(D")="1. By the induction
hypothesis, we have
in—2) fn—1=7,
e(D7y = [(ﬂ — 1)

—] if n—12=7.
4
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It follows that r(ﬂ}ﬂ Hn—12if mn=7 and (D) < [—::I] if m>= 7,

Supposc next that D contains a directed cycle of length & + 1, £ = 2. We obtain
by contracting the directed cycle a new digraph, dencted by D'. Then IV has n— 4
vertices, (D) = (D) + k+ 1, and E(D') =< 1. By the induction hypothesis,
(n—k—1) fa—k=7,
ff”'?%'[i%*_V_J fn—k=7

Thercfore
[Hn— 1) ifm=T7,
cr:mr:'Ii’] if n =7
p .

H
Note that[%] = 3{m— 1) for n="7. To complers the proof it suffices 1o prove

the following
Lemma. [f the digraph D = (V', A) in Theorem | contains neither a directed

3
eycle mor two eppositely oricmicd arcs with the same ends, then (D) =< [l .

Proof, First we show there is a vertex ¢ in V(D) such that & (¢) +d% () =
[—:—-] Since [ contains neither a directed cycle nor two oppositely oriented arcs with the

same ends, D has a vertex * such that 4~ (3) = 0. If d*(z) = [-;rl, we are dene,

S0 we may assume d7(x) > I%] » then there is no arc with both head and tail in the
out-neighbour set N*{(z), for otherwise there would be two wvertex-disjoint paths from =
to some ¥ in N*(x). Thus for any e N“(s), N ()UN*(2) S V(D) — N* (=),
which implies that @7 (z) +d*(2) = n —d*(x) < n — [%] — 1= [%] » a5 required,
Now we prove the lemma by induction on n. To avoid the trivial cases let us pro-
ceed to the induction step.  Delete a vertex ¢ with d (¢} + d¥(r) = [%} The resul-

ting digraph D' has n— 1 vertices, (D) = (D) 4+d (o) + d* (), and &(D") = 1.
By the induction hypothesis, :

(0 < |22,
implying
<z]

This completes the proof.
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Ohar next zim i 1o :flﬂ.ral:trriz.e T.h:: utr:mal di.grapln. Let Dl he tht assuc[a.tl:r:] di-
graph of a tree T with order n, that is, the digraph cbtained from T° by replacing each
edge e of T by two oppositely oriented arcs with the same ends as e, Obviously,
(D) =1, e(D;) = 2{n—1). Therefore Dy 15 an extremal digraph if p == 7. Let Dy,
be a digraph obtained from the complete bipartite graph K[z {31 by orienting all edges

from one part to the other. Such a digraph D; is said to be an extremal orientation of

-‘f[}]_ {3} Then () =1, () = [%J » end [y is an extremal digraph if » = 7.

Now we state a result in the converse direction.

Theorem 2. et D= (V, A) ke an extremal digraph of Theorem 1 with order n.
Then D 85 the asiociated Ja"gnrpﬁ dl.f @ tree ghen n== 7 or an extremal orientation of the
complete Bipartite graph K@) qn) when n =2 7.

The proof of Theorem 2 can be easily completed by examining the three cases in the
proof of Theorem 1. We leave it to the reader,

Nete that ncither extremal orientation of K[ {2} is strongly connected. If the con-

sidered digraphs are restricted to strongly comnccted digraphs, then the extremal digraphs
of Thearem | are :J.I:lly the assocared dfgraphs of trees with order m.

Finally let us present the analogues of the sbove theorems for the maximal local arc-
coanectivity 1(D).

Theorem 3. If D=(V, 4) is a digraph .f order n such that 1(D) = 1, then
n—1) if n< 7,

@<\ s

The equality holds if and only if D is an extremal digraph of Theorem 1.
Preof. As (D)= I(D)Y=1, it follows from Theorem 1 that
Ha—1) fn=7,

e(D) = [gﬁ
4

7

W

ifn

It 5 clear that every extremal cigraph of Theorem 3 is an extremal digraph of The-
orem 1. The converse implication is alse true because A{D) =1 for every extremal
digraph D of Theo-em 1.
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