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MR(2000) -./01 60F99, 30D99

1 23456
��7�8�������9�:�;��Æ�<Æ����=>?�<Æ����

�� !���@�Æ !?��" [1,2] A"#;B#$%�&'�C#$���%(��
@�#��D�����)��!*&'(�)�Dirichlet ��+*>,"-;.�@��
Æ"EF" [1,2] G�&'�+,��#*&'(�)� Dirichlet ���/"-�.EH�
�������

/ Dirichlet ��

f(s) =
∞∑

n=1

bneλns (s = σ + it) (1)

0I%( 0 < λ1 < λ2 < · · · < λn < · · · ↑ +∞ , 0

lim
n→∞

ln n

λn
= E < ∞, (2)

lim
n→∞

ln(| bn |)
λn

= −∞, (3)

J�� (1) C1&'234� f(s) 15;K2�� ∀σ ∈ R, ��345 f(s) �L66DL
6787

M(σ) = M(σ, f) = sup{| f(σ + it) |: t ∈ R},
m(σ) = m(σ, f) = max{| bn | eλnσ : n ∈ N+}.

∗ 89M9:N:; (10471048) OP;<<
==>?> 2004-07-23.
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BCD�� (1) 0I (2),(3) CECFD7

lim
σ→∞

ln lnM(σ)
σ

= ρ′, (4)

lim
σ→∞

ln lnM(σ)
σ

= τ ′, (5)

G ρ′,τ ′ 8 f(s) C&'2��H���15 Dirichlet ��C&'2�9�:�D ρ′=τ ′=0
E�G (1) 8&'(�)� Dirichlet ���

5 ν(σ) = ν(σ, f) = max{λn :| bn | eλnσ = m(σ, f)}. G ν(σ) 8 f(s) �L67QI�
D�� (1) 0I (2), (3) E�C oxy RJSI&'(TKF {An} = {(λn,− ln | bn |)}∞n=1,

GH σ > 0, LK An = (λn,− ln | bn |) TIJ8 σ �RK
L(σ) : y − (− ln | bn |) = σ(x − λn).

L(σ) D y U�MK8 y = −λnσ − ln | bn |. N −y = ln | bneλns |.
VOHP σ > 0, L(σ) D y U�MKWQ�!E7�!�XLW6�V�LL67QI

ν(σ) MP�K Aν(σ) = (ν(σ),− ln | bν(σ) |), IJ8 σ �RK L(σ) ��&RS> {An} G�
K�5 W (f) ={ L67QITU }, H(f) = { L67QIMP�KT } . NV H(f) G�
K�/";�YL67QIMP�K8WK�O�XZ Y (f), GP8QY�XZ� ∀σ > 0,
IJ8 σ �RK L(σ) D Y (f) .R (N L(σ) C Y (f) ��&�CD Y (f) [>;�MK) E�
SLK�!E7Z�L67� L(σ) D Y (f) �;%X<UE� L(σ) (\T> {An} G�-
�K�[!EH σ �L67� [>WK!E�QI λn C n L6E\8L67QI�

L67QI�%](U]N^�^V2��5 ν(σ) �_`K8 {σk}∞k=1, W0I7
σ1 < σ2 < · · · ↑ ∞, ν(σ) = λNk

, D σ ∈ [σk, σk+1),

σk =
− ln | bNk

| − (− ln | bNk−1 |)
λNk

− λNk−1

> 0, (k = 1, 2, · · ·), (6)

G {λNk
} 8L67QI_F�C!E�K (λNk

,− ln | bNk |) � Y (f) �WK�
aX;�RC Y (f)(�K An bR�`" Y (f)(�58 Ac

n = (λn,− ln | bc
n |),J f c(s) =

∞∑
n=1

bc
neλns D f(s) =

∞∑
n=1

bneλns >.Y�QY�XZ Y (f c)= Y (f). V� ∀σ, m(σ, f c) =

m(σ, f) 0 ν(σ, f c) = ν(σ, f).
CY(cP��Æ"/")H&'()� Dirichlet ���-����
ab 1 �� (1) 0I (2), (3), J>

lim
σ→∞

ln lnM(σ)
ln σ

= τ ⇐⇒ lim
k→∞

ln λNk

ln ln | bNK+1 |−1 − ln λNk+1

= τ − 1.

ab 2 �� (1) 0I (2),(3), J>

lim
σ→∞

ln lnM(σ)
ln σ

= ρ ⇐⇒ lim
n→∞

ln λn

ln ln | bn |−1 − ln λn

= ρ − 1.
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2 ef2g
hb 1 �� (1) C%( (2), (3) �� ∀ε > 0, >

m(σ) ≤ M(σ) < K(ε)m(σ − E − ε), (7)

PG K(ε) �D f(s) 0 ε >)�iC��
hb 2 �� (1) 0I (2), (3), J>

lim
σ→∞

ln lnM(σ)
ln σ

= lim
σ→∞

ln lnm(σ)
ln σ

=
{ ρ ,

τ .

)HL67>
hb 3 C]'j^�L67QI0QY�XZ�cP��ECiK� M , _D k > M

E�>
1) Tk = − ln |bNk

|
λNk

> 0, ! k kd%]e9f
2)

− ln |bNk
|+ln |bNk−1 |

λNk
−λNk−1

>
− ln |bNk

|
λNk

.

l` 1, l` 2 �ma," [3], l` 3 �ma," [2].
hb 4 C]^L67DL67QI�cP��>
1) ∀σ ∈ R, > ln m(σ) = lnm(σ1) +

∫ σ

σ1
ν(σ)dσ.

2) lim
σ→∞

ln ln m(σ)
ln σ − 1 = ρ − 1 = lim

σ→∞
ln ν(σ)
ln σ , (ρ > 1).

3) lim
σ→∞

ln ln m(σ)
ln σ − 1 = τ − 1 = lim

σ→∞
ln ν(σ)

ln σ , (τ > 1).

	 1) CX�b_ Ik := [σk, σk+1) (! m(σ) =| bν(σ) | eν(σ)σ -X)H σ cg�8HC
Ik ( ν(σ) = λNk

, H�>
m′(σ) = ν(σ) | bν(σ) | eν(σ)σ = ν(σ)m(σ),

h�

ln m(σk+1) − ln m(σk) =
∫ σk+1

σk

m′(σ)
m(σ)

dσ =
∫ σk+1

σk

ν(σ)dσ,

ln m(σ) − ln m(σ1) = lnm(σ) − ln m(σk) +
k−1∑
j=1

(ln m(σj+1) − ln m(σj))

=
∫ σ

σk

ν(σ)dσ +
k−1∑
j=1

∫ σj+1

σj

ν(σ)dσ =
∫ σ

σ1

ν(σ)dσ.

2) / lim
σ→∞

ln ν(σ)
lnσ = ρ − 1, J ∀ε ∈ (0, ρ − 1), D σ i36E�

ν(σ) < σρ−1+ε,

h�

ln m(σ) − ln m(σ1) =
∫ σ

σ1

ν(σ)dσ ≤
∫ σ

σ1

σρ−1+εdσ

=
1

ρ + ε
(σρ+ε − σρ+ε

1 ) ≤ 1
ρ + ε

σρ+ε,
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H� lim
σ→∞

ln ln m(σ)
ln σ ≤ ρ + ε. 8 ε �Gn:�/" lim

σ→∞
ln ln m(σ)

ln σ ≤ ρ . d;&'8 ν(σ) �%]

:e/
σν(σ) <

∫ 2σ

σ

ν(σ)dσ = lnm(2σ) − ln m(σ) ≤ ln m(2σ).

H!� ln σ + ln ν(σ) ≤ ln lnm(2σ) , YjY ln σ, /

1 +
ln ν(σ)

ln σ
≤ ln lnm(2σ)

ln(2σ) − ln 2
.

h�>
1 + lim

σ→∞
ln ν(σ)

ln σ
≤ lim

σ→∞
ln lnm(σ)

ln σ
.

2) /m�
3) / lim

σ→∞
ln ν(σ)
ln σ = τ − 1, J ∀ε ∈ (0, τ − 1), D σ i36E� > ν(σ) > στ−1−ε . H

��

ln m(σ) − ln m(σ1) =
∫ σ

σ1

ν(σ)dσ >

∫ σ

σ1

στ−1−εdσ =
1

τ − ε
(στ−ε − στ−ε

1 ).

N>
ln m(σ) >

1
τ − ε

στ−ε
[
1 −

(σ1

σ

)τ−ε]
,

h�

lim
σ→∞

ln lnm(σ)
ln σ

≥ τ − ε.

8 ε �Gn:�/"
lim

σ→∞
ln lnm(σ)

ln σ
≥ τ.

d;&'�8 ν(σ) �%]:/

ln m(2σ) − ln m(σ) =
∫ 2σ

σ

ν(σ)dσ ≤ σν(2σ),

ln m(2σ)
(
1 − ln m(σ)

ln m(2σ)

)
≤ σν(2σ),

H!�

ln lnm(2σ) + ln
(
1 − ln m(σ)

ln m(2σ)

)
≤ ln σ + ln ν(2σ).

YjY ln σ, /

ln lnm(2σ)
ln(2σ) − ln 2

+
ln ln

(
1 − ln m(σ)

ln m(2σ)

)
ln σ

≤ 1 +
ln ν(2σ)

ln(2σ) − ln 2
.

h�>
lim

σ→∞
ln lnm(σ)

ln σ
≤ 1 + lim

σ→∞
ln ν(σ)

ln σ
.



274 � Z [ c d � c 26 \

\Ol` 4 /m�

3 ogpqr
ab 1 stu 8l` 2, N[vma

lim
σ→∞

ln lnm(σ)
ln σ

= τ ⇐⇒ lim
k→∞

ln λNk

ln ln | bNk+1 |−1 − ln λNk+1

= τ − 1.

fma

lim
k→∞

ln λNk

ln ln | bNk+1 |−1 − ln λNk+1

= τ − 1 =⇒ lim
σ→∞

ln lnm(σ)
ln σ

≥ τ.

8%(� ∀ε ∈ (0, τ − 1), k i36E�
ln λNk

ln ln |bNk+1 |−1−lnλNk+1
≥ τ − 1 − ε , N

ln | bNk+1 | ≥ −λNk+1λ
1

τ−1−ε

Nk
.

H� ∀σ,

ln m(σ) ≥ ln | bNk+1 |eλNk+1σ ≥ λNk+1(σ − λ
1

τ−1−ε

Nk
).

H σk = 2λ
1

τ−1−ε

Nk
, D σ i36E�EC k _/ σ ∈ [σk, σk+1) ,

ln lnm(σ)
ln σ

≥
ln λNk+1 + lnσ + ln

(
1 − λ

1
τ−1−ε
Nk

σ

)

ln σ

≥
ln λNk+1 + ln

(
1 − λ

1
τ−1−ε
Nk

σ

)

ln σk+1
+ 1

=
ln λNk+1 + ln 1

2

ln 2 + 1
τ−1−ε ln λNk+1

+ 1.

k> lim
σ→∞

ln ln m(σ)
ln σ ≥ τ − ε. 8 ε �Gn:�/

lim
σ→∞

ln lnm(σ)
ln σ

≥ τ. (8)

wma lim
σ→∞

ln ln m(σ)
ln σ = τ ⇒ lim

k→∞
ln λNk

ln ln |bNk+1 |−1−ln λNk+1
≥ τ − 1 .

8l` 4 7�g lim
σ→∞

ln ln m(σ)
ln σ = τ , J> lim

σ→∞
ln ν(σ)

lnσ = τ − 1. / {λNk
} = {ν(σ), σ > 0}

8L67QITU�W�h k %](U� C>

σk =
− ln | bNk

| + ln | bNk−1 |
λNk

− λNk−1

> 0, (k = 1, 2, · · ·).

!Gni36� σ > 0, EC k _/ σ ∈ [σk−1, σk), OE� ν(σ) = λNk−1 , k>

lim
σ→∞

ln ν(σ)
ln σ

= lim
k→∞

ln λNk−1

ln σk
= τ − 1.
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VO� ∀ε ∈ (0, τ − 1), ECiK� p, _D σk ≥ σp E�>

λNk−1 ≥ στ−1−ε
k =

(− ln | bNk
| − ln | bNk−1 |

λNk
− λNk−1

)τ−1−ε

.

8l` 3 / − ln |bNk
|

λNk

≤ λ
1

τ−1−ε

Nk−1
. H� ln ln | bNk

|−1 − ln λNk
≤ 1

τ−1−ε ln λNk−1 . SY

lim
k→∞

ln λNk−1

ln ln | bNk
|−1 − ln λNk

≥ τ − 1 − ε.

8 ε �Gn:�/
lim

k→∞

ln λNk−1

ln ln | bNk
|−1 − ln λNk

≥ τ − 1.

�U (8) i��lP` 1 �ma�
ab 2 stu 8l` 2, [vma

lim
σ→∞

ln lnm(σ)
ln σ

= ρ ⇐⇒ lim
n→∞

ln λn

ln ln | bn |−1 − ln λn

= ρ − 1.

fm

lim
σ→∞

ln lnm(σ)
ln σ

= ρ, (1 < ρ < ∞) =⇒ lim
n→∞

ln λn

ln ln | bn |−1 − ln λn

≤ ρ − 1.

8%(� ∀ε > 0, σ > 0 i36E� ln ln m(σ)
ln σ < ρ + ε, k>

ln | bn | eλnσ ≤ ln m(σ) < σρ+ε, ln | bn | ≤ σρ+ε − λnσ.

Hi36� n, / σ = ( λn

ρ+ε )
1

ρ−1+ε , J>

ln | bn | ≤ −λ
ρ+ε

ρ−1+ε
n

[( 1
ρ + ε

) 1
ρ−1+ε −

( 1
ρ + ε

) ρ+ε
ρ−1+ε

]
= −λ

ρ+ε
ρ−1+ε
n c , (c > 0).

SY
ln | bn |−1 ≥ λ

ρ+ε
ρ−1+ε
n c.

ln ln | bn |−1 ≥ ρ + ε

ρ − 1 + ε
ln λn + ln c,

h�>
ln λn + ln c

ln ln | bn |−1 − ln λn

≤ ρ − 1 + ε,

N

lim
n→∞

ln λn

ln ln | bn |−1 − ln λn

≤ ρ − 1 + ε.

8 ε �Gn:/
lim

n→∞
ln λn

ln ln | bn |−1 − ln λn

≤ ρ − 1. (9)
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wma lim
n→∞

ln λn

ln ln |bn|−1−ln λn
< ρ − 1 Rejlk�

mm�g lim
n→∞

ln λn

ln ln |bn|−1−ln λn
< ρ − 1 , JEC ε1 ∈ (0, ρ − 1), D n i36E�>

ln λn

ln ln | bn |−1 − ln λn

≤ ρ − 1 + ε1,

N ln | bn | ≤ −λ
ρ+ε1

ρ−1+ε1
n . ∀σ ∈ R, ln | bn |eλnσ ≤ −λ

ρ+ε1
ρ−1+ε1
n + λnσ. Hi36� n H σ, _/

λn =
(ρ − 1 + ε1

ρ + ε1
σ
)ρ−1+ε1

.

J> ln | bn |eλnσ ≤ σρ+ε1 (ρ−1+ε1
ρ+ε1

)ρ+ε1 ( ρ+ε1
ρ−1+ε1

− 1) = σρ+ε1c, (c > 0). H� ln m(σ) ≤ cσρ+ε1 ,

h�

lim
σ→∞

ln lnm(σ)
ln σ

≤ ρ + ε1 < ρ.

gnlo��U (9) i��lP` 2 �ma�

x y z {

[1] mpq<rnop Dirichlet sqt|us<qNrsNv� 2002, 22A(4): 557–563.
[2] mpq<tus Dirichlet sqtvs<wwxxyNNv (M9:Nz), 2003, 1: 1–8.
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ZERO ORDER DIRICHLET SERIES ON THE PLANE

Tian Honggen

(Department of Mathematics, Xinjiang Normal University, Wulumuqi 830054)

Sun Daochun

(Department of Mathematics, Huanan Normal University, Guangzhou 510631)

Zheng Chengmin

(Department of Mathematics, Xinjiang Normal University, Wulumuqi 830054)

Abstract In this paper, the zero order Dirichlet series on the complex plane is thor-
oughly studied using index of the maxium term and relatively loose coefficient conditions. And
concerning the growth of the zero order Dirichlet series two theorems (namely Theorem 1 and
Theorem 2) are obtained.

Key words Dirichlet series, order, low order, zero order, index of the maxium term.
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