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MR(2000) %&'() 90C30, 65K05

1 * +
!�!�""#$#�%�$%#$& � 

min f(x)
s.t. A x = b, (1.1)

!' f : �n −→ � "!"$%#$##&$( A ∈ �m×n, )% b ∈ �m, '% x ∈ �n, (*

Ω def= {x|Ax = b} )$� (1.1) $&+'* Bulteau ( Vial ,� [1] '+-,,%-&)*
.%�& � $'/(.0)1!+*#�%�& � *,1-*2*/.� (1.1)
3 +#�%�$($/01'$40.%�& � *562%$(1237$($4

58,&!�-3409-:.*2%;/467*5+-2%;/4,,%-&)&56
%8970$1/189"<23:$&:423;5$;#$3:56*

!�<=7>=> 2 <+-=2%;/4,,%-&)?@A!$?B> 3 <562%
;/4C,,%-&)89D:@%8970#7;<E=1/B> 4 <A==1/$<2

* >?B>@�ABC? (10471094) C��@DF�@ (T0401) C?G
AHBCI2005-11-22.
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F3:$(G3:$B> 5 <,6E$FH/4>&A==GK;#$3:56B> 6 <&
@A=1/$#EIF5H&)=!1/$&+$("G$*

2 -./0123456789:;<=>
!<.@A2%;/4,,%-&)$+-&HI!9"$4IJK$J*

2.1 ?@ABCDEFGHIJKL
H� (1.1) $LLMK##+

L(x, λ) = f(x) + µT(Ax− b),

!' µ ∈ �m "LLMKMJ*N6GKM&* x∗, � (1.1) $4NM&$O=/4+P
,)% µ∗ ∈ �m , LQ>O67RP

g∗ + ATµ∗ = 0,

Ax∗ = b, (2.1)

KQ g∗
def= ∇f(x∗). H (xk, µk) "MSTU$> k VTU&L67 (2.1) ,> k VTU'$M

SW+ [∇2fk AT

A 0

] [
pk

∆µk

]
= −

[∇fk + ATµk

0

]
. (2.2)

> k + 1 VTUX(*+ [
xk+1

µk+1

]
=

[
xk

µk

]
+

[
pk

∆µk

]
.

N6LLMKMJ µk, &Y1MMZM/N*&R

ATµk+1
L.S.= −∇fk.

S6MSW67 (2.2), Q[� (1.1) $ZVTUJ� (Sk) +⎧⎨⎩min ϕk(p) def= fk + gT
k p +

1
2
pTBkp

s.t. Ap = 0,
(2.3)

!' gk = ∇f(xk), p = x− xk, Bk " ∇2fk V"!WO$(& ϕk(p) " f $GKZVWO*

FH A "+PN$&,1-*2*/&Q p = ZTpz, !' Z $+)%OR/01 N (A)
$4NPXS*5\J� (2.3) #Y67>.%�& � 

min ϕk(pz) def= fk + (Zgk)Tpz +
1
2
(pz)TZBkZTpz. (2.4)

Z gk
def= Zgk, Hk

def= ZBkZT, (2.4) �&HQR]S+

min ϕk(pz) def= fk + gT
k pz +

1
2
(pz)THkpz. (2.5)
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.2%,,6)/V16 (2.5), ^ v1 = 0 ]Q&Q[XO v1, v2, · · · , vq+1 (,,6)W
O d1, d2, · · · , dq+1 , L!PX

Hksi+1 = ri+1, i = 1, 2, · · · , q, (2.6)

di+1 = −si+1 + βidi, i = 1, 2, · · · , q, (2.7)

vi+1 = vi + λidi, i = 1, 2, · · · , q, (2.8)

dT
i Hkdi > 0, i = 1, 2, · · · , q. (2.9)

KQ

ri+1 = ∇ϕk(vi+1) = ri + λiHkdi, βi =
sT

i+1Hkdi

dT
i Hkdi

> 0, λi =
rT

i si

dT
i Hkdi

> 0. (2.10)

!' q )$ Hk ÆYRZE$0#*_ ri+1 = 0 V[ ri+1 �= 0 (di+1 �= 0), ` dT
i+1Hkdi+1 ≤ 0

S&TU37\]*

,,%-&) Γ z
k (τ) +-7>

Γ z
k (τ) =

q∑
i=1

ti(τ)di − tq+1(τ)dq+1, (2.11)

(

ti(τ) = min
{
λi, max

{
0, τ −

i−1∑
j=1

λj

}}
. (2.12)

!' di ( λi 5 (2.7) ( (2.10) @A*_ i = 1 S&Z
i−1∑
j=1

λj = 0.

N62%;/467 (2.6), #$:.a.$;/4D:^^6$( Hk = ZBkZT. V:
_`$( Bk a8,&,IbV1'2%$( Hk _14(W23!458,*cO6� [2]
'6/&!�Y19-:.N* (2.6).

`+ A "+PN$& Z $+)%OR/01 N (A) $4NPXS&X

Z =
[−A−1

1 A2

In−m

]T

P,

!' P "ad$(& AP = (A1, A2), A1 "%YY$*+=e8Zf&!�'FH P = In.
+=N* (2.6) �'$ si+1, (*7>9-:.[

H̃k ÃT

Ã 0

][
si+1

ui+1

]
=

[
r̃i+1

0

]
, (2.13)

!' H̃k " Bk $8,NbP(WO& Ã = (Ã1, Ã2), !' Ã1 " A1 $%YYWO& Ã2 "

A2 $WO&HI

r̃i+1 =
[

0m

rn−m
i+1

]
,
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[S, (2.13) ' si+1 = Z̃Tsi+1, !' Z̃ $+)%OR/01 N (Ã) $4NS&R

Z̃ =
[−Ã−1

1 Ã2

In−m

]T

.

bf-367 (2.13) N* si+1 #Y6N*7>67

(Z̃H̃kZ̃T)si+1 = Z̃r̃i+1 =
[−Ã−1

1 Ã2

In−m

]T [
0m

rn−m
i+1

]
= ri+1. (2.14)

cV\$( (Z̃H̃kZ̃T)−1 &gR" Hk $WO\*

`+ Z̃ "$( Ã $/01$4NS]+R$$(&]H si+1 = (0, In−m)si+1, `\&H
1ON* Z̃. N667 (2.13) '9-$(

M̃k =

[
H̃k ÃT

Ã 0

]

,1 Matlab +N* (f� [2]).

2.2 ?@ABCDEFGHIJOP
>^@A2%;/4,,%-&)$4I$?&?hHA=*
QR 2.1 H di "5 (2.7)–(2.10) Q[$6)WO&LN 1 ≤ i, j ≤ l ≤ q + 1, >O5_

RP

rT
i dj = 0, 1 ≤ j < i ≤ l ≤ q + 1, (2.15)

dT
i Hkdj = 0, i �= j, (2.16)

rT
i M−1

k rj = 0, i �= j, (2.17)

dT
i ri = −rT

i M−1
k ri, i = 1, 2, · · · , q + 1, (2.18)

dT
i Mkdj > 0, i �= j. (2.19)

!' Mk = Z̃H̃kZ̃T.
S L1#di`/A= (2.15)–(2.19).
_ l = 1 S& (2.18) RPB_ l = 2 S& (2.15), (2.16), (2.17) ( (2.19) RP*FHHTc

:�N l RP&>^A=N6 l + 1, KIc:�_RP*
`+

rl+1 = Hkvl+1 + gk = Hk(vl + λldl) + gk = rl + λlHkdl. (2.20)

,1 (2.20) �&"

rT
l+1dj = (rl + λlHkdl)Tdj = rT

l dj + λld
T
l Hkdj . (2.21)

_ 1 ≤ j ≤ l− 1 S&5i`/FH&e (2.21) fd+/&g

rT
l+1dl = rT

l dl +
rlsl

dT
l Hkdl

dT
l Hkdl = rT

l dl + rT
l M−1

k rl = 0, (2.22)
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^: (2.15) QA*
5 (2.20), (2.14) ( (2.7) "

rT
l+1M

−1
k ri = (rl + λlHkdl)TM−1

k ri

= rT
l M−1

k ri + λld
T
l Hk(−di + βi−1di−1)

= rT
l M−1

k ri − λld
T
l Hkdi + λlβi−1d

T
l Hkdi−1. (2.23)

_ i = 1, 2, · · · , l− 1 S&5i`/FH&e (2.23) fd+/&g

rT
l+1M

−1
k rl = rT

l M−1
k rl − λld

T
l Hkdl + λlβl−1d

T
l Hkdl−1

= rT
l M−1

k rl − rT
l sl

dT
l Hkdl

dT
l Hkdl

= rT
l M−1

k rl − rT
l M−1

k rl

= 0,

`\ (2.17) QA*
,1 (2.7), (2.20) ( (2.14) "

dT
l+1Hkdi = (−sl+1 + βldl)THkdi

= −sT
l+1

ri+1 − ri

λi
+ βld

T
l Hkdi

= −rT
l+1M

−1
k ri+1 − rT

l+1M
−1
k ri

λi
+ βld

T
l Hkdi, (2.24)

N6 i = 1, 2, · · · , l − 1 5i`/FH&e (2.24) fd+/&g

dT
l+1Hkdl = (−sl+1 + βldl)THkdl = −sT

l+1Hkdl + sT
l+1Hkdl

dT
l

Hkdl
dT

l Hkdl = 0. (2.25)

5\ (2.16) QA*
h,1 (2.7) ( (2.14), "

dT
l+1rl+1 = (−sl+1 + βldl)Trl+1 = −sT

l+1rl+1 = −rT
l+1M

−1
k rl+1.

`\ (2.18) RP*
5 (2.7) ( (2.14) Q

dT
l+1Mkdi = (−sl+1 + βldl)TMkdi = −rT

l+1M
−1
k Mkdi + βld

T
l Mkdi = βld

T
l Mkdi > 0.

N6 i = 1, 2, · · · , l RP&6" (2.19) QA*
QR 2.2 HTUW pz

k(τ) = Γ z
k (τ) "52%;/4,,%-&)Q[$&LPXH>

$?

i) N6 τ ∈ (0, +∞), &)$e### ‖Γ z
k (τ)‖Mk

"89f9$&KQ ‖ · ‖Mk
+abe

#& ‖x‖Mk
= (xTMkx)

1
2 , ∀x ∈ �n−m, !' Mk = Z̃H̃kZ̃T.
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ii) _ τ ∈ (0, +∞) S&ZVWO## ϕk(Γ z
k (τ)) ij2%;/4,,%-&)"89

fj$*

iii) 7H Hk "P($&L

lim
τ→∞Γ z

k (τ) = −H
−1

k gk. (2.26)

S +=6gZf&.> k VTUc:*

1) 5,,%-&)(*&_ i−1∑
j=1

λj < τ ≤
i∑

j=1

λj(i ≤ q) S&R 0 < τ −
i−1∑
j=1

λj ≤ λi S&

ti(τ) = min
{
λi, max

{
0, τ −

i−1∑
j=1

λj

}}
= min

{
λi, τ −

i−1∑
j=1

λj

}
= τ −

i−1∑
j=1

λj .

N6 l < i,

tl(τ) = min
{

λl, max
{
0, τ −

l−1∑
j=1

λj

}}
= min

{
λl, τ −

l−1∑
j=1

λj

}
= λl.

N6 i < l ≤ q,

tl(τ) = min{λl, 0} = 0.

]H_
i−1∑
j=1

λj < τ ≤
i∑

j=1

λj(i ≤ q) S&"

Γ z(τ) =
i−1∑
j=1

λjdj +
(
τ −

i−1∑
j=1

λj

)
di. (2.27)

_ τ >
q∑

j=1

λj S&&Q

Γ z(τ) =
q∑

j=1

λjdj . (2.28)

(* Ψ(τ) def= ‖Γ z(τ)‖2Mk
, k=A= dΨ(τ)

dτ ≥ 0 R&AQ i) RP*5 Γ z(τ) $(*"

Ψ(τ) =
∥∥∥∥ i−1∑

j=1

λjdj +
(

τ −
i−1∑
j=1

λj

)
di

∥∥∥∥2

Mk

=
[ i−1∑

j=1

λjdj +
(

τ −
i−1∑
j=1

λj

)
di

]T

Mk

[ i−1∑
j=1

λjdj +
(

τ −
i−1∑
j=1

λj

)
di

]

=
i−1∑
j=1

λjd
T
j Mk

( i−1∑
j=1

λjdj

)
+ 2

(
τ −

i−1∑
j=1

λj

) i−1∑
j=1

λjd
T
i Mkdj +

(
τ −

i−1∑
j=1

λj

)2

dT
i Mkdi,
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N Ψ(τ) c6 τ Nh&

dΨ(τ)
dτ

= 2
i−1∑
j=1

λjd
T
i Mkdj + 2

(
τ −

i−1∑
j=1

λj

)
dT

i Mkdi,

5 (2.19) �&HI τ −
i−1∑
j=1

λj > 0 ( Mk P(&&e
dΨ(τ)

dτ > 0. `+ ‖Γ z(τ)‖Mk
, �+ Tk

l&]H ‖Γ z(τ)‖Mk
, τ ∈ (0, +∞) T89f9&^:AQ i) RP*

2) _
i−1∑
j=1

λj < τ ≤
i∑

j=1

λj(i ≤ q) S&

dϕ(Γ z(τ))
dτ

= (gk + HkΓ z(τ))T
dΓ z(τ)

dτ

=
[
gk + Hk

( i−1∑
j=1

λjdj +
(

τ −
i−1∑
j=1

λj

)
di

)]T

di

= gT
k di +

(
τ −

i−1∑
j=1

λj

)
dT

i Hkdi, (2.29)

5 r1 = gk, τ −
i−1∑
j=1

λj ≤ λi, λi $(*HI (2.14), (2.18) ( (2.20), "

dϕ(Γ z(τ))
dτ

= dT
i r1 +

(
τ −

i−1∑
j=1

λj

)
dT

i Hkdi

≤ dT
i r1 + λid

T
i Hkdi

= dT
i r1 + rT

i si

= dT
i r1 + rT

i M−1
k ri

= dT
i (r1 − ri)

= dT
i

(
r1 − r1 −

i−1∑
j=1

λjHkdj

)
= 0.

]H ϕ(Γ z(τ)) ij2%;/4,,%-&)"89fj$*
3) 7H Hk P(&LTUY1ld89$,,%-/, q Wm\]& rq+1 = 0, `+

Hkvq+1 + gk = rq+1 = 0, ]H vq+1 = −H
−1

k gk, g λq+1 = rT
q+1sq+1

dT
q+1Hkdq+1

, ]H λq+1 = 0, ^:

" lim
τ→∞ tq+1(τ) = 0, ,1 (2.8) ( (2.28) &Q

lim
τ→∞Γ z

k (τ) =
q∑

j=1

λjdj = vq+1 = −H
−1

k gk.

R (2.26) RP*
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QR 2.3 HTUW pz
k(τ) = Γ z

k (τ) "52%;/4,,%-&)Q[$&L
1) Æi##$2%%- gk (,,%-&)je$TUW pz

k(τ) $c:## Φk(τ) def=
gT

k pz
k(τ) , τ ∈ (0, +∞) T"89fj$B

2) N6 0 < τ < +∞, Φk(τ) def= gT
k pz

k(τ) PX45>n6)&RP, χ > 0, χ̂ > 0 LQ
‖Mk‖ ≤ χ, ‖M−1

k ‖ ≤ χ̂, "

gT
k pz

k(τ) ≤ −min
{

τ

χ
,

1
χχ̂2‖Hk‖

}
‖gk‖2. (2.30)

S 1) 5mE 2.2 '$ (2.27) "

Φk(τ) = (gk)Tpz
k(τ) =

i−1∑
j=1

λjg
T
k dj +

(
τ −

i−1∑
j=1

λj

)
gT

k di, (2.31)

T�c6 τ Nh&?,1 d1 = −M−1
k gk ( (2.19) &Q

dΦk(τ)
dτ

= gT
k di = −dT

1 Mkdi < 0, (2.32)

]H Φk(τ) , τ ∈ (0, +∞) T"89fj$*
2) _ 0 < τ ≤ λ1 S&`+ Mk = Z̃H̃kZ̃T "P($(&]HP, χ > 0, χ̂ > 0 LQ

‖Mk‖ ≤ χ, ‖M−1
k ‖ ≤ χ̂, ^:

Φk(τ) = gT
k pz

k(τ) = gT
k (τd1) = −τgT

k M−1
k gk ≤ −

τ

χ
‖gk‖2. (2.33)

_ τ > λ1 S&56 Φk(τ) , τ ∈ (λ1, +∞) T"89fj$&]H

Φk(τ) < Φk(λ1) = −λ1‖gk‖2 ≤ −
gT

k M−1
k gk‖gk‖2

gT
k M−1

k HkM−1
k gk

≤ − 1
χχ̂2‖Hk‖

‖gk‖2. (2.34)

5 (2.33) ( (2.34) &Q&_ τ ∈ (0, +∞) S& (2.30) RP*

(2.30) )=Æi##$2%%- gk (TUWk pz
k(τ) n1$c:9"lXmn>n%*

3 T U
!<'@A=N*� (1.1) $2%;/4,,%-&)$1/*
VWX o(o# ξ ∈ (0, 1), ω ∈ (0, 1), ε > 0 . Z m(0) = 0, oX40Nb$( B0, oX

pQ&+X x0 ∈ Ω ⊆ �n, hZ k = 0, 3pW*
YX
1 o1 fk = f(xk), gk = ∇f(xk), Bk, M̃k, Ã, Z.
2 7H ‖Zgk‖ ≤ ε, Lf]o1& xk Z+M&*BqL3>4W*
3 +-,,%-&) Γ z

k (τ), pQ& pz
k(τ), LTUW pk(τ) = ZTpz

k(τ). X τ =∞, ω−n,

ω−(n−1), q[>^$1#�RP

f(xl(k))− f(xk + pk(τ)) ≥ ξ
[
f(xk)− ϕk(pz

k(τ))
]
, ξ ∈ (0, 1), (3.1)
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!' f(xl(k)) = max
0≤j≤m(k)

{f(xk−j)}, qPX (3.1) �$>40 τ $E+ τk.

4 Z

xk+1 = xk + pk(τk). (3.2)

5 o1 f(xk+1) ( gk+1. X m(k + 1) = min{m(k) + 1, Q}. rP Bk Q[ Bk+1, a
k ← k + 1, h3W 2.

[ 1 r%8970(s1$8970Ætr&_ Q ≥ 1 S&TUW pk(τk) kW2A
f(xk + pk(τk)) M6 f(xl(k)). `\&4Ægs>& fk 1"89fj$*_ Q = 0 S&bfu
1/3 +4Æs*>$891/*]H891/&HgR%891/, Q = 0 S$Rh
gO*

4 \]^_=`a
,!<'& f : �n −→ � "ZVkl&i##&4,&+t Ω T"">t$*+=A

=1/$<23:$&uZ7>FH
FH A1 @( x0 ∈ Ω , jk' L(x0)

def= {x ∈ Ω |f(x) ≤ f(x0)} "u$&1/je$TU
WO xk ∈ L(x0).

FH A2 ‖Bk‖ T"t&RNls$ k, P, χb > 0, LQ ‖Bk‖ ≤ χb.
FH A3 ‖∇2f(x)‖ T"t&RNls$ x ∈ L(x0), P, χf > 0, LQ ‖∇2f(x)‖ ≤ χf .
5FH A2, A3, HI Z "PX$(e ‖Hk‖ ≤ χb, ‖Z∇2f(xk)ZT‖ ≤ χf .
QR 4.1 ,> k WTU'&ZTUW pz

k(τ) = Γ z
k (τ) "52%;/4,,%-&)Q

[$&L;o>n% f(xk)− ϕk(pz
k(τ)) PX45>n/4&R

f(xk)− ϕk(pz
k(τ)) ≥ 1

2
min

{
τ

χ
,

1
χbχ

2χ̂2

}
‖gk‖2. (4.1)

S _ 0 < τ ≤ λ1 S&

f(xk)− ϕk(pz
k(τ)) = −gT

k (τd1)− 1
2
(τd1)THk(τd1)

≥ τgT
k M−1

k gk −
τ

2
λ1g

T
k Hkgk

= τgT
k M−1

k gk −
τ

2
gT

k M−1
k gk

dT
1 Hkd1

dT
1 Hkd1

=
τ

2
gT

k M−1
k gk

≥ 1
2

τ

χ
‖gk‖2. (4.2)
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_ τ > λ1 S&56 ϕk(pz
k(τ)) , τ ∈ (λ1, +∞) S"89fj$&^:

f(xk)− ϕk(pz
k(τ)) > f(xk)− ϕk(pz

k(λ1))

= −λ2
1

2
gT

k Hkgk + λ1g
T
k M−1

k gk

=
(gT

k M−1
k gk)2

dT
1 Hkd1

− (gT
k M−1

k gk)2

2(dT
1 Hkd1)2

dT
1 Hkd1

=
(gT

k M−1
k gk)2

2gT
k M−1

k HkM−1
k gk

≥ 1
2χbχ

2χ̂2
‖gk‖2. (4.3)

5 (4.2) ( (4.3) &Q& (4.1) RP*
>^$mEA==1/> 3 W,"vWm\]&Rv3"vW$nM τ , L (3.1) RP*
QR 4.2 ,1/> 3 W'&o ‖gk‖ �= 0, LP, τ̂ > 0, LQ

τk ≥ τ̂
def= min

{
ωλ1,

ω

χbχχ̂2
,

(1− ξ)ω
(χf + χb)χχ̂2

}
. (4.4)

S FHmE5_1RP&L

τk < min
{

ωλ1,
ω

χbχχ̂2
,

(1− ξ)ω
(χf + χb)χχ̂2

}
. (4.5)

51/&e τk

ω 1PX (3.1), R

f(xl(k))− f
(
xk + pk

(τk

ω

))
< ξ

[
f(xk)− ϕk

(
pz

k

(τk

ω

))]
. (4.6)

`+ f(xl(k)) = max
0≤j≤m(k)

{f(xk−j)}, `:">�RP

f(xk)− f
(
xk + pk

(τk

ω

))
< ξ

[
f(xk)− ϕk

(
pz

k

(τk

ω

))]
, (4.7)

5T�&Q

(1− ξ)
[
ϕk

(
pz

k

(τk

ω

))
− f(xk)

]
+ f

(
xk + pk

(τk

ω

))
− ϕk

(
pz

k

(τk

ω

))
> 0. (4.8)

5 (4.1) ( (4.5) &Q

(1− ξ)
[
ϕk

(
pz

k

(τk

ω

))
− f(xk)

]
≤ −1

2
(1 − ξ)min

{ τk

ωχ
,

1
χbχ

2χ̂2

}
‖gk‖2

= −1
2
(1 − ξ)

τk

ωχ
‖gk‖2. (4.9)
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g`+ ‖pz
k( τk

ω )‖2 = ‖pk( τk

ω )‖2, ^:

f
(
xk + pk

(τk

ω

))
− ϕk

(
pz

k

(τk

ω

))
=

1
2

(
pz

k

(τk

ω

))T

Z∇2f
(
xk + θpk

(τk

ω

))
ZTpz

k

(τk

ω

)
− 1

2

(
pz

k

(τk

ω

))T

Hkpz
k

(τk

ω

)
≤ 1

2
(χf + χb)

∥∥∥pz
k

(τk

ω

)∥∥∥2

, (4.10)

!' 0 < θ < 1. 5 (4.5) e& τk < ωλ1, R 0 < τk

ω < λ1, `:" pz
k( τk

ω ) = τk

ω d1 = − τk

ω M−1
k gk,

^: ∥∥∥pz
k

(τk

ω

)∥∥∥2

=
τ2
k

ω2
‖M−1

k gk‖2 ≤
τ2
k χ̂2

ω2
‖gk‖2, (4.11)

5 (4.8)–(4.11) Q

−1
2
(1− ξ)

τk

ωχ
‖gk‖2 +

1
2
(χf + χb)

τ2
k χ̂2

ω2
‖gk‖2 > 0, (4.12)

`+ ‖gk‖ �= 0, ^:"

τk >
(1− ξ)ω

(χf + χb)χχ̂2
. (4.13)

K@ (4.5) Æpv*^:FH1RP&]H (4.4) RP*
,mE 4.1, mE 4.2 $q<>&(E 4.3 w4Wr==\1/9"<2F3:$*
ÆR 4.3 FH A1–A3 RP*Z {xk} ⊆ �n "51/je$WO&L

lim inf
k→∞

‖Zgk‖ = 0. (4.14)

S FH(E$5_1RP&LP, ε > 0, LQN6]"$ k,

‖gk‖ def= ‖Zgk‖ ≥ ε. (4.15)

5xswL (3.1) "

f(xl(k))− f(xk + pk(τ)) ≥ ξ
[
f(xk)− ϕk(pz

k(τ))
]
,

]H f(xk+1) ≤ f(xl(k)). xs[ m(k + 1) = min{m(k) + 1, Q} ≤ m(k) + 1, L"

f(xl(k+1)) ≤ max
0≤j≤m(k)+1

{f(xk+1−j)}

= max{f(xl(k)), f(xk+1)}
= f(xl(k)),
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K)=WO {f(xl(k))} "89%9$*g`+ f(xk) ">"t$&^:WO {f(xl(k))} "3:
$*^:5 (4.1) &Q

f(xl(k)) = f(xl(k)−1 + pl(k)−1(τl(k)−1))

≤ max
0≤j≤m(k)

{f(xl(k)−1−j)} − ξ
[
f(xl(k)−1)− ϕl(k)−1(pz

l(k)−1(τl(k)−1))
]

≤ max
0≤j≤m(k)

{f(xl(k)−1−j)} − ξ

2
min

{τl(k)−1

χ
,

1
χbχ

2χ̂2

}
ε2, (4.16)

56 {f(xl(k))} "3:$&5T�&Q
lim

k→∞
τl(k)−1 = 0. (4.17)

cO� [4] &AQ

lim
k→∞

f(xl(k)) = lim
k→∞

f(xk). (4.18)

5xswL (3.1) Q

f(xk+1)− f(xl(k)) ≤ −ξ
[
f(xk)− ϕk(pz

k(τ))
]
≤ − ξ

2
min

{τk

χ
,

1
χbχ

2χ̂2

}
ε2.

Kstj

lim
k→∞

τk = 0. (4.19)

K@mE 4.2 Æpv&^:FH (4.15) 1RP&]H(E5_RP*

5 bc^_de
(E 4.3 A==1/$<2F3:$&!<@A\1/189"<2G3:$&:42

3;5$;#$3:56*uyu7>FH*

FH A4 � (1.1) $* x∗ PXGZN45/4&RP, ζ > 0 , LQ

(pz)TZ∇2f(x∗)ZTpz ≥ ζ‖pz‖2, ∀pz ∈ �n−m. (5.1)

FH A5

lim
k→∞

‖(Hk − Z∇2f(x∗)ZT)Zpk(τk)‖
‖pk(τk)‖ = 0. (5.2)

FH A5 stj

pz
k(τk)T(Z∇2f(x∗)ZT −Hk)pz

k(τk) = o(‖pk(τk)‖‖pz
k(τk)‖). (5.3)

ÆR 5.1 FH A1–A5 RP&4FHP, η > 0, LQ ‖pz
k(τk)‖ ≤ η‖gk‖, !' ‖gk‖ def=

‖Zgk‖. Z {xk} ⊆ �n "51/je$WO&L

lim
k→∞

‖gk‖ = 0. (5.4)
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S FHP, ε1 ∈ (0, 1) ( {gk} '$40JO {gmi
}, LQN]"$ mi(i = 1, 2, · · ·) w

"
‖gmi

‖ ≥ ε1. (5.5)

(E 4.3 2A=Nls$ ε2 ∈ (0, ε1), P,y40JWO {gni
}, _ i 45xS&">Oz�

RP

‖gk‖ ≥ ε2, mi ≤ k < ni ( ‖gni
‖ < ε2.

5 (4.1) ( (4.4), HI(EFH/4Q

f(xk)− ϕk(Γ z
k (τ)) ≥ 1

2η2
min

{ τ̂

χ
,

1
χbχ

2χ̂2

}
‖pz

k(τk)‖2

= α̂‖pz
k(τk)‖2

= α̂‖pk(τk)‖2, (5.6)

!' α̂ = 1
2η2 min{ τ̂

χ , 1

χbχ2χ̂2
}. 5 (4.16) ( (5.6) &Q

f(xl(k)) ≤ f(xl(l(k)−1))− ξ
[
f(xl(k)−1)− ϕl(k)−1(pz

l(k)−1(τl(k)−1))
]

≤ f(xl(l(k)−1))− ξα̂‖pl(k)−1(τl(k)−1)‖2. (5.7)

cO6� [4] '$A="

lim
k→∞

f(xl(k)) = lim
k→∞

f(xk). (5.8)

^:"

f(xk+1)− f(xl(k)) ≤ −ξα̂‖pk(τk)‖2, (5.9)

(5.8) ( (5.9) stj

lim
k→∞

‖pk(τk)‖ = 0. (5.10)

5FH A5 &Q ∣∣∣ϕk(pz
k(τk))− f(xk + pk(τk))

∣∣∣
=

∣∣∣gT
k pz +

1
2
(pz)THkpz − gT

k pk +
1
2
(pk)THkpk + o(‖pk‖2)

∣∣∣
=

∣∣∣1
2
(pz

k)T(Hk − Z∇2f(x∗)ZT)pz
k + o(‖pk‖2)

∣∣∣
= o(‖pk‖2). (5.11)
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^:N645x$ i, mi < k < ni &Q

f(xk)− f(xk + pk)
f(xk)− ϕk(pz

k)
= 1 +

ϕk(pz
k)− f(xk) + f(xk)− f(xk + pk)

f(xk)− ϕk(pz
k)

= 1 +
ϕk(pz

k)− f(xk + pk)
f(xk)− ϕk(pz

k)

≥ 1− o(‖pk‖2)
α̂‖pk‖2 , (5.12)

`\P, ρ ∈ (0, 1) LQ

f(xk)− f(xk + pk)
f(xk)− ϕk(pz

k)
≥ ρ, (5.13)

KstjN45x$ i, mi < k < ni LQ

f(xk)− f(xk + pk) ≥ ρ(f(xk)− ϕk(pz
k))

≥ ρ

2
min

{ τ̂

χ
,

1
χbχ

2χ̂2

}
ε2
2

= αε2
2, (5.14)

!' α = ρ
2 min

{
τ̂
χ , 1

χbχ2χ̂2

}
. ^:5 ni −mi ≥ 1 Q

ni−1∑
k=mi

[f(xk)− f(xk + pk)] ≥ (ni −mi)αε2
2 ≥ αε2

2, (5.15)

KstjN645x$ i, "

αε2
2 ≤ f(xmi)− f(xni)→ 0. (5.16)

cV (5.16) jepv&`\FH (5.5) 1RP&^:(E5_RP*
QR 5.2 FH f(xk)−ϕk(pz

k) ≥ −λmin(Hk)‖pz
k‖2, !' λmin(Hk) )$ Hk $MMRZ

E&H x∗ "WO {xk} $40{vX&L H∗ "yP($*
S FH H∗ 1"yP($&LP, ε > 0, LQ

λmin(H∗) = −ε < 0, (5.17)

L_ xk 45xW x∗ S&"

−λmin(Hk) ≥ ε

2
. (5.18)

`:5(EFH/4Q

f(xk)− ϕk(pz
k) ≥ ε

2
‖pz

k‖2, (5.19)
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5xswL (3.1) "

f(xl(k)) ≤ f(xl(l(k)−1))− ξ
[
f(xl(k)−1)− ϕl(k)−1(pz

l(k)−1(τl(k)−1))
]

≤ f(xl(l(k)−1))− ξε

2
‖pz

l(k)−1‖2, (5.20)

`+ f(xl(k)) "3:$&^:"

lim
k→∞

‖pz
l(k)−1‖ = 0. (5.21)

cO6� [4] '$A="

lim
k→∞

f(xl(k)) = lim
k→∞

f(xk). (5.22)

^:5 (3.1) ( (5.19) Q

f(xk+1)− f(xl(k)) ≤ −ξ
[
f(xk)− ϕk(pz

k)
]
≤ −ξε

2
‖pz

k‖2, (5.23)

(5.22) ( (5.23) stj

lim
k→∞

‖pz
k‖ = 0. (5.24)

`+ Mk "P($(&bQ ‖pz
k‖ ( ‖pz

k‖Mk
"#Y$*g ‖pz

k‖Mk
, (0, +∞) T"zL89

f9$&5 pz
k $(*&e

lim
k→∞

τk = 0. (5.25)

cOmE 4.2 &AQP, τ̂ > 0, LQ τk ≥ τ̂ . Kstj (5.25) 1RP&^: λmin(Hk) ≥ 0, `
\ H∗ "yP($*

ÆR 5.3 7H Hk P(&FH A1–A5 wPX&H {xk} +1/je$TUWO& x∗ +
{xk} ${vX&LWO {xk} ;#$3:6 x∗, R

lim
k→∞

‖xk+1 − x∗‖
‖xk − x∗‖ = 0. (5.26)

S _ Hk P(S&5mE 2.2 '$ iii) &e pz
k(∞) = −H

−1

k gk, >^FA_ k 45xS&

X pz
k(∞) = −H

−1

k gk PX1/'$ (3.1).
`+ gT

k pz
k(∞) = −pz

k(∞)THkpz
k(∞), 5 (5.1) ( (5.3) Q

ϕk(pz
k(∞))− f(xk)

= gT
k pz

k(∞) +
1
2
pz

k(∞)THkpz
k(∞)

= −pz
k(∞)THkpz

k(∞) +
1
2
pz

k(∞)THkpz
k(∞)

=
1
2
pz

k(∞)T(Z∇2f(xk)ZT −Hk)pz
k(∞)− 1

2
pz

k(∞)TZ∇2f(xk)ZTpz
k(∞)

≤ −ζ‖pz
k(∞)‖2 + o(‖pk(∞)‖‖pz

k(∞)‖). (5.27)
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`+ f(x) ZVkl&i& ξ ∈ (0, 1), 5 (5.3) ( (5.27) &Q

f(xk + pk(∞)) = f(xk) + gT
k pk(∞) +

1
2
pk(∞)T∇2f(xk)pk(∞) + o(‖pk(∞)‖2)

= f(xk) + gT
k pz

k(∞) +
1
2
pz

k(∞)TZ∇2f(xk)ZTpz
k(∞) + o(‖pz

k(∞)‖2)

= f(xk) + gT
k pz

k(∞) +
1
2
pz

k(∞)THkpz
k(∞) +

1
2
pz

k(∞)TZ∇2f(xk)ZTpz
k(∞)

−1
2
pz

k(∞)THkpz
k(∞) + o(‖pz

k(∞)‖2)

= f(xk) + ξ
[
ϕk(pz

k(∞))− f(xk)
]

+ (1− ξ)
[
ϕk(pz

k(∞))− f(xk)
]

+
1
2
pz

k(∞)T(Z∇2f(xk)ZT −Hk)pz
k(∞) + o(‖pz

k(∞)‖2)

≤ f(xl(k)) + ξ
[
ϕk(pz

k(∞)) − f(xk)
]
− (1− ξ)ζ‖pz

k(∞)‖2 + o(‖pz
k(∞)‖2)

≤ f(xl(k)) + ξ
[
ϕk(pz

k(∞)) − f(xk)
]
. (5.28)

]H_ k 45xS& pz
k(∞) = −H

−1

k gk PX (3.1).
Kr=_ Hk P(S&1/,/01''RMSWVvMSW*^: (5.26) RP*

6 fghi
NTU2%;/4,,%-&)1/&,{|+zw IV-1.6GHz ${xT&,1#dy

4 Matlab w+|7&I|=92$#E5H*+=}F1/$"G$&oXo# ε = 10−6,
ξ = 0.02, w = 0.5, %89o# Q = 0.

o}= 5 0iw#E}z *#Eo15H5) 1 @A* HS )$}z m~6� [5].
NF )$Æi##$o1V#& NG )$!%-##$o1V#&[STUV#( NG Æ

[&,\c:OA*%8970NN*H>}z ?{"|x$]}&`\!�k@A_

Q = 0 $gs*

 1 ~~����~

~~� Q=0
NF NG

HS028 2 2
HS048 2 2
HS049 14 14
HS050 10 10
HS051 2 2
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A REDUCED PRECONDITIONAL CONJUGATE

GRADIENT PATH METHOD

FOR LINEAR EQUALITY CONSTRAINED OPTIMIZATION

Lin Tao

(Shanghai Institute of Technology, Shanghai 200235)

Zhu Detong

(Business College, Shanghai Normal University, Shanghai 200234)

Abstract A reduced preconditional conjugate gradient path method with nonmono-
tonic technique for linear equality constrained optimization problem is proposed. By using the
generalized elimination method, the subproblem is equivalent to an unconstrained optimiza-
tion problem in the null space of constrained matrix. We develop preconditioners based on
an extended system. By employing the reduced preconditional conjugate gradient path search
strategy, we obtain an iterative direction by solving the quadratic model as well as the iterative
step. Based on the good properties of the conjugate gradient path, the global convergence
results of the proposed algorithm are proved while fast local superlinear convergence rate is
established under some reasonable conditions. Furthermore, numerical results indicate that the
algorithm is feasible and effective.

Key words Conjugate gradient path, reduced preconditional, nonmonotonic technique.


