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KRS EMAFEEENEER—

R

(Hh BB K2 HOE R 22, & 273165)

WE A LTEINE. AR RT RS TR o+ f(tu) =0t € (0,1) FEBF
%&AF au(0) — fu'(0) = 0, yu(l) +6u/(1) =0 F C[0, 1] IEMER C[0, 1] IEARA 77 a5 ME—
P HAPIEREIT £t u) KT w WA, (U0 2 E5 R ZR.

XA HROENSE, B LT® AsdER.

MR(2000) £ 34B15

1 5|sE5xXxELER
2% SCHIF 5 AR et — W 34 A 1h) A
u’ + f(t,u) =0, te(0,1), (1.1)
au(0) — Bu’'(0) =0, ~u(l)+du'(1) =0, (1.2)

HH a, 8,0, RIERTE, A:=ay+ad+fy>0.

SFFR MM ENE, ftu) %F v BEHRETREZ, f(tu) %T u RIOTFFAHA
B, ST 1) f(u) BT u RIRA, HERAC (23] AR AE T BB E R .
S AT BRI 3 [4-6]. (KBS AR £(t,0) T u RFWSHABF KA. A B
F(tu) 2T u R, TR F RS H B RS R BRI L. FRNE,
EREABERE L, FHAMN fGuEt=0,t=1, u=0 4HTULERRERE R
fy.

LELL TR, B AT30 1 = 0,1], J = (0,1), R = (0, +00). BB w(t) € C(H)NC2(J)
WM A (12) FIfE T epi R R (L1), WK w(t) KT IBEAR, Wy () #;
B w(t) (7% o (04) F1 w'(1 - 0) AAEAE, WIFFH CL(I) s £t w(t) 7 J LHEIE, WH
HIE M.

L vo(t) € C(HNC2(J) W2

{ _Ug(t) < f(t,’l)o(t)), te J;

avg(0) — Bvy(0) <0, ~wo(1) + duj(1) <0,

*E K EH KBRS (10471075), I1RE B RB % ESE (Y2006A04), HHE I+ S L FRFHESE (20050446001)
Br B iR
WeR H 81 2005-08-05, BB 1£ ks H 8. 2007-01-30.
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MIFR vo(t) R RBERNE (1.1) F (1.2) 89 T LM wo(t) M L HEHR Lid g R FEX
M. & (1.1) #1 (1.2) BT ## vo(t) F1_ERE wo(t) W& vo(t) < wo(t), MFR (vo(t), wol(t)) A )&
(L1)F1 (1.2) —XF LT A TIEMIASCH EEAER, RINTBETRATIH.

5|38 1.1 % F K5 Banach &3], D & E ¥ hH%, A:D— D #%:, 3 H AD) &
HXTESE, W A DFRULEEARIE. %5 B Schauder A3 & 2 F A #3617

AR EEGRAUEMT

EIE L1 B f(tu):J x RY —[0,+00) HEE, [f(t,u) RT v FFMKD, HH

ﬂuMiO,‘Azaﬁ@AdﬂMt<ax VA0 (1.3)

AL, TIPS B R (1.1) F(1.2) A ME—IEf# w(t) € C(I)NC?(J), A
me(t) <w(t), Im>0. (1.4)

Hete(t) = G(t,t), G(t,s) S E M (1.1) f (1.2) 4 Green FK3L.
FATFE, BEME (1.1) F (1.2) B Green p& 2

1w+aﬂ®+vﬂ—ﬂx 0<t<s<l,

|

G(t,s) =
H6+ag@+vu—ﬂ% 0<s<t<l1.

|

TR, et)=%B+at)(6+~(1—-1)).
N
(B+a)(0+7)

XA R (1.2), F T ki M E R
1) 36 # 0;

2)3=0, §#0;

3)B=0=0;

4)B#0, §=0.

MR REEL G(t, ), e(t) BRILEA Git,s), eit), i =1,2,3, 4 AL TREFH, &
BEIPHE X VYRR R TR R IE

e(t)e(s) < G(t,s) <e(t), G(t,s)<e(s), Vtsel. (1.5)

2 FrE&E L TFTHRNEEN
1€ Banach Z[i] E = C[0,1]) #MEEEG P AT T WT

P={u(t) € B| HAEER bl u(t) > by e(t),t € T}, (2.6)

TwﬂzlgG@Qﬂ&MQM& Vu(s) € P
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B, e(t) e P. MEFEH ut) € P, H (1.5) HEBKFRFE

1

Tu(t) S/o e(s)f(s,u(s))ds S/ e(8)f (s, kye(s))ds < oo, (2.7)

0

Tu(t) = [ 6(t.5) (s, uls)s > szt [ e(s) s, u(9)ds = ke ()

Vtel.

A bru) = Grassry Jo €(8)f(s,u(s)ds. B Tu(t) € P, T T Wt P A P BB T
XHEAT b(t) € P, ZE BT RG]

1

10(0) = (670 -1) [ (5-+a9)1(s.b(6))ds + 53+ at) [ (6401 = 9) (5. b(5)ds.
ATVO)— =2 [ 54as) s, 0eas + 5 [ 6200 = o) 60050,
d*(To(t))
a2 = f(£,b(t)).
T
o(TH)(0) — ATHY(0) = 0. H(TE)(1) +5(THY (1) =0, (28)
(T2)" (1) + £(1,b(8)) = 0. (29)
Rellic

bi(t) = min{e(t), (Te)
B, bi(t), bolt), BREIIEH bi(t) <
kree(t). FJ& b1(t) > min{1, kre}e(t) =
FEGFR

()}, ba(t) = max{e(t), (Te)(t)}. (2.10)
bao(t). W1 Te € P HIEFFTEIER kre 17 (Te)(t) >
kie(t), BRA bi(t), ba(t) € P, HILAFE] Thi(t), Tha(t)
(Tha)(t) < (Thy)(t) < T(kie)(t). (2.11)
A (2.10) 5 T #y kR
Tho(t) < (Te)(t) < ba(t), Thi(t) > (Te)(t) > bi(1).
X4EE (2.9) HF
(Tb2)"(t) + f(t, Tb2(t)) = (Tb2)"(t) + f(t,b2(t)) =0, (2.12)
(Thy)" (t) + f(t, Tbi(t)) < (Th1)"(t) + f(t,b1(t)) =0, (2.13)
HHH (2.8) &1, Tba(t), Thy(t) W R MF LM (1.2), TR (2.11), (2.12) Al (2.13) B4
(H(t), Q(t)) = (Tba(t), Tha(1))
F T B ) B —» LT, IR HE
H(t),Q(t) e P, H(t (H( () (2.14)
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3 T 1.1 hENEENE

3.1 1B® 1) RFNELEM
W H(t), Qu(t) ZME (1.1) #1 (1.2) (a8 # 0) B —XF LT, XBHFE T E e (t) fHIE,
M Gi(t,s), Hi(t), Qi(t) HIE.

f(taHl(t))v %:U<H1(t)a
F(t7u) = f(tau)v % Hl(t) <u< Ql(t)v (315)
ft,Q1(1), H u>Qi(t).

H BT &R R F: J x R — [0, +00) #EE, HIEITE
u’ + F(t,u) = 0. (3.16)

AR A SIAENE (3.16) M1 (1.2) Fh TSI E
u(t) :/0 G1(t,s)F(s,u(s))ds.
LHT AN
1
Au(t) :/0 G1(t,s)F(s,u(s))ds.

GW A:XE — XE. \NTMAET u(t) e XE, FEH&MFS (2.14),(3.15) # (1.5) 1%
Au(t) < /0 ex(s)F (s, u(s))ds
< /0 ex (V) f(t, Hy())dt

< /0 ex(t) F(t, Nex (£)dt
< 00, (3.17)

B AXE) REFE. SEM u(t) € XE Y t1,t2 € T B}
|A’U,(t2) — Au(t1)| S /0 |G1(t2, S) — Gl(lfl, S)lF(S, Hl(s))ds

ARG S Git,s) MESEWR {Au(t) | u(t) € XE} SEHES. TR AXE) BHXEE.
B—FH, E%he>0, i (3.17) RHHELE 61 € (0,3) F

1

o1 c
/0 el(s)f(s,Hl(s))ds—f—/l ex(3)f (s, H(3))ds < = (3.18)

-1
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X‘T L > 07 F(t)u) E [5171 _51] X [07[/] J:—Aﬁﬁ?i) y\ﬁﬁﬁ& 51 > 62 > 0) ﬂ:‘l t S [5171 -
5], u1, ug € [0, L], Juy —usg| < do B

[t w) = F(tu2)] < 5=, (3.19)
Hdre = 012?2(1{61@)}' TIER (3.18) M1 (3.19), 24 uy, ug € B, |u; —ua| < 52 BH
|Aug(t) — Auy ()] < / e1(s)|F (s, uz(s)) — F(s,ui(s))|ds
0
1-6,
<z /5 (s, us(s)) — F(s,ua(s))|ds
51 1
+2 /0 e1(s)f(s,Hi(s))ds + /151 e1(s)f(s, Hi(s))ds
<e,
B AEZ. FSIE 1173 AZPE AR uo e XENCHT), Bl uo(t) W2
ug(t) + F(t,up(t)) =0, tel (3.20)
A F &M (1.2). THEIEY
Hl(t)SU,Q(t)SQl(t), tel.
B Qi(t) > uo(t) T I EAEML, A t*eJE
Q1(t*) < uo(t"). (3.21)

B2 2(t) = Qi(t) —wo(t), t €1,
a=inf{t1| 0 <t; <t*,7E (t1,t] Lk 2(¢) < 0},
b =sup{te| t* < t2 < 1,7E [t*, t2) b 2(¢) < 0}.
W% t € (a,0) B Qu(t) <uo(t), THEM (3.15) Ml (2.13) HI F(t, uo(t)) = f(t,Q1(¢)),
QY(t) + F(t,uo(t)) = QY (t) + f(t, Q1(t)) <0, t€ (a,b).

XHE (3.20) 17
20 (1)2"(t) = Q1 (t) — ug(t) < 0.
X LB HY a,b, 2(t) A ik DY Bl Al
i)  z(a) = z(b) = 0;

ii) z(a) =0, z(b) < 0;
iii) z(a) <0, z(b) = 0;
iv) z(a) <0, z(b) <0

2 (

BRE 1) oL, S5 WAE (a,b) b 2(t) >0, XFJFET (3.21) K.
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B i) AL, B 2(0) < 0% b =1, B 2(1) <0, M v2(1) +62'(1) > 0, T& /(1)
(1) 0,7 #(0) 45 (a,1) ERRMERL W (0,b) b 2/(t) > 0, BIZE (a,b) b 2(t) 22
BHL T () = 0, FRAE (0,8) b =(t) > 0, %P BT (3.21) . FH ik AlE i), iv) B
WEETE. BE Q1(t) > uo(t). FEEFIE uo(t) > Hi(t). 44 (3.15) 5 (3.20) %l wuo(t)
(1.1) A1 (1.2) B9 4.

3.2 18 2) HEHNEREY

B Ha (), Qa(t) M (11) (12) (3 = 0,5 # 0) Bh#g—Rf LT, XA ea(t) = S200,
M LA (1.2) BAEH

S

o 1V

[l s

w(0) =0, ~yu(l)+du'(1)=0. (3.22)
B {an} B—HINWE 2

1
0<---<an+1<an<---<a2<a1<§, an — 0 (n — 00),

{7"”} %ﬂﬁﬁu, 0< H2(an) é Tn S QQ(an)v n= ]-a 27 Tt X‘-J‘!@# I~ n, %fﬁﬁﬁﬂlﬁrﬂ@

u’ + f(t,u) =0, (3.23)
w(an) =rn,  yu(l)+6u'(1) = 0. (3.24)

TEX ] [an, 1] £ eo(t) HIE, M Ha(t), Q2(t) HIE. BRI

1

/01 ez(s)f(S,HQ(S))dsz/ 5_i

Qn

5 1

s (s, Ha(9)ds > / (s, Hofs))ds,

TRA

d+7
Qnp

1
/0 e2(s)f(s, Ha(s))ds < oc.
ARUTHEE 1) I BRAEZHIERME (3.23) # (3.24) FH C'lay, 1] IEfF u,(t) HHER

0 < Hat) < un(t) < Qa(t), te€ [an,1].

0< /1 f(s, Ha(s))ds <

Wi, ®ITA

lun (1) < M = Hy(1) + Qa(1), |ul,(1)] = ‘(%)un(l)‘ < (—)M, n=1,2--.

AJe—fett, BATA &

un(1) = uo € [Ha(1), Qa(V)], (1) = —(3 )Juo, 4 n — ook

RAESC (8] H4 14 TUEHE 3.2 W[4, e (L1) A —MF u(t) R w(l) = uo, v'(1) = —(%)uo-
HERGFEXER (v, wh), FH, £ W™, o) BAEFRE L,  u(t) —BlsT
u(t), (u,(t) =BT «/(t), n — oo B B Ha(t) < un(t) < Q2(t), t € [an, 1], I H
[an, 1] = (0,1]. B, Ha(t) < u(t) < Qa(t), t € (w™,w)((0,1]. i HERMEEH A,

(@

n=1
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(w™,wt) D (0,1]. B H2(0) = Q2(0) = 0 Hl w(0) = 0 AL yu(l) + 0u/(1) = 0. H
u(t) € C[0,1]NCH0,1]NC?(0,1) & FHE M (1.1), (3.22) B IEME, B (1.1) 1 (1.2) By
Ef#.

HIE 3)(6 =6 =0) B, 3C[9] F1EZiEH.

B 4) MIE KB TETE 2), X ELARE . X 58 T M0 FE7E IR H.
3.3 T 1.1 dHEHNHE—M5 (1.4) K

R ui(t),ua(t) & (1.1) F1 (1.2) BFAARREE C(I) IEM, AHR e T u(t*) >
up (t*). A2

a=1inf{t; | 0 <t; <t 7E (t1,t*] L wa(t) > ui(t)},

b=sup{ts | * <t < LFE [, t2) Lus(t) > wi (D)},

W!(t) > 0,t € (a,b).

PG 1), B 27(t) > 0 Hl 2(t) < 0,t € (a,b), XFET ua(t*) > ui(t*).

XTHE ). HR b =1 H d#0 &N 2(1) = 0), v2(1) +52'(1) = 0, HELAH
2'(1)=—22(1) <0. T 2/(t) & (a,b) LHIEEEL, T 2/(t) <0,t € (a,b), T 2(a) =0, T2
TE (a,0) b 2(t) <0, XFETF ua(t*) > ui(t%).

iit) 1 iv) BIFETE AT RAHE S P . T2 58 A T P — PR H.

E AR EIH A w(t) > Tha(t), T H(t) = Tha(t) € P, TJ&, w(t) € P, TH& (1.4) BoL.

4  FHx#Eie5EFC
it 41 HEHE L1 PHERMEAE, 1 (1.3) miEA
ft,N) £0, /1 ft, xe(t))dt < oo, YA>0, (4.25)
0
M (1.1) A1 (1.2) AME—IEf w(t) € CHI)NC2(J). 3+ H.
me(t) <w(t) < Me(t), IM>m>0. (4.26)
IE I (4.25) R, XEHERH (2.6) Xy P R
P= {U(t) € C[0, ]| FFIEIER Ky > kufE 13 Kye(t) > u(t) > kue(t),t € I} ;

FERFAABARAFRLT (2.7) BE

1 1
Tu(t) < e(t)/o f(s,u(s))ds < e(t)/o f(s,kye(s))ds < oo, VueP,
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M T: P — P.

Bow(t) & (1.1) 1 (1.2) BIfE, T02& w(t) € P, AT (4.26) Xz, FEH f(tw(t) <
ft,me(t). HIRE 0" (t)] = f(t,wt) £ J EFRG, T& o' (0+) fl o' (1-) F1E, AP
w(t) € CHI)NC?(J).

#it 4.2 ¥ f(tu):J x RY — RT #4E, f(t,u) T v 2K, FH

FtN) 20, /01 Lt AL < 00, ¥ A0, (4.27)

el 0 1 ] R
{u” + f(t,u)=0, teJ, (0.28)

uw(0) = /(1) =0,

FIEME—IEME w(t) € CUHNC?(J). FEFIEHE m > 0 mt < w(t).
HRBAEEHE L1 A, BFKME (1.2) B =y =0 WEFKRFEE. Xt e(t)=¢t tel
1 XWESC(, ERERT AR, ABTHBS T2 i), 45900568 2 5% 1 i — 1 &
HAG K.
FAHEW 4.1, B FHER 4.2 7 ERNSGE FEHAER.
#iL 4.3 FHHRM (4.27) I3y

1
FEA) 20, /Of(t,At)dt<oo, YA >0,

I (4.28) 9 ME— EMR w(t) € CM(I) N C2(J). I ALAAERE M > m > 0§ mt < u(t) < Mt.
R f(tu) RT tu BMARA T AE, W (4.25) g e R4 B AR E . X B0 75 2] F L.
B 4.4 3 f(tu) € C(IX[0,+00), [0, +00)), % T u BIHW A, SHET u > 0, f(t,u) £ 0,
A fE IR (1.1) A1 (1.2) 2671 ME— IE .
22 XHEHEEE f(tu) T uw@IHE, ATREERE f(Gu) T o M, BATER
B XBEHET TR T 3 [10] B 3 S — A i A R

2 £ X ®

[1] Zhang Bing Gen,Yang Bo. An existence theorem for a class of nonlinear singular boundary value
problems. Chinese Sci. Bull., 1995, 40(1): 1-6.

[2] Gatica J A, Oliker V and Waltman P. Singular nonlinear boundary value problems for second-order
ordinary differential equations. J. Diff. Eqns, 1989, 79(1): 62-78.

[3] O’Regan Donal. Existence of positive solutions to some singular and nonsingular second order
boundary value problems. J. Diff. Eqns, 1990, 84(1): 228-251.

(4] MAHEEh. AeLRikE RAo RN E M EM. BUE%M, 2000, 43(1): 179-188.

(5] FHAL. Mm% Emden-Fowler J7 a4 FHEFABAY EM. g, 1998, 41(3): 655-662.

[6] Wang Yuxia and Liu Xiyu. Positive solutions of singular boundary value problem of negative
exponent Emden-Fowler equation. Proc. Indian Acad. Sci. (Math. Sci.), 2003, 113(2): 195-205.



3H A . — I AT 5 o T R IE MR B A TR ME — 333

(7] $k&y. AeLerkizemitbr (M) e WWARBZEHA HAE, 2001

[8] Hartman P. Ordinary Differential Eqnations, 2nd Ed. Birkhauser, Boston, 1982.

[9] Zhang Yong. Positive solutions of singular sublinear Emden-Fowler boundary value problems. J.
Math. Anal. Appl., 1994, 185(1): 215-222.

[10] Z=48 X, WEsE, Witif. —RIRE TR SR M. BEss, 1999, 42(2): 193-196.

EXISTENCE AND UNIQUENESS OF POSITIVE SOLUTIONS

FOR A CLASS OF SECOND ORDER SINGULAR
DIFFERENTIAL EQUATIONS

ZHAO Zengqin

(School of Mathematical Sciences, Qufu Normal University, Qufu 273165)

Abstract The existence of positive solutions for a class of singular boundary value
problems is investigated. Furthermore, the sufficient condition for the existence and uniqueness
of positive solution of the system in C[0,1] and C'[0,1] is given respectively, by means of the
method of lower and upper solution, and the fixed point theorem.

Key words Singular boundary value problem, positive solution, lower and upper solution,
fixed point theorem.



