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�� u′′ + f(t, u) = 0, t ∈ (0, 1) 
��
�	 αu(0)− βu′(0) = 0, γu(1) + δu′(1) = 0 � C[0, 1] �� C1[0, 1] ����
���
��
����� f(t, u) �� u ������������
� ! ���"������������	���
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1 ()*+,-.
����������/��

u′′ + f(t, u) = 0, t ∈ (0, 1), (1.1)

αu(0) − βu′(0) = 0, γu(1) + δu′(1) = 0, (1.2)

�0 α, β, δ, γ ���� � ∆ := αγ + αδ + βγ > 0.
�!"#��/��� f(t, u) �! u $�������� f(t, u) �! u ����%�

�&�� [1] 0� f(t, u) �! u ������ �� [2–3] 0��1��!"#�$��%
�������'� [4–6]. %2()�&* f(t, u) �! u ��'�3 �'����!(
f(t, u) ��! u �+)�* �+!(�'�3 �'�,,"--#./0.1$/0�
%�+23!(0.1$,"- f(t, u) 4 t = 0, t = 1, u = 0 1&%5�&6�3+&6
��

451�)�0�7'( I = [0, 1], J = (0, 1), R+ = (0, +∞). 8* w(t) ∈ C(I)∩C2(J)
)4�*," (1.2) 24 J 0)4/" (1.1), 93 w(t) :"#���$�;3: C(I) $-
8$ w(t) .4 w′(0+) 2 w′(1 − 0) &54�93: C1(I) $-8$ w(t) 4 J 0+5�93
:5$�

8* v0(t) ∈ C(I)
⋂

C2(J) )4⎧⎨
⎩

−v′′0 (t) ≤ f(t, v0(t)), t ∈ J,

αv0(0) − βv′0(0) ≤ 0, γv0(1) + δv′0(1) ≤ 0,
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93 v0(t) :61�/�� (1.1) 2 (1.2) �1$-0$ w0(t) �(H:370#;+,I@
J�8 (1.1) 2 (1.2) �1$ v0(t) 20$ w0(t) )4 v0(t) ≤ w0(t), 93 (v0(t), w0(t)) :��
(1.1) 2 (1.2) �+�01$�:�<8���=3� �7'231#�K9�

>? 1.1 * E :� Banach :;� D � E 0LA<� A: D → D =M�B> A(D) �
%�?<�9 A 4 D 0C@'+D1�EK9� Schauder +D1(9�N� [7].

���=3� O#A1
@? 1.1 * f(t, u): J × R+ → [0, +∞) =M� f(t, u) �! u FG�&�B>

f(t, λ) �≡ 0,

∫ 1

0

e(t)f(t, λ e(t))dt < ∞, ∀ λ > 0 (1.3)

HB�961�/�� (1.1) 2 (1.2) 'P+5$ w(t) ∈ C(I)
⋂

C2(J), B>

m e(t) ≤ w(t), ∃m > 0. (1.4)

�0 e(t) = G(t, t), G(t, s) ��/�� (1.1) 2 (1.2) � Green * �
7'AI��/�� (1.1) 2 (1.2) � Green * �

G(t, s) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
∆

(β + αt)(δ + γ(1 − s)), 0 ≤ t ≤ s ≤ 1,

1
∆

(β + αs)(δ + γ(1 − t)), 0 ≤ s < t ≤ 1 .

!�� e(t) = 1
∆ (β + αt)(δ + γ(1 − t)).

∆
(β + α)(δ + γ)

e(t)e(s) ≤ G(t, s) ≤ e(t), G(t, s) ≤ e(s), ∀ t, s ∈ I. (1.5)

�!�*," (1.2), '1#�QB�R
1) βδ �= 0;

2) β = 0, δ �= 0;

3) β = δ = 0;

4) β �= 0, δ = 0.

%S�JC* G(t, s), e(t) KL(: Gi(t, s), ei(t), i = 1, 2, 3, 4. ��1#MD0�C
3Æ7K2QB�RE)��

2 CDEFGHIJKLM
4 Banach :; E = C[0, 1] 0NT<F P 2UN T A1

P =
{

u(t) ∈ E
∣∣545 ku.4 u(t) ≥ ku e(t), t ∈ I

}
, (2.6)

Tu(t) =
∫ 1

0

G(t, s)f(s, u(s))ds, ∀ u(s) ∈ P.
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X#� e(t) ∈ P . �KY� u(t) ∈ P , Z (1.5) [�*,"4Q

Tu(t) ≤
∫ 1

0

e(s)f(s, u(s))ds ≤
∫ 1

0

e(s)f(s, ku e(s))ds < ∞, (2.7)

Tu(t) =
∫ 1

0

G(t, s)f(s, u(s))ds ≥ ∆
(β + α)(δ + γ)

e(t)
∫ 1

0

e(s)f(s, u(s))ds = k(Tu) e(t),

∀ t ∈ I.

�0 k(Tu) = ∆
(β+α)(δ+γ)

∫ 1

0 e(s)f(s, u(s))ds. L Tu(t) ∈ P , RS T �\ P M P ��UN�
�KT b(t) ∈ P, NOOÆU4Q

Tb(t) =
1
∆

(δ + γ(1 − t))
∫ t

0

(β + αs)f(s, b(s))ds +
1
∆

(β + αt)
∫ 1

t

(δ + γ(1 − s))f(s, b(s))ds,

d(Tb(t))
dt

=
−γ

∆

∫ t

0

(β + αs)f(s, b(s))ds +
α

∆

∫ 1

t

(δ + γ(1 − s))f(s, b(s))ds,

d2(Tb(t))
dt2

= −f(t, b(t)).

!�

α(Tb)(0) − β(Tb)′(0) = 0, γ(Tb)(1) + δ(Tb)′(1) = 0, (2.8)

(T 2b)′′(t) + f(t, b(t)) = 0. (2.9)

7'(
b1(t) = min{e(t), (Te)(t)}, b2(t) = max{e(t), (Te)(t)}. (2.10)

X#� b1(t), b2(t), 'YHB> b1(t) ≤ b2(t). Z Te ∈ P AI545 kTe .4 (Te)(t) ≥
kTee(t). !� b1(t) ≥ min{1, kTe}e(t) = k1 e(t), L' b1(t), b2(t) ∈ P , ZU4Q Tb1(t), T b2(t)
'YHB>

(Tb2)(t) ≤ (Tb1)(t) ≤ T (k1e)(t). (2.11)

/ (2.10) [ T ���4

Tb2(t) ≤ (Te)(t) ≤ b2(t), T b1(t) ≥ (Te)(t) ≥ b1(t).

2�F (2.9) 4Q

(Tb2)′′(t) + f(t, T b2(t)) ≥ (Tb2)′′(t) + f(t, b2(t)) = 0, (2.12)

(Tb1)′′(t) + f(t, T b1(t)) ≤ (Tb1)′′(t) + f(t, b1(t)) = 0, (2.13)

B>Z (2.8) A� Tb2(t), T b1(t) )4�*," (1.2), !�Z (2.11), (2.12) 2 (2.13) 4A
(H(t), Q(t)) = (Tb2(t), T b1(t))

NH�"#���+�01$�B>

H(t), Q(t) ∈ P, H(t), Q(t) ∈ C(I)
⋂

C2(J). (2.14)



328 D E 4 F  G F 28 5

3 PQ 1.1 RIJKLM

3.1 ST 1) UVWXYZ
* H1(t), Q1(t) ��� (1.1) 2 (1.2) (αβ �= 0) �+�01$�2Æ4 I 0 e1(t) +5�

RS G1(t, s), H1(t), Q1(t) +5�
(HV[* 

F (t, u) =

⎧⎪⎪⎨
⎪⎪⎩

f(t, H1(t)), 8 u < H1(t),

f(t, u), 8 H1(t) ≤ u ≤ Q1(t),

f(t, Q1(t)), 8 u > Q1(t).

(3.15)

Z"#,"A F : J × R → [0, +∞) =M�PQ/"

u′′ + F (t, u) = 0. (3.16)

X#&6�/�� (3.16) 2 (1.2) ,R!SK/"

u(t) =
∫ 1

0

G1(t, s)F (s, u(s))ds.

TUN A :

Au(t) =
∫ 1

0

G1(t, s)F (s, u(s))ds.

]U A: XE → XE. RS�KT u(t) ∈ XE, /(9,"[ (2.14),(3.15) 2 (1.5) I4

Au(t) ≤
∫ 1

0

e1(s)F (s, u(s))ds

≤
∫ 1

0

e1(t)f(t, H1(t))dt

≤
∫ 1

0

e1(t)f(t, λ e1(t))dt

< ∞, (3.17)

L A(XE) �'*<��KT u(t) ∈ XE W t1, t2 ∈ I Æ

|Au(t2) − Au(t1)| ≤
∫ 1

0

|G1(t2, s) − G1(t1, s)|F (s, H1(s))ds.

/UI�F G1(t, s) �=M�4 {Au(t) | u(t) ∈ XE} ,#=M�!� A(XE) �%�?<�
V+/W�KX ε > 0, Z (3.17) IA54 δ1 ∈ (

0, 1
2

)
.

∫ δ1

0

e1(s)f(s, H1(s))ds +
∫ 1

1−δ1

e1(s)f(s, H1(s))ds <
ε

4
. (3.18)
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� L > 0, F (t, u) 4 [δ1, 1 − δ1] × [0, L] 0+Æ=M�RS54 δ1 > δ2 > 0, W t ∈ [δ1, 1 −
δ1], u1, u2 ∈ [0, L], |u1 − u2| < δ2 Æ

|F (t, u1) − F (t, u2)| <
ε

2 e1
, (3.19)

�0 e1 = max
0≤t≤1

{e1(t)}. !�/ (3.18) 2 (3.19), W u1, u2 ∈ B, |u1 − u2| < δ2 Æ'

|Au2(t) − Au1(t)| ≤
∫ 1

0

e1(s)|F (s, u2(s)) − F (s, u1(s))|ds

≤ e1

∫ 1−δ1

δ1

|F (s, u2(s)) − F (s, u1(s))|ds

+2

[∫ δ1

0

e1(s)f(s, H1(s))ds +
∫ 1

1−δ1

e1(s)f(s, H1(s))ds

]

< ε,

L A =M�/K9 1.1 4 A \&'+Y+D1 u0 ∈ XE ∩ C1(I), L u0(t) )4
u′′

0(t) + F (t, u0(t)) = 0, t ∈ I (3.20)

2�*," (1.2). 1W<8
H1(t) ≤ u0(t) ≤ Q1(t), t ∈ I.

!8 Q1(t) ≥ u0(t) 4 I 0++HB�+Z* t∗ ∈ J .

Q1(t∗) < u0(t∗). (3.21)

7'T z(t) = Q1(t) − u0(t), t ∈ I,

a = inf{t1| 0 ≤ t1 < t∗,4 (t1, t∗]0 z(t) < 0},

b = sup{t2| t∗ < t2 ≤ 1,4 [t∗, t2)0 z(t) < 0}.
9W t ∈ (a, b) Æ' Q1(t) < u0(t), !�Z (3.15) 2 (2.13) A F (t, u0(t)) = f(t, Q1(t)),

Q′′
1(t) + F (t, u0(t)) = Q′′

1(t) + f(t, Q1(t)) ≤ 0, t ∈ (a, b).

2�F (3.20) 4
z′′0 (t)z′′(t) = Q′′

1(t) − u′′
0(t) ≤ 0.

�0#� a, b, z(t) '1#QB%X
i) z(a) = z(b) = 0;

ii) z(a) = 0, z(b) < 0;

iii) z(a) < 0, z(b) = 0;

iv) z(a) < 0, z(b) < 0.

!8 i) HB�]U4 (a, b) 0 z(t) ≥ 0, 2Y[! (3.21) I�
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!8 ii) HB�Z z(b) < 0 A b = 1, L z(1) < 0, S γz(1) + δz′(1) ≥ 0, !� z′(1) ≥
−γ

δ z(1) ≥ 0, S z′(t) 4 (a, 1) 0��* �RS4 (a, b) 0 z′(t) ≥ 0, L4 (a, b) 0 z(t) �$
* �S z(a) = 0, !�4 (a, b) 0 z(t) ≥ 0, 2Y[! (3.21) I�Z^/0%< iii), iv) HB
;\_Y[�4Q Q1(t) ≥ u0(t). `9%< u0(t) ≥ H1(t). �F (3.15) [ (3.20) A u0(t) �
(1.1) 2 (1.2) �$�

3.2 ST 2) UVWXYZ
* H2(t), Q2(t) ��� (1.1) (1.2) (β = 0, δ �= 0) Æ�+�01$�2Æ e2(t) = δ+γ(1−t)

δ+γ t,

�*," (1.2) a[:
u(0) = 0, γu(1) + δu′(1) = 0. (3.22)

* {an} �+ \)4

0 < · · · < an+1 < an < · · · < a2 < a1 <
1
2
, an → 0 (n → ∞),

{rn} �+ \� 0 < H2(an) ≤ rn ≤ Q2(an), n = 1, 2, · · · . �]+Y n, PQ&6�/��

u′′ + f(t, u) = 0, (3.23)

u(an) = rn, γu(1) + δu′(1) = 0. (3.24)

4^; [an, 1] 0 e2(t) +5�RS H2(t), Q2(t) +5�X#HB∫ 1

0

e2(s)f(s, H2(s))ds ≥
∫ 1

an

δ

δ + γ
sf(s, H2(s))ds ≥ δ

δ + γ
an

∫ 1

an

f(s, H2(s))ds,

!�'

0 ≤
∫ 1

an

f(s, H2(s))ds ≤ δ + γ

δan

∫ 1

0

e2(s)f(s, H2(s))ds < ∞.

/Z^!�R 1) �]"7'_]<4�� (3.23) 2 (3.24) ' C1[an, 1] 5$ un(t) >)4
0 < H2(t) ≤ un(t) ≤ Q2(t), t ∈ [an, 1].

bU�7''

|un(1)| ≤ M = H2(1) + Q2(1), |u′
n(1)| =

∣∣∣(γ

δ

)
un(1)

∣∣∣ ≤ (γ

δ

)
M, n = 1, 2, · · · .

+c+)��7'%*

un(1) → u0 ∈ [H2(1), Q2(1)], u′
n(1) → −

(γ

δ

)
u0, W n → ∞Æ.

^`� [8] 0_ 14 d(9 3.2 %4�/" (1.1) '+$ u(t) )4 u(1) = u0, u′(1) = −
(

γ
δ

)
u0.

�]!54^;: (w−, w+), B>�4 (w−, w+) KT?N^;0� un(t) +Æea!
u(t), (u′

n(t) +Æea! u′(t)), n → ∞ Æ�b: H2(t) ≤ un(t) ≤ Q2(t), t ∈ [an, 1], B>
∞⋃

n=1
[an, 1] = (0, 1]. bU� H2(t) ≤ u(t) ≤ Q2(t), t ∈ (w−, w+)

⋂
(0, 1]. Zfg�(9A�
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(w−, w+) ⊃ (0, 1]. Z H2(0) = Q2(0) = 0 A u(0) = 0 >)4 γu(1) + δu′(1) = 0. bU
u(t) ∈ C[0, 1]

⋂
C1(0, 1]

⋂
C2(0, 1) �&6�/�� (1.1), (3.22) �5$�L� (1.1) 2 (1.2) �

5$�
�R 3)(β = δ = 0) Æ�� [9] 0hN<8�
�R 4) �<8Z^!�R 2), 2bRc�2iH�$�54�<8�

3.3 @? 1.1 ^VW_`Za (1.4) b
!* u1(t), u2(t) � (1.1) 2 (1.2) �6Y+`� C(I) 5$�+Z* t∗ ∈ J . u2(t∗) >

u1(t∗). 7'T
a = inf{t1 | 0 ≤ t1 < t∗,4 (t1, t∗] 0 u2(t) > u1(t)},
b = sup{t2 | t∗ < t2 ≤ 1,4 [t∗, t2) 0u2(t) > u1(t)},

z(t) = u2(t) − u1(t), t ∈ I. ]U'1#QB%X��R
i) z(a) = z(b) = 0;

ii) z(a) = 0, z(b) > 0;

iii) z(a) > 0, z(b) = 0;

iv) z(a) > 0, z(b) > 0.

B> t∗ ∈ (a, b), 4 (a, b) 0 u2(t) > u1(t), f(t, u2(t)) ≤ f(t, u1(t)), !� z′′(t) = u′′
2(t) −

u′′
1(t) ≥ 0, t ∈ (a, b).
�!�R i), / z′′(t) ≥ 0 A z(t) ≤ 0, t ∈ (a, b), 2Y[! u2(t∗) > u1(t∗).
�!�R ii). ]U b = 1, > δ �= 0 (`9 z(1) = 0), γz(1) + δz′(1) = 0, ZUA

z′(1) = −γ
δ z(1) ≤ 0. S z′(t) � (a, b) 0�$* �!� z′(t) ≤ 0, t ∈ (a, b), S z(a) = 0, !�

4 (a, b) 0 z(t) ≤ 0, 2Y[! u2(t∗) > u1(t∗).
iii) 2 iv) 6B�R%Z^NaY[�!�iH�P+�<8�
b:4Q�$ w(t) ≥ Tb2(t), S H(t) = Tb2(t) ∈ P , !�� w(t) ∈ P, !� (1.4) HB�

4 cdef*gh
ij 4.1 8(9 1.1 0�j,"+b�c (1.3) de:

f(t, λ) �≡ 0,

∫ 1

0

f(t, λ e(t))dt < ∞, ∀λ > 0, (4.25)

9 (1.1) 2 (1.2) 'P+5$ w(t) ∈ C1(I)
⋂

C2(J). B>

m e(t) ≤ w(t) ≤ M e(t), ∃ M > m > 0. (4.26)

k * (4.25) Id)4�2Æ<80 (2.6) I� P f:

P =
{

u(t) ∈ C[0, 1]|545 Ku > ku.4 Ku e(t) ≥ u(t) ≥ ku e(t), t ∈ I
}

,

B>^`�*,"Z^! (2.7) 4Q

Tu(t) ≤ e(t)
∫ 1

0

f(s, u(s))ds ≤ e(t)
∫ 1

0

f(s, ku e(s))ds < ∞, ∀ u ∈ P ,
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RS T : P −→ P .
* w(t) � (1.1) 2 (1.2) �$�!� w(t) ∈ P , RS (4.26) IHB�B> f(t, w(t)) ≤

f(t, m e(t)). ZU4Q |w′′(t)| = f(t, w(t)) 4 J 0%SK�!� w′(0+) 2 w′(1−) 54�L
w(t) ∈ C1(I)

⋂
C2(J).

ij 4.2 * f(t, u): J × R+ → R+ =M� f(t, u) �! u FG�&�B>

f(t, λ) �≡ 0,

∫ 1

0

tf(t, λ t)dt < ∞, ∀ λ > 0, (4.27)

961�/�� {
u′′ + f(t, u) = 0, t ∈ J,

u(0) = u′(1) = 0,
(4.28)

54P+5$ w(t) ∈ C(I)
⋂

C2(J). B>54e m > 0 . m t ≤ w(t).
2:34(9 1.1 0��*," (1.2) g β = γ = 0 �kl�R�2Æ e(t) = t, t ∈ I.
l 1 2f�� [1], ihig�," i), �mh�m�," ii), ��deQ$�P+�j

�iÆI�

/N� 4.1, Z^!N� 4.2 �/07'4Q1WN��
ij 4.3 8c," (4.27) de:

f(t, λ) �≡ 0,

∫ 1

0

f(t, λ t)dt < ∞, ∀λ > 0,

9 (4.28) �P+5$ w(t) ∈ C1(I)
⋂

C2(J). B>54e M > m > 0 . m t ≤ u(t) ≤ M t.
A f(t, u) �! t, u &+@'&6��9 (4.25) 0�%S�n#)4�2k4Q1WN��

ij 4.4 * f(t, u) ∈ C(I×[0, +∞), [0, +∞)),�! uFG�&��KT u ≥ 0, f(t, u) �≡ 0,
9�/�� (1.1) 2 (1.2) C54P+5$�

l 2 2b:!( f(t, u) �! u ����+23!( f(t, u) �! u L��;+23�

j,"�2lNj�;$��� [10] 0 3 D_+YmN�� �

o p q r
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EXISTENCE AND UNIQUENESS OF POSITIVE SOLUTIONS

FOR A CLASS OF SECOND ORDER SINGULAR

DIFFERENTIAL EQUATIONS

ZHAO Zengqin

(School of Mathematical Sciences, Qufu Normal University, Qufu 273165)

Abstract The existence of positive solutions for a class of singular boundary value
problems is investigated. Furthermore, the sufficient condition for the existence and uniqueness
of positive solution of the system in C[0, 1] and C1[0, 1] is given respectively, by means of the
method of lower and upper solution, and the fixed point theorem.

Key words Singular boundary value problem, positive solution, lower and upper solution,
fixed point theorem.


