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Abstract: In this paper we develop reference priors for the linear
calibration problem in the context of multivariate response data. We proved
that the joint reference posteriors are proper and the marginal posteriors for
the interest parameter have finite moments of order strictly smaller than p,
the dimension of the response vector y. A Gibbs Sampler scheme is presented
for sampling from the reference posterior. We call attention to the fact that
our priors reduce to the priors obtained by Ghosh et al. (1995) in the special
case of p = 1, but they do not agree with Kubokawa and Robert (1994) priors

for a general p.
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1 Introduction

The linear calibration problem, also known as inverse regression problem, is
motivated by the comparison of two or more measurement techniques related
to the same characteristic of interest, where one of them is much more accurate
and expensive than the others. The main objective is to use observations from the
less accurate techniques to make inference about the more accurate and expensive
one. Key references to this problem are Osborne (1991) and Brown (1993). More
specifically, the linear controlled calibration problem can be described as follows:
in a first step a set of values 1, xa, ..., z, are fixed for the accurate measurement
X and other p related measurements are observed, y; = (¥i1,...,¥ip), for each
fixed value z;, ¢ = 1,...,n. At a second stage, k replications of the response
variable yo (associated with an unknown covariate value z() are observed and
the interest centers in estimating the accurate measurement xo given (x;,y;),
i =1,...,nand ygo;, 5 = 1,...,k. Under an additional linear supposition, the
model is given by

yi = a+ Bx; + €, € ~ N,(0, 0*L,), i=1,...,n (1.1)

ij:(X—I—,BCC()—l—GOj, GOjNNp(0,0'2Ip), ]:1,,/€ (12)
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where (1.1) and (1.2) represent the calibration and prediction experiments,
respectively. The error vectors €; and €p; are independent, o2 is unknown,
a=(a,...,ap), B=(01,...,0p) are the regression parameters and I, is the
usual identity matrix, p x p. Note that each covariate is associated with p response
variables so that we are working in a multivariate context, although the interest
parameter xg is a scalar.

Under the Bayesian point of view inference is based on posterior distribution
of the parameters. In order to obtain these posterior distributions it is necessary
to specify the prior distributions for the parameters, but sometimes no prior
information is available and it is necessary to consider non subjective priors (or
non informative). For a good review in that subject see Kass and Wasserman
(1996), where different proposals are presented. We consider here the proposal
given by Bernardo (1979), and developed by Berger and Bernardo (1989) and
Berger and Bernardo (1992b) known as reference priors. Ghosh et al. (1995)
obtained the reference prior for the univariante calibration problem (p = 1).

In this paper we obtain reference priors for the p-dimensional linear calibration
problem, given by (1.1) and (1.2), and discuss the existence of the posterior
distribution and posterior moments. Therefore, we extend Ghosh et al. (1995)
results. Also, we discuss why Kubokawa and Robert (1994) prior is not the
reference prior for this problem.

Reference priors are based on information-theoretical ideas and may be
described as model-based positive functions that produce non subjective posteriors
dominated by the data. Using these priors we try to minimize the prior influence
under the posterior distribution. In Section 2, we develop reference priors
through two different approaches: the first, proposed by Berger and Bernardo
(1989), recommends the separation of the parameter vector in two groups,
one composed by the interest parameter {z¢} and the other by the nuisance
parameters {c,3,02}. The second approach represents a refinement of the
first one and recommends splitting the parameter vector into more than two
groups ordered according to their inferential importance. A drawback of this
approach is that sometimes it is not easy to decide which ordering to use, specially
in relation to the nuisance parameters. In these cases, Berger and Bernardo
(1992b) recommend to obtain the reference priors associated with all nuisance
parameters orderings and then choose the best prior through a comparative study
of their inferential performances. In relation to the linear calibration problem, we
separated the parameter vector in four groups {zo} {a} {3} {02}, and considered
the six possible different orderings of the nuisance parameters: {x¢}{a}{B}{0?},
{zoH{aHo? 1B, {zo}{BHaHo?}, {woHBHo Ha} . {zoHo HaHB)
and {xo}{c?}{B}{a}. We show that for these six different orderings the same
reference prior is obtained. Then, the four groups reference priors do not depend
on the ordering. See Berger and Bernardo (1992b) for details on this approach.
We also obtained Jeffreys prior, which can be seen as a reference prior obtained by
grouping all parameters in a single group {zo, a, 3,02}. Often times the reference
prior algorithm produces an improper prior and it is necessary to verify if the
posterior is a proper density function in order to make Bayesian inference.

In Section 3 we present a discussion of related work in the literature, such
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as Kubokawa and Robert (1994) and Ghosh et al. (1995). In Section 4 a Gibbs
Sampler scheme for sampling from the posterior distribution is presented. In
Section 5 we consider a data set from Johnson and Krishnamoorthy (1996) paper
and implement the Bayesian inference comparing the results using the different
reference priors.

2 Reference priors for the calibration problem

In the next theorems we obtain the reference priors for each case discussed before
and also give conditions for the existence of the posterior distributions and their
moments. On the following we consider the notation: ¢, = > 1 | (z; — T)? and
u(xg) = (n + k)cy + nk(xo — 7)2.

First we remark that the Fisher information matrix associated with the model
given by (1.1) and (1.2), considering the ordering (zo, c, 3,02), is given by

LG8 A8 k2o 0
(kzoJan: ;)
U_]gzﬁ (n;;k) Ip 012:1 Ip 0
H(6) = (2.1)
. (er)fi ) (’ngi «3)
FIO'B 0'12:1 IP 0'12:1 IP 0
0 0 0 (n;;]z)l?

Theorem 2.1 Under the model given by (1.1) and (1.2), the Jeffreys prior is
given by
771(':607(17/6702) X U(IO)(pil)/Q (0.2)*(2114’3)/2 (/6116)1/2'

Proof. We calculate the determinant of the Fisher information matrix,
partitioning (2.1) as

H() = , (2.2)

where hy, = kB'8/02, hi; =h), = (k,@//O'Q , kxoB/o? O) and
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n

(n+k)/0°T, | (kwo + 32 2:) /0’ 0
i=1
hoy = (kzo + S ) /0T, | (ka? + 3 2) /01, 0 (2.3)
=1 i=1
0 0 (n + k)p/20*
Then, using matrix proprieties, |H(0)| = |has||hi; 2|, where |hyj o] = hi1 o =

h;; — h12h521h21. Now partitioning has as

A | Ap

h == )
22 Ay Ags

and associating each A;; with the partition showed in (2.3), we note that |has|
can be easily calculated since Ags is a diagonal matrix and |hoo| = |Aga||Aq7 2]
where Aq1192 = A1 — A12A2_21A21. After simplification we get

u(wo)”(n + k)p
[hoo| = R (2.4)
Note that the matrix hy, can be obtained as
By | B
h = , 2.5
22 le B22 ( )
where
B = A, Bz = —AjLARAL,
By = —Ay AnAL,, By = Ay Aot AL ALAL + AL,

and the matrices Asz and Aj; 2 are diagonal matrices. Then, after simplifications
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it follows that

C(kad + 3 e, | —Z (kzo+ Y )L, | 0O

1=1 i=

—1 n
hoy = | —Z(kao + 3 )T, < (n + k)L, o |- (20
i=1
204
0 0 (n+k)p
Then,
ne.kB'B
h = 2.7
2T (o) 02 27)

Therefore, the Jeffreys prior is given by
|H(0)|1/2 x u($0)(p_l)/2 (02)—(2;0-!—3)/2 (ﬁ/ﬁ)l/2~

Theorem 2.2 Under the model given by (1.1) and (1.2), considering A =
(a,B8,0%) as a nuisance parameter, the two-group reference prior is given by
7T2(I0,(X,6,0'2) X u('ro)il/z (02)7(1)4»1)'

Proof. Partitioning the Fisher information matrix as in (2.2) and following the
notation from the corollary of theorem 5.29 from Bernardo and Smith (1994) we
have that

u(xo)?(n + k)p

(A 20) ool = (o2t { LRI g0 9,0%) oo, (25)

Now observe that h,, =hy; — hlghgzlhgl = hy; 2 was already calculated on (2.7).
In this way

ne k@ 8) "2
|V = {M} w(eo) V2 = fileo)gi(a,Boo%).  (29)

o2

Choosing an increasing sequence of subsets {A;} given by A; = (a, 3;, 0?) where
a; = [—i,i]P, B; = [~i,i]P and 0? = [e7%, ¢’] that do not depend on zg, we have
that the two-group reference prior is given by

7o (20,00, B,0°%) x fi(x0) g2(ax, B,0%) = u(xo)_1/2(0_2)p+1.

Although the approach of more than two groups might produce different priors
for different orderings of the nuisance parameters, Bernardo (1997) points out that
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most often reference priors are invariant with respect to the nuisance parameters
orderings. The next result shows that this invariance propriety is valid for the
linear calibration model.

Theorem 2.3 Under the model given by (1.1) and (1.2), the four-group reference
prior, associated with the sixz different orderings of nuisance parameters does not
depend on p. It is given by m4(xo, o, B,02) o u(zo) 1/ (0?)~1.

Proof. Here we are following the algorithm proposed by Berger and Bernardo
(1992b). First, we consider the ordering (z¢,,3,0%) and denote the Fisher
information matrix given in (2.1) by H4(6). Using Berger and Bernardo (1992b)
notation, we recall that h;(8) is the right down submatrix of H;(6), j =1,2,3,4.
Then,

Ih4(6)['/2 = o2 {(n + k)p/2}'/? = as(0®)ba (o, o, B). (2.10)

We need now to calculate S,(8) = H;'(0). Remembering that H,(0) can be
partitioned as in (2.2) we have that

Cu| Cu
S4(0) = 021 022 ) (211)
where
Cy = hl_ll.g, Ciz = _h1_11.2h12h2_217
Co = —h2_21h21h1_11,2a Co = 1’12_21h?l1'11_11.21’1121’12_21 + h2_21’

hi12 = h,, = hy; — hishy ' hy.
After some algebra S4(0) is given by

ulx (72 0'2 / 0'2 /C
vt gg | _Btgg | _2Begg|

—2BY38 | f(uy, 8,07 | g(20,8,0%) | 0

S.(0) — . , 2.12
@) _%ﬁ/ﬁ g9(x0, B,0°) | h(x0,B,0?) 0 o

204
0 0 0 tRp

where

n n n
bzg xf—xog z;, c:nxo—g z;,
=1 =1 =1
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n
2
d= E xy, e= E z;,
i i=1

2kBB'v? 2(kz? +d

f(‘r07ﬁ70-2): Z /6/8 ’ +0 ( x0+ )Ipu
u(xo)ne, B B u(zo)

o?kBB'be o%(kxo +e)
u(wo)nca3'B u(wo) "

o’kBE' n o%(n+k)
w(zo)ne. B u(zo)
Obtaining H3(0) = S3(0)~! (where S3(0) is obtained by the elimination of the
last row and column from matrix S4(0)) we find that

g('rOaﬁng) =

h(,To,ﬁ, 0'2) =

2 noop2)\P 1z
|h3(0)|1/2 =1x {{k o +ZZ:1 Z} } = ag(,@)b3($0,a,02). (213)

o?p

Similarly, obtaining Ha(8) = S2(0)~! (where S5(8) is obtained by the elimination
of the last p + 1 rows and columns from matrix S3(0)) we find that

[h2(0)]Y2 =1 x |hy(0)]Y/? = az(a)by(x0, B, 0?). (2.14)

Note that we do not really need to invert S3(0) and calculate hy(0) explicitly at
this step because S2(0) is not a function of a. Finally, since

2
ao
Si1(0) = ———
10) = ek
we get
_ negkB
hi(6) = Hy(0) = 87 (0) = "D P (2.15)
Therefore
k@8’
by (0)['/% = u(xo) '/ {w} = a1 (zo)by(a, B, 0°). (2.16)
o
Choosing an increasing sequence of subsets {A;} given by A; = (v, 3;,07) where
a; = [—i,i]P, B; = [—i,i]P e 0 = [e7%, €!] that do not depend on z¢, we have that

the four-group reference prior is given by

ma(x0, 0, B,0%) o a1(zo) az(a) as(B) as(6?) = u(wo) 2072,

Using the same ideas developed above, for the other five orderings of the
parameter vector given in the introduction, we obtained the same expression for
the prior reference. The details are omited here to save space.
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The reference priors given by Theorems 2.1, 2.2 and 2.3 are improper priors, as
it is often the case in reference analysis when the parameter space is unbounded.
However the next result shows that the associated posterior distributions are
proper.

Theorem 2.4 The joint reference posterior distributions associated with
reference priors my, mo and w4 are proper posterior densities.

Proof. The proof of this theorem is in Appendix.

Ghosh et al. (1995) have shown that for p = 1 the marginal reference posterior
distribution of xg, although proper, have infinite mean (and hence all higher order
moments). Next result represents a generalization of that result to arbitrary p.

Theorem 2.5 The xg’s marginal reference posterior distributions associated with
reference priors wo and w4 only have finite moments of order strictly smaller than

p.

Proof. We will first show the result for the marginal posterior distribution
associated with the two-group reference prior.
Observing that

(n+k—1)p+3

Elzf |y, X] o« Eg, |2f [(n + k)eg + nk(xo — 5)2} 2 , (2.17)
and
(ntk—1)p+3
:Eg [(TL + k)cﬂc + nk(IO - T)Q] 2 = aptai xotas .TE%—F . .—|—a(n+k)p+3 :E((Jn+k)p+3

represents a polinomial of order (n + k)p 4+ 3, where

ls
o~ (l% v(nkls — l/5l5)> ’ (2.18)
with 5, lg, l7 and lg defined in the proof of the Theorem 2.4 in Appendix. Where
ty(a,b) denoted a ¢-Student distribution with location a, scale b and degree of
freedom v. The result (2.18) is showed in the proof of Theorem 2.4. It follows
that E[zf | y,X] can be rewritten as a linear combination of moments of order
less or equal to (n + k)p + 3 from the distribution (2.18). Since xo has degree of
freedom equal to v = (n + k)p + 3, and from ¢-Student proprieties the moment
of order (n + k)p + 3 diverges, then E[zf) | y,X] = oco. Recall that, when the
moment of order ¢ does not exists all other moments of order greater than 4 also
do not exist. Therefore, m3(zo | y,X) does not have any moment of order greater
or equal to p.
Now, observing that

(n+k—1)p+3
Pl

Elzh ' |y, X] « Eg |25 [(n+ k)ey + nk(zg — T)?] . (219)
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and that

(n+h—1)p+3 N
ah! [(n + k)cg + nk(zo — T)* 2 =ao+a1To+. .. +amir)pio xé +hpt2

represents a polynomial of order (n + k)p + 2, we have that E[:cgfl | v,X] can
be rewritten as a linear combination of moments from a ¢-Student distribution of
order less or equal to (n+k)p+2. Since v = (n+k)p+3, then E[z5" | y, X] < c.

To show the marginal posterior distribution associated with the four-group
prior m4 is proper, we only have to change n by n — 2 in all equations of the above
proof.

The last theorem shows that as we increase p, we automatically increase
the number of finite moments of the reference posteriors, that is, we produce
more informative posterior distributions. This result is expected because when
we increase p, we increase the quantity of information embodied in the model
(remember that p represents the number of less accurate measurement techniques
used to infer the value of ), as a consequence, we produce a more informative
reference prior.

A question that arises naturally at this point is what prior should be
used. Jeffreys prior may be criticized on the grounds that it does not make
distinction between interest and nuisance parameters. Berger and Bernardo
(1992a) recommend to use the more than two-group approach based on their
empirical experience, especially when that approach is invariant to the nuisance
parameters orderings (producing a unique prior). However, Ghosh et al. (1995)
argues that the two-group approach appears to produce the most intuitively
appealing reference prior, because in the lack of additional information about the
nuisance parameters importance it seems more natural to group them all together.
In Section 4 we compare these priors through an example.

3 Comparison with other reference priors

In the statistical literature (see Yang and Berger, 1997 and Bernardo and Ramén,
1998) the reference prior for the p-dimensional linear calibration problem is
credited to Kubokawa and Robert (1994). In fact, they obtained the reference
prior associated with the related problem of the estimation of the ratio of two
normal means. However, we remark here that it is not the reference prior for
the real multivariate calibration problem. Kubokawa and Robert reduced by
sufficience the original model, given by (1.1) and (1.2), to the following model

— — o2 — o2 ~ o2
¥~ Np(a+pr, 2L). 7o ~ Ny (a+Bao, $L,), B ~ N, (8. £1,)

and s ~ Gama (%, #) where B, Y, Yo and s are mutually independent

and ¢ = M+ k—-3)p, B = S0 (w0 — Dy — N/cwy T = Sor,ai/n,
Y= >, yi/n Yo = Z;C:l vo;j/k, ¢z = i (x; — T)?. From this reduced
model, Kubokawa and Robert considered the reparametrization 8* = /¢,

o= (w0 — D/ \Jalt+1), w = V@b, 2 = (o — ¥)/\/5++ where
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w, z and s are independent and distributed as w ~ N, (ﬁ* , 0211,), zZ ~
N, (;cgﬁ* , UQI,,), s ~ Gama (% , #) From this reduced and reparametrized
model Kubokawa and Robert obtained the Jeffreys prior w;?(a:(’;,,ﬁ*, %) o (1+
x5 P=1/2 (¢2)=P+3)/2 3*' 3* and the two-group reference prior 75 (zf, 8%, 02) o
(1 + 25%)"1/2(0=2)P*+2)/2_ Transforming back to the original parametrization
through the jacobian element |9(xj,3",0%)/0(x0,B,0%)| = [v/nk/(n+ k)|,
Kubokawa and Robert’s priors do not coincide with ours. Table 1 presents a
summary of the reference priors for the calibration problem.

Table 1 Reference priors in the original parametrization (xq,, 3,02)

Kubokawa and Robert Chaibub and Branco Ghosh et al.

(p—1)

B'Blu(xo) = (0%)

_ (»+3) _ (2p+3)
2 2

Jeffreys u(:co) 2 (0'2) (/8/6)1/2 (0_2)75/2 |ﬁ|

_(+2)
2

Two-group|  u(zo)~*/* (o) uwo) M2 (02T u(we) T2 (o) 72

Four-group - u(zo) V2 (0?) 71 u(zo) "2 (0?)7?

Although Kubokawa and Robert worked with a model related to the linear
calibration model, their reference priors do not coincide with ours after the
adequate jacobian transformation is done. This result is expected because,
although reference priors are invariant under sufficient statistics and one-to-one
parameter transformations, they are not invariant under transformations on the
parametric model. In fact, Kubokawa and Robert first reduced the original model
to its sufficient statistics ﬁ, Y, ¥, and s, what is fine since reference priors are
invariant under this type of transformation. The problem arose when the authors

changed the model considering the reparametrization z = (y, — ¥)/4/+ + 1. We

can also see that the likelihood function associated with the last model is not
proportional to the original likelihood.

On the other hand, in the particular case p = 1, our reference priors
exactly match with the results obtained by Ghosh et al. (1995) (see Table
1). These authors presented the complete list of reference priors associated
with all possible groupings and ordinations of nuisance parameters for the linear
calibration model when p = 1. In their paper Ghosh et al. considered the
reparametrization (xg, o, 3, 0%) — (0, g, 3, 0%), where ay = a+3%. Nonetheless,
since g is an one-to-one reparametrization of o, Ghosh’s reference prior can be
transformed back to the original parametrization through the jacobian element
’8(:60, a0, 3,0%)/0(z0, , B, 02)’ and, as expected, the transformed reference prior
coincides exactly with our priors.
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4 The Gibbs sampler algorithm

Since there is not a closed form for the marginal posterior distributions, to
implement the Bayesian inference under the reference priors we will consider a
Monte Carlo Markov Chain (MCMC) method. The existence of the joint posterior
density, proved in Theorem 4, is a essential condition to use a MCMC method.
Here we will develop a Gibbs Sampler (GS) algortihm with some Metropolis
Hastings steps.

Note that, for all reference priors 71, o and 7y, the joint posterior distribution
is proportional to

n

T X (07 %) " HRP exp {— [Z(yz —a—B;) (yi — o — Br;)+

i=1

k
+ (yo; — & — Bro) (yo; — & — Brg) /202 : r=1,2ord (4.1

J=1
Then, we can easily see that

forr=4, (4.2)

k 4 1
o 2|z, a, B,y,X ~ Gamma <w —1)

2 "2
k+2 4 1
o7 2|z, a, B,y,X ~ Gamma <%, %) forr =2, (4.3)
k+2 l
o 2|z, a, B,y,X ~ Gamma <%, %) forr=1, (4.4)

k
where [; = Z?:l(Yi_a_ﬁxi)/(}’i_a_ﬁxi)+2j:1(YOj_a_IBIO)/(YOj_a_IBZCO)-
The conditional distribution of « is proportional to exp{—%} and after
simplification it follows that

2

alz,B,0%y,X ~ N, (lz, ni k1p> for r =1,2,4, (4.5)

where Iy = [0 (yi — Bri) + 5, (Yoj — Bro)]/(n + k).

The conditional distribution of 3 is also proportional to exp {—%} forr=2,4
and after simplification it follows that

2

B | zo,a, 0%y, X ~ N, (lg, ml,,) for r =2 and 4, (4.6)
i=1Tj

where I3 = [Y1 zi(y; —a)+ o Z?Zl(yoj —a)]/(kxd+ >, 2?). When r = 1

the conditional distribution of 3 is not a known and is proportional to
(B-13)'(B-13) }

202/ (kad + >0 a?) |’

(8'8)"* x eXP{—
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However we can easily generate from this conditional using a Metropolis-Hastings
step inside the GS algorithm.
When r = 2,4 the conditional distribution of x is proportional to

Zo — Lo)2
u(zo)™H? x eXp{_;aO?/Tlg’)ﬁ}’ (4.7)

where 1y = 3’ Z?:l (yoj —)/(kB'B). Note that (4.7) is not a known distribution

of probability. Following Kubokawa and Robert (1994) we introduce a latent
variable t as follows

u(x0)71/2 x T'(1/2) u(x0)71/2 = /00 21 exp {—u(xg)t}dt. (4.8)
0

We now can rewrite (4.7) as

p(zo | . B,0%y,X) = / p(z0.t | B,0%, y, X) dt, (4.9)
0

where

72
p(zo,t | o, 8,02, y,X) o 21 exp {—u(xo) t} exp{—%}. (4.10)

From (4.10) we have that

1
t|zo, o, B,0%y, X ~ Gamma (5 , u(aco)) , (4.11)
and
p(IO | tv -, /67 0'25 Y, X) X €exp {_U(IO) t} exp {_M} (412)
202 /kB3' B
Therefore,

202ntT + 143 2
r |t oty X ~ N(2ZHTEUED o) ()
202nt+ BB  202nkt+ kGBS
When r =1 it is not possible to consider the latent variable t. However again we
can use a Metropolis-Hastings step inside the GS algorithm to generate from the
.- . . (p—1)/2 _ (zo—la)? }
conditional distribution wu(z) X exp{ 22 BB

5 Application

We consider here a data set given by Johnson and Krishnamoorthy (1996) where a
controlled experiment was conducted at National Biological Service, Louisiana, to
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predict the amount of sodium chloride solution in dionized water based on electric
conductivity. Two machines were used to measure the electric conductivity: the
Conductivity Controller(CC) and the Fisher Conductivity Meter(FCM). The data
are presented in Table 2, where x is the amount of sodium chloride solution (in
ml), y1 is the CC measure and ys is the FCM measure, the last two given in
micromoles/cm3.

Table 2 R0.95 posterior credibility intervals for xg

o Y1 Y2 Four-group Two-group Jeffreys
00 16 1.5 | (—1.45,0.11) (—1.41,0.09) (—1.39,0.07)
05 1.8 19 | (-0.76,0.77) (—0.75, 0.74)  (—0.73, 0.75)
1.0 2.0 22 | (-0.24,130) (-0.19,1.28) (—0.21, 1.28)
1.5 22 26 (0.44, 1.99) (0.46, 1.94) (0.47, 1.93)
20 24 29 (0.97, 2.49) (1.01, 2.46) (1.01, 2.46)
25 26 32 (1.50, 3.00) (1.52, 3.00) (1.54, 3.02)
30 28 36 (2.17, 3.70) (2.18, 3.67) (2.18, 3.66)
3.5 3.0 39 (2.67, 4.20) (2.71, 4.17) (2.70, 4.18)
4.0 32 4.2 (3.21, 4.73) (3.24, 4.69) (3.24, 4.70)
45 34 45 (3.73, 5.24) (3.76, 5.24) (3.77, 5.23)
50 36 438 (4.26, 5.78) (4.26, 5.75) (4.31, 5.72)
55 3.8 5.2 (4.91, 6.42) (4.94, 6.40) (4.96, 6.38)
6.0 39 55 (5.39, 6.88) (5.41, 6.86) (5.40, 6.85)
6.5 41 58 (5.91, 7.40) (5.92, 7.39) (5.94, 7.38)
70 43 6.1 (6.42, 7.92) (6.45, 7.91) (6.45, 7.90)
75 45 64 (6.96, 8.44) (6.97, 8.42) (6.99, 8.43)
80 46 6.7 (7.40, 8.91) (7.44, 8.88) (7.42, 8.87)
85 48 7.0 (7.92, 9.41) (7.96, 9.40) (7.97, 9.41)
90 50 7.3 (8.45, 9.95) (8.47, 9.94) (8.49, 9.91)
95 51 76 (8.91, 10.41) (8.91, 10.37) (8.93, 10.37)
100 53 7.9 (9.44, 10.93) (9.43, 10.89) (9.44, 10.90)
11.0 56 85 | (10.41, 11.90) (10.41, 11.88) (10.43, 11.87)
12.0 6.0 9.1 | (11.45,12.94) (11.47,12.94) (11.49, 12.92)
13.0 6.3 9.7 | (12.42,13.93) (12.44, 13.90) (12.44, 13.91)
14.0 6.6 11.0 | (14.39, 15.82) (14.42, 15.81) (14.44, 15.79)
15.0 6.9 114 | (15.07,16.55) (15.11, 16.52) (15.10, 16.52)
16.0 7.2 11.6 | (15.47,17.00) (15.50, 16.99) (15.53, 16.99)
17.0 7.5 12.0 | (16.17,17.71) (16.17,17.71) (16.18, 17.67)
18.0 7.7 13.0 | (17.62,19.21) (17.67, 19.18) (17.67, 19.15)
20.0 8.2 14.0 | (19.19, 20.80) (19.22, 20.75)  (19.22, 20.75)
24.0 9.1 15.0 | (20.90, 21.76) (20.92, 21.73)  (20.92, 21.74)

A cross-validation tecnique was considered to compare the different priors.
Each time a value of x from Table 2 was considered unkown and it was estimated
using the posterior distribution. For all the priors considered the posterior means
(and also medians) were very close to each other. On Table 2 columns 4, 5 and
6 present the equal-tail credibility interval with probability 0.95 for the four-
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group, two-group and Jeffreys priors, respectively. As we can see that the four-
group posterior analysis gave intervals slighty wider than the others two, although
smaller than the classical intervals given by Johnson and Krishnamoorthy (1996).
This indicate that the four-group prior is the least informative prior, in the sense
to be closer of the likelihood inference methods. These results agree with Ghosh
et al. (1995), for the case p = 1.

6 Final comments

Although the reference priors developed by Kubokawa and Robert (1994) are
known in the literature as the reference priors for the linear calibration problem
(see Yang and Berger, 1997), we discuss in this paper that in reality they are
reference priors associated with the related problem of the estimation of the ratio of
two normal means. These two problems are not equivalent because the likelihood
functions are not proportional. Also, we extend the results given by Ghosh et al.
(1995) proving that the reference posteriors are proper but the existence of the
posterior moments depends on the response vector dimension. In our example,
the four-group reference prior is less informative than the two-group and Jeffreys
prior. It is in accordance with Ghosh et al. results for p = 1.

Appendix

In this Appendix we present with details the proof of the Theorem 2.4. First we
prove the result for the posterior distribution associated with 7mo. Note that, the
posterior distribution (7o, , 3,02 | y, X) is proportional to

n

u(xo)fl/Q(0.72)4("+ki22)p+2 exp {— [Z(W —a— /Bxi)/(}’i o — 65171) +
1=1
k

+ 3 (vo; — @ = Bao) (yo; — o — Bro) | /207 5. (A1)

Jj=1

Integrating the above expression in relation to ¢~2 and using integration results
associated with the Gamma family we have that

n

ma(z0, @, B |y, X) o u(wg) /> { E (yi —a—Bz;) (yi — a— B;) +
im1
_ (ntkt2)pta
2

k
+ Z(YOJ' —a— Bxg) (yo; — o — Bxo) . (A.2)

j=1
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After some algebra and using integration results associated with the multivariate
t-Student family of distributions to integrate in e we have that ma(zo, 8 | y, X)
is proportional to

u(zo) 2 {(n+ k)

k
> (yi— Bx) (i — Bx:) ZyOJ Bxo) (yo; — ﬂl’O)}
1=1 Jj=1
_ (n+k+)pt4
n 2

n k ! k
- (Z — Bz:) + Y _(yo; — Bo ) (Z — Bz:) + Y _(yo; — Bo )
i=1 j=1 i=1 j=1

(A.3)
Finally, after some algebra and using integration results associated with the multivariate
t-Student family of distributions to integrate in 8 we have that

v+1

(rbh—1)p+3 1 (zo—17)? o
m2(wo | y,X) o u(zo) ( ty ls/(nkls — l5ls)v 7 “y

where
v=(n+k)p+3,

n n n k
Iy = (n—&—k)Zyixi — sz (Z}M‘"‘Zyoj) .
i=1 i=1 j=1

i=1

k n
=ny yo—ky i
j=1 i=1
’ n k
= (n+ k)( Zyzyz+2y03y03 (ZyﬂrZyoJ) (Zyi+2y0j>,
i=1 j=1

nkleT + l4l5
nklg — lgl;, ’

Is = nkZls + (n+ k)culs — Uyla — (nkls — Usls)I2.

l7 =

Note that (A.4) is proportional to a function of zo multiplied by the kernel of t-
Student distribution. Therefore,

/+°0 m2(zo | y,X)dzo x Ex, {u(:co) , (A.5)

—o0

(n+k—1>p+3}
2

where

lg
ro ~~ tu (177 m) . (A6)

Now, using the fact that a t-Student distribution only have moments of order strictly
lower than its degrees of freedom (Johnson, Kotz and Balakrishnan, 1995) we can show
that (A.5) is finite, observing that

(ntk—1)p+3
2

[(n+k)co + nk(zo — T) = a0+a1 To+a2 T2+ . A+ A(mpiryprs TSP,
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can be rewritten as a polynomial of degree (n +k — 1)p+3, and v = (n+ k)p+ 3
Therefore,

+oo (n+k—1)p+3 )
/ ma(xo | y,X)dzo o< Z a;FE [:cf)] < 00.
—o0 i=0

To show that the posterior distribution associated with the four-group prior ms
is proper, we just have to change m by n — 2 in all equations from the above
proof.

Now we are going to show that the posterior distribution associated with the Jeffreys
prior 71 is proper.

The posterior distribution 71 (o, a, 3,02 | y, X) is proportional to

n

(B8)*u(z0) "7 (o7 " E" exp {— {Z (vi — & — Bas) (i — & — Bas) +

X 1=1
+ Z(YOJ' —a — Bx) (yoj —a — ﬂ%)] /202} : (A7)

Using integration results associated with the family of gamma distributions we have
that

n

771(‘7:07 a?/B | Yy, X) S (ﬁ//B)l/zu(mO)pr1 {Z(yl - — ﬁxz)l(y’b - — ﬁx2)+

=1 _ (n+k+2)p+5
2

k
+ (yo; — = Bwo) (yo; —  — Bao) : (A-8)
=1

Using integration results associated with the family of multivariate ¢-Student
distributions we have that

> (yi = Bzi) (yi — Bri)+

m1(wo, B | y,X) o (ﬁlﬂ)wu(m)%l {(n + k)

=1
k n k !
+> (vo; — Bxo) (yoj — ﬂ%)} - (Z(Yi —Bz) + Y (voj — 31’0))
J=1 =1 (k) p+5
n k - 2
X (Z — Bx;) Z (yoj — Bxo) )} . (A.9)
=1 j=1

Using again integration results associated with the family of multivariate t-Student
distributions we have that

_vitl

/ 1/2 (ntk)p+4 i (xO - l7)2 2
miwo |y, X) o B[(8'8)" (o) T (14 L 7
(A.10)

where vi = (n+ k)p + 4 and
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vo+p

_ / _ )
B [(ﬁlﬁ)l/z] :/ J (B/ﬁ)l/Z (1 + i (6 Il’l) (/6 m)) dﬁ, (A.ll)
3 Vo s/v2
o = F(%) m— 14-1-1551007
T(%2)vh/? 7p/2 |sL,[1/2 a
S = al6 — (l4 + l52£C()) (l4 + l5$0)7 Vo = (n + k)p + 5.
a“vg
Observe that (A.11) is a function of 2o and that
Foo (ntk)p+a
[y Xyt B [B[0) e S| )
where l
~ oty (b7, ———2— ). Al
o : (7’ 1 (nkls —1’515)) (4.13)

Since the square root is a concave function, it follows from Jensen inequality that

E8'8)"%] < BE[#8)]" (4.14)
Using the result (Fang and Zhang, 1990, pg 42)
E[x'Ax] =tr(AX) + p/Ap, (A.15)

where the distribution of vector x has a vector of means p and covariance matrix X, we
have for A =1, that
E[B'B] =tr(sI;) + m'm =

{(n+k)ce +nk(xo —T)*He — ma(zo +m1)? — me

= (0 + k)es + nk(zo —7)2}20 pt
ms(zo + ml)2 + me
Al
T R)es £ nk(zo — 7)) (4.16)
where
Uls I)15)?
mi = lz_l57 ma = lgl4 — (ilg,) 5 ms3 = ll5l5,

are not functions of xo. In this way, we have that E [3'3] corresponds to a polinomial
of degree -2, when it is seen as a function of xzo. Then, we have that

el@p)”? < elps"”
—_————
polinomial of degree -1
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Therefore, -
n+k)p+4
2

E[(B'8)] [(n+K)eo + nk(zo ~ )’

(ntk)p+4
2

<FE [(,3’,3)]% [(n + k)ep + nk(zo — f)2]

polinomial of degree (n+ k)p + 3

Recalling that the t-Student distribution have finite moments of order strictly lower
than its degrees of freedom, we have that

(n+k)p+4

Eeo |E[(B8)]" [(n+k)co + nk(zo —T)?] 2 < oo

since the above equation can be rewritten as a linear combination of moments of order
lower or equal to (n+k)p+3 from a t-Student distribution with v1 = (n+k)p+4 degrees
of freedom. As a consequence from the Jensen inequality

—+oo
/ m1(zo |y, X)dzo < 0.

— 00
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