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ABOUT TEST CRITERIA IN MULTIVARIATE ANALYSIS

JOE A. DIAZ-GARCIA AND FRANCISCO J. CARO-LOPERA

AsstracT. The exact distribution of a certain criterion announcedhew by|Olson

(1974), but really defined by Wilks (1932), is studied. Tahdé that criterion are com-
puted for a sort of particular parameters. Some errors indivie criteria obtained
by Wilks (1932) are detected and corrected. The momentstendxact distribution of
Dempster’s test criterion are found. At the end, an exampteeliterature determines
all the criteria and their tests.

1. INTRODUCTION
Consider the general multivariate linear model
Y =XB+e€ (1.1)

where:Y € R™P is the matrix of the observed valuglseg R¥P is the parameter matrix;
X € K™ s the design matrix or the regression matrix of rankq; e € R™P is the error
matrix which has a matrix variate normal distribution, sfieally € ~ Nn.p(0, 14 ® X),
see Muirhead (1982, p.430%; denotes the Kronecker product; aBide RP*P, X > 0.
For this model, we want to test the hypothesis

Ho : CBM = 0versusH, : CBM # 0 (1.2)

whereC € R of rankvy < r andM € RP*9 of rankg < p. As in the univariate
case, the matri concerns to the hypothesis among the elements of the paramatrix
columns, while the matri¥ allows hypothesis among theffirent response parameters.
The matrixM plays a role in profile analysis, for example; in ordinary byesis test it
is taken to be the identity matrik] = I .

Let Sy be the matrix of sums of squares and sums of products due toyfiethesis
and letSg be the matrix of sums of squares and sums of products due tithie Both
are defined like this

Si = (CBM)(C(X'X)-C)"{(CAM)
S = MY(I,-XX7)YM,

(1.3)
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respectively; Wheréé = X~Y and X~ is any generalised inverse &f such thatX =
XX~X. Besides, under the null hypothes$s, has ag-dimensional Wishart distribution
with vy degrees of freedom and parameter malliEM, i.e. Sy ~ Wy(v, M'EM);
similarly Sg has ag-dimensional Wishart distribution withe degrees of freedom and
parameter matriM’EM, i.e. Sg ~ Wy(ve, M’EM); specifically,vy andve denote the
degrees of freedom of the hypothesis and the error, resp8ctiAll the results given
below are true foM # I, just computeSy and Sg from (1.3) and replace by g.
Now, let 1y, - - - , A be thes = min(vy, g) non null eigenvalues of the matrSg%l such
that 0 < As < --- < A1 < oo and letfy,-- -, 05 be thes non null eigenvalues of the
matrix Sy(Sh + Sg)t with 0 < 6s < --- < 61 < 1; here we notel; = 6,/(1 - 6,) and
6 = 4i/(1+4),i =1,---,s Various authors have proposed a number fiédent criteria
for testing the hypothesig (1.2). But it is known, see fomeple Kres|(1983), that all the
tests can be expressed in terms of the eigenvalisssr ¢'s. In our experience, a reason
for which many of these test statistics are not used is duectodndor inaccessibility of
tables for the respective critical values.

In this work the three test statistics proposed by Wilks @)% e studied after cor-
recting some errors in the published density functions. Wiphesize that two of those
statistics were proposed as new by Rl (1971) (-statistic) and Olson (1974)/¢
statistic). Besides we show how to obtain the critical valioe theU -statistic by starting
from the tables of WilksA statistic. The density of thé-statistic is derived by three dif-
ferent methods and the tables for the critical points aresttanted for several values of
the parameters. The exact distribution of another testrait proposed by Pillai (1955)
is found. The moments and the exact distribution for the Datanpstatistic are given. At
the end, this work solves a problem in the literature by caiingwall the published test
statistics studied, also we propose a way for finding thécatitalues for the remaining
test criteria; special emphasis is given around some pedatonsiderations that should
be taken into account when the approximations are used.

2. WILKS' CRITERIA

Unfortunately, there is not homogeneity in the symbol oftist statistics; moreover,
some of them were renamed creating more confusion. For drartye well known
statistic of Wilks is often represented B, but in the literature it is also defined as
Wilks’ A. However| Anderson (1982, p. 299) denoted itybut/Wilks (1932) named
another statistics with that symbol. In order to avoid anyfasion in notation we return
to the original notation of Wilkd (1932) and we define the éhceteria in this way:

_ e
AW mas - L

]_[(1 -4) Wilks (1932, p. 485)
i=1




ABOUT TEST CRITERIA IN MULTIVARIATE ANALYSIS 37

s g A
VT isesl T [1[1+/1i

Wilks (1932, p. 482)

=

[ i : Wilks (1932, p. 486)

Curiously theU-statistic was proposed as a new statistic in the literabyr®oyet al
(1971, last paragraph p. 72) with the same original notatfwvilks (1932). Similarly,
the third statistic was proposed as new by Clson (1974);\weresed that notation.

Moreover, Wilks ((1932) proposed integral expressions fier densities of the three
statistics, but even when the general expression fonttaend theU statistics are correct
(Wilks (1932, eq. (5), p. 475)), the density fa (Wilks (1932, eq. (35), p. 486)) is
wrong. Maybe this fact explains the inconsistences of soantiqolar expressions for the
densities ofW published by Wilks|(1935), such as it is corroborated by @b(HEI66)
when the results are compared with the results obtained ldesson (1982, p. 308).
The correct density function & in|Wilks (1932) is obtained by replacing & 2)/2 by
(p— 3)/2 in the exponent of the termnfv, - - - v_1). Now, by using our notation

Wilks’ notation | Our notation
N YVH + VE + 1
p va+1
n p

wherevg = N—p, note the distribution of) can be found as a function of the distribution
of W (and vice versa), just changing the rulesywpfandve. This is, by making the
transformation

(vh,vE) = (VE, VH).

Observe that in Wilks’ notation the density df can be obtained from the density \&f
by making the transformation

(N_ p,p_l)_)(p_lyN_ p)y
here, the above-mentioned error in the density\Mos detected again. This equivalency
can be easily seen by replacing particular valuegoéndve in the densities otJ and
W (the densities were derived by Hsu (1940) from the joint dgms the eigenvalues of
the @'s). For proving the equivalency, let us denote the denditPo= (6;,...,6s) by
p(®; s m h), where
% andh = VE_—;_l,
see Diaz-Garcia and Gutiérrez-Jaimez (1997), Nan®l4&)1 Pillai (1955) ot Rencher
(1995, p. 165). See also Srivastava and Khatri (1979, The@&é.2, p. 93), (but first
note some minor errors appear there: the exponennadist bep?/2 instead ofp/2 and
the exponent of thg should beif, — p—1)/2 in place of (i, — p— 1)).

m=
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Now, it is known thatWV ~ Wilks’ A. If @ = ((1-64),...,(1-65)) = (6;.....62),
the distribution 0®*is the same as that 6, by interchangingnandh, see Nanda (1948,
Section 5). Then,

S
= 1_[ 6" ~ Wilks’ A, with mandh interchanged
i=1
but noteA* = U. Therefore,
U ~ Wilks’ A, with mandh interchanged

Butve > pandvy > p, then the interchange of andh is equivalent to the interchange
of vy andvg.
In summary,

Theorem 1. The distribution of U-statistic, can be obtained from thstdbution of the
A-statistic, by interchangingy andvg; this is

d
U = AVE,VH >

VH,VE

where2 denotes identically distributed and the statistics U axdvere denoted with
subindexes to indicate the interchange between the paeamgtandvy.

Note that, in general, all the distributions of the testistias and the tabulation of the
correspondent critical values were derived by assuminghayvy ; however, ifp > vy,
the associated densities and their respective criticalegatan be obtained by making
the following transformations in the parameters, \see Maath(1982, eq. (7), p. 455),
Srivastava and Khatri (1979, p. 96).or Rencher (1995, p.,167)

(p,vH, vE) = (VH, P, VE + VH — P). (2.1)
3. THRD WILKS' STATISTIC, V-STATISTIC

Wilks’ V-statistic have been rarely used, maybe because its exceisgmptotic dis-
tributions have not been derived, and of course, no tablés ofitical values have been
constructed, except the Table H.in Olson (1973) where thieakvalues were obtained
via Monte Carlo. Recently that statistic have been useddrcintext of sensitivity anal-
ysis in regression, see Diaz-Garetal! (2007). In fact, Wilks never found its particular
distribution; but the k-moments were derived and a suggedtir determining its dis-
tribution was given starting from the general equationg @&l (16) of Wilks |(1932);
however the equation (16) contains two errors.

The right density function of thg-statistic is (in our notation)

aPPD2 TP (T[(vy + ve)/2 — i+ 1]) oHDDI2 (1 4 ) (HIE _po)
p[VH /Z]Fp[VE/Z]

[ty ney
f f{ i+v ﬂ(l—r)— 1+v }

l_[[r,(l — 1) OHHE)2 (P 2 dr, . dr (1), V> O.
i=1

fu(v) =

X

X
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Also we have that

1- l—I|p11(1 ) - 11 =
— <1
1_ l_[, 1(1_r)

T 1V

and
-1
l—lip:]_ (1 - ri)
1+v
forr; € [0,1] andv > 0. This allows us to expand in a double series of powers time ter
between the braces and later to integrate it term by term.

e Forp=1we get

<1

[ VH+VE

_ 2
M= s

HYVE
z ,v>0.

e Forp=2we have

— 1 YH+VE — YHHVE -~
foy) = ko V5 f [ = rv+ 1] 5 [ (= )] ™ dr, v 0,
0

1—~[ VH+VE ]F[ vH+vE72]
r[VH]r[VH g

2 =
e Forp = 3 we obtain
W o= kvt [ f (@ - mA- v+ 2

X [ra(1- fz)] drldrz, v> 0,

F[ VH"'VE]I"[ vH+vE—2]1—~[vH+vE—4]
1"[V”]l"[vH N SNEI Il

e Forp=4we get

w-s (Lot VH+vE-6
W) = ke V'E f f f [ = )= 1)L ra)v + rarars] * 5

xlra(L = )] ™ F (= 1)) M5 [rs(@ - 19)] 7 drydiry, v 0,

F[vH+vE]F[vH+vE—2]F[VH+VE—4]F[VH+VE—6]
B D N = S e
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Observe that fop = 1, the distribution o/ is a constant times an F-distribution; so, we
can use the tables of F in order to find the critical value¥ offables forp = 2,3 and
several values ofy andvg are tabulated in the Appendix A.

Alternatively, the exact distribution of thé-statistic can be determined via the ap-
proach of Hsul(1940), i.e. by the joint distribution of th's. In particular a simplified
expression folp = 2 can be obtained as follows: fram Muirhead (1982, pp. 451 and
454-455) we have that

fay, (A1, A2) = K (A242) " 2[(1 + )(1 + Ap)] O PE2(2, - 2p),
where
_ 7TF2[(VH + VE)/Z] .
o[y /2]02[ve/2]
if we defineV = 134, andR = (1 + A1)(1 + 1), thendvdr = (13 — 22)dA1dA,. Thus
fur(v,r) = k \[VH_s)/Zr_(VH‘H’E)/Z’
by integrating with respect t& and ranging from (& V)? to co we get the density
function ,
fo(v) =k Vor 32 (14 o) P ys g
with
K = 2k _ 2 Tl(vu +ve)/20[(vh + ve = 1)/2]
27 m+ve—=2)  (vn+ve — 20w /2I[(vi — 1)/2)0[ve/2]0(ve — 1)/2]

A third approach for deriving the distribution of thestatistic is proposed by Consul
(1966). It is based on the Mellin transform which we definecdlefs:

If M(s) is analytic in the stripro < Re(s) < o1, and if it tends to zero uniformly with
increasing/ m(s) for any real value betweenra andb, with its integral along such a line
converging absolutely, then if

f(x) = % fcmo M(s)x °ds

—ico
we have that
M(s)zf f(X)x51dx
0

Conversely, suppos&(x) is piecewise continuous on the positive real numbersntaki
a value halfway between the limit values at any jump discwiities, and suppose the
integral

M(s) = fow f(X)x51dx

is absolutely convergent whery < Re(s) < o1. Then fis recoverable via the inverse
Mellin transform from its Mellin transfornm.
From/Wilks (1932, p. 486) (in our notation),

Tp[vi/2 + hTp[ve/2 + h]

hy _
E(V ) - Fp[vH/Z]Fp[VE/Z]
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Then the exact density function Wfis

~ 1 i C+ico 1
W) = fo i fc VI [y /2 + hCp[ve /2 + hidh.

Puttingh + (ve + 1 - p)/2 = t, we obtain

—ico

L eetwz g e
fu(v) = Toom /2,0 /2] 2x1 f VTt = (ve —vu + 1= p)/2]0p[t + (1 - p)/2]dt,

wherec’ =c+ (vg + 1 - p)/2.

¢/ —ico

4, EXACT DISTRIBUTION OF NEW PILLAI CRITERION, W(®

Pillai (1955) proposed another test criterion and its apjpnated distribution, apart
from the other three criteria exposed in that work. The neteigon is defined like this

S— Ziszl 6’i _ iszj_(l_ 6’i)
S S

WO =1-VvO/s=

where

VO = (Se + S8 = ) 5 fd,) =Y
i=1 ! i=1

is the Pillai’s statistic, see Muirhead (1982, p. 466), Ren¢1995, 168), Kres (1983, p.
6) and_Seber (1934, p. 414), among many others.
Then

SW = tr(Se(Se + S) ™) = ) (1 6).
i=1

Now, as in Section 2, a similar result for the exact distilmubf theW(®- statistic can be
derived:

Exactly as before, i®* = (1-61),...,(1-6s) = (6;,...,6%), the distribution of
0" and® are the same, so, by interchangmgndh

S
SV" = Z gr ~ Pillai’'s VO,  with mandh interchanged
=
and by noting thas\\9" = s\W9, we have
sW® ~ Pillai's V®,  with mandh interchanged
In summary,

Theorem 2. The distribution of the W-statistic can be obtained from the distribution
of VO-statistic, by interchangingy andvg. This is

we 21ye

VHVE T g VEVH

where the statistics ¥ and W® were denoted with subindexes to indicate the inter-
change between the parametegsandvy.

Note that this behavior of the parameters can be seen in tlrexamated distributions
of both statistics given in Pillai (1955, egs. (5) and (63pectively).
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5. EXACT DISTRIBUTION OF THE DEMPSTER CRITERION

For the case of one or two samples, Dempster (1958) and Dem{d€60) pro-
pose a non exact proof for testing the hypothdsid (1.2). If®mgeneral casep(> 2),
Fujikoshiet al. (2004) propose the following statistic

Tp = (trSu)/(trSe);

which is termed the Dempster trace criterion.
Dempster’s criterion is rarely used. This is because itsteatad asymptotic distribu-
tion are given in terms of the matrix of parametErs
Fujikoshiet all (2004) derive asymptotic null and nonnull distributionsD¥mpster
trace criterion whem — oo andp — o. They prove that
To 9 v 1), (5.1)
oD

d e
where— denotes convergence in distribution, and

-T;D = \/—p{n% —VH},
and
2vy (trz?) /p
70T T wD)/p

For a practical situation, an(p)-consistent estimator is given by

. J2rml(UrSR)/n2 - (irSe)2/re)/p
- (trSe)/(np)

Next we derive the exact null distribution and the momenthefDempster trace crite-
rion.

oD

Theorem 3. Whenvy > p—1andveg > p— 1, the exact null distribution of J'is

o 2 I (4-
fro(t) = |6712|*(VH+VE)/2 Z Z Bt (pvh + 2||?!/ﬁ, (pve + 20)/2)

k=0 1=0

X Z ; (%VH)K (%VE)” Ce(lp—0Z™)Cyu(lp -0, t>0

whereps" (t; b, ¢) denotes the density function of a univariate Type |l Bet&ibistion of
parameters b and ¢, sée Gupta and Nagar (2000, p. 1B5)denotes summation over
all the partitionsk = (kq, ..., kp), ki > --- > kp > 0, of k, G.(X) is the zonal polynomial
of X corresponding te and the generalised hypergeometric gméent(a), is given by

p
@ = [ [a- G- 1)/2)
i=1
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Mx=rr+21)---(r+k-1),(a)o = 1(see Muirhead (1982, p. 258))and (0, ) is an
arbitrary parameten_Muirhead (1982, p. 341) propoges 2615,/(51+0,) as near value
to the optimal one, whe&, ,, are the largest and smallest eigenvalu&akspectively.

Proof. Remember thaby ~ Wy(vu,X) andSg ~ Wp(ve, X) are independent. Let
X = trSy andY = trSg, thenX andY are independent too. Using Theorem 8.3.4 in
Muirhead (1982, p. 339), the joint density functiomoandyY is

fe(xy) = lo om0 3 L0 P/ 24k, 20)9(y; pre/2+K. 20
k=0 1=0

x Z ; (—VH) (—VE) Ce(1 -0z Cy(1p - 627,

expEx/(20)X 1
(0Nr[r] -

where
a(x;r, 26) =
Making the change of variables
p=X/Y, Z=Y (Tp>0,Z>0),
with dxdy= zdzdf the joint density function of p andZ is

l67x) (VH”E)/ZZ Z v g(tz Pvi /2 + K, 26)9(z pve/2 + Kk, 26)
k=0 120

1 1 -1 -1
xZ;(évH)K(EVE)yg(lp —s27Y)Cy(Ip-ox7h).
Now integrating with respect te overz € (0, ) it gives the desired marginal density
function of Tp. O
Corollary 1. Observe that if in Theoref X, = 61, then
fro(t) = B (t; Pvi/2, pre)/2),

or alternatively

V|

iTD ~ F(pvh, Pve),
where¥ (b, ¢) is a central F-distribution with b and ¢ degrees of freedom.

Coroallary 2. Under the condition of Theorelm 3 the momentsfie given by

etz N O TI(pve + 2K)/2 + hIT[(pre + 21)/2 - h]
E(Tp) =6 =002 ) ) KU T(pve + 2K)/2]TT(pre + 21)/2]

k=0 1=0

x> (%VH) (%VE) Ce(lp—o6Z™)Cy(lp - 0x).
K K u
Similarly, if £ = 6l ’

ITpvu/2+ h]T[pve/2 - h]

hy _
E(T0) = —pm/2ipre/2l
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Proof. The proof follows easily from the moments of univariate Tyj®eta distribution.
mi

Remark 1. Alternative expressions of the density function and the embsrof T given
in Theoreni B and Corollariy2 can be derived in terms ofitivariant polynomialsDavis
(1980); specifically, by the eq. (5.1) and (5.10) in Davisg(p the following results are
obtained (or see also Chikuse (1980)):

© X Al (t-
fr, (t) = |67 Lg|On+e)/2 Z Z B (6 (pv + 2t)|/ﬁ, (pve + 21)/2)
k=0 1=0 LA

DHW) (gH)(%E) (Y Cy(1p-621), t>0

K PEKU
and

E(Th) = |5~ 1x| Orve)2 i i I'[(pvy + 2K)/2 + h]T[(pve + 21)/2 - h]

e KINT[(pva + 2K)/2]0[(pve + 21)/2]

<X % 3 () (57e), (67 s 1o,

K pekp
where
C;‘;”(I plp)
Cs(Ip)
and Q:;“(I p. 1 p) Is an invariant polynomial evaluated in the identity matiix.

6" =

6. ExampLE

The present example describes and spreads the computhtfendifferent statistics
for testing the multivariate linear hypothesis and propgsmctical ways for finding the
corresponding critical values by using: the publishedgsbthe integration of the exact
distribution or approximations. Also, we emphasize somedtions about the use of
approximations for computing the critical values; unfortely, such considerations are
not described in the texts where those approximations ableshed, see Kres (1983),
Rencher|(1995), among many others; however, in most of tiggnal sources we can
find some important directions for approximations, see faneple Pillai (1955).

The following application is a modification of the exampld.8. of Srivastava (2002,
p. 294).

Example The original observation matrix consists of a 32 vectoresponding to the
12 responses of each rat; for our exposition, the first twaddpnt variable¥; andY,
are considered (i.e. the first two days). In this case we m®gwe following multivariate
linear model:

Y = X + E
(32x2) (32¢5) (5x2) (32x2)
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where the design matrix is also provided in Srivastava (200294) and

Bor oz
P11 P2
B=| Ba P22
B B3z
Bar Paz

We want to test the hypothesis
H:C8M =0 versus A:CBM %0,

01 -1 0 O
c=10 0 1 -1 O
00 0 1 -1

The matrices of sums of squares and sums of products duegortireand the hypoth-
esis are, respectively,

o _ [ 25580 11262 .o (1005 2755
=\ 11262 41525 =\ 2755 8130 |

The test statistics for all the known criteria are tabulatethble 1.

whereM =1, and

Tasce 1. Criteria to test the null hypothesis

| Criteria | Statistics | a(= 0.05) Critical value]|
Wilks' A 0.832 0.626
Wilks' U 5.190E-4 0.025
Wilks' V 6.235E-4 0.038
Lawley-Hotelling’sU® 0.200 0.548
Pillai's VI 0.168 0.415
Pillai's W® 0.915 0.792
Pillai's H® 0.908 0.969
Pillai's R® 0.006 0.969
Pillai's T® 0.167 3.168
Roy’s Amax 0.197 0.489
ROY'S 0max 0.164 0.328
Anderson’siin 0.041 0.117
ROy'S Omin 0.003 0.105
Dempster'sip 0.136 0.182

Some definitions and comments about the results in Table 1:
(1) General remarks:
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(a) The decision rule for all the criteria is:
rejectHy if the statistic> critical value
However, for Wilks’ A and Pillai'sW® criteria, the decision rule is (this
class of test is known in statistical literature iager se test, see_ Rencher
(1995, p. 162)):
rejectHy if the statistic< critical value.
(b) The tables for critical values of all the criteria areukted in terms of the
parametersf, vy, ve) or in terms of the parameters (n, h), where remem-
ber that

s=min(p,vy), m=(vq —pl—-1)/2 andh= (vg - p-1)/2

Besides, the tables (in general) have been computed by agstimatp <

vy andp < ve. If p > vy then use the combination of parametets , ve+

vy — p) in place of @, vu,ve), see Muirhead (1982, eq. (7), p. 455),
Srivastava and Khatri (1979, p. 96).or Rencher (1995, p..167)

(c) Observe that the null hypothesis is not rejected undgrcateria. This is
remarkable, because usually, when several statisticpatied, in the same
test, some contradictory conclusions can appear, i.e. athgpis can be
rejected by some statistics and accepted by the remainigg dis is due
to the multidimensional nature of the space in which theamsdhvolved in
the hypothesislie, see Rencher (1995, p. 169). Some diredior choosing
one of these tests are given by the comparison of power fums;tsee for
example_Morrisanl (1978, pp. 223-224), Anderson (1982,i8e@&.6.5),
Olson (1974) and Rencher (1995, Section 6.2), among mareyth

(2) Wilks' A statistic:

Ao ISl 1—[ 1 ﬁ(l—é")'
Se+Sul i f1+a LT
see Wilks 1(1932), Rencher (1995, p. 161) and Kres (1983, mnng many
others. The critical value was taken from Table 1in Kres @.9&. 14-51),
besides, it was computed with the correct expression bygidathematica.

(3) Wilks' U statistic:

S S
— 1Sul — % - ]_[ei;
ISe+Sul g1+ 4]

see Wilks1(1932), Roet all (1971, p. 72), Seber (1984, p. 413) and Kres (1983,
p. 6) among many others. This criterion is also known as Gaesikan’'sU
statistic. The critical value was computed with the expgoes$31) in Wilks
(1932) by the use oMathematica. Observe, also, that this statistic is wrongly
defined as a function of the eigenvaluésandd’s in Kres {1983, p. 6).

(4) Wilks' V statistic:

TS o PO SR
Vear == lazay

i=1



(5)

(6)

()

(8)
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see Wilks (1932), Olson (1974) and Kres (1983, p. 8). Thitissia is also
known as Olson'd/ statistic. The critical value given in the Table 1 was taken
from the tables in the Appendix A.

Lawley-Hotelling’sU® statistic:

S

U(S) — tr(SElSH) — Z Z (1 Hl

i=1

see Muirhead (1982, p. 466), Rencher (1995, 167) and Kre3(10 6) among
many others. Unfortunately, the tables for the criticalreasl do not include the
minimum required possible combinations between the paensng m andh;
see Table 6 in Krés (1983, pp.118-135). In the example of &éideTl we have
used an F-approximation, see equation (6.30) in Rench8g&(1® 167), see also
Pillai (1955, eq. (7)). Observe that this approximationssful forh + s > 30
whens = 2; whensincreases by 1)+ smust increase by 10 to give satisfactory
results, see Pillai (1955).
Pillai’s V(® statistic:
S
(8 — 1 .
VO = tr((Se + Sn)iSy) = Z (1+M Zle
see Muirhead (1982, p. 466), Rencher (1995, 168) and Kre3(10 6) among
many others. The corresponding critical value in the Tablea$ taken from
Table 7 in Kres|(1983, pp. 136-153). However, note that ferdtitical value,
a Type | Beta approximation can be used (see Gupta and|Na@@0,(B.165)),
see equation (5) in_Pillai (1955), see also Rencher (199&jd®e6.1.5). This
approximation is useful fam+ h > 30 whens = 2; but, if sincreases by 1, then,
m+ h must be increased by 10, for getting satisfactory resids Fsllai (1955).
Pillai's W( statistic:

WO = t((Se + §)7180) = ) s = D (1-6) = (1= V1))
i=1 : i=1

see Pillail(1955). For the critical values we can use a TypetdBpproximation,
see equation (6) in_Pillai (1955). For practical use, thigrapch is satisfactory
for m+ h > 30 whens = 2; but, if sincreases by 1, themm + h must be
increased by 10, for getting satisfactory results) sealRil055). However, note
the exact critical value can be obtained frafff-statistic and the expression
W = (1-VO/s). In fact, Table 1 contains the exact value.

Pillai's H® statistic:

H(s>_Z 1(1+/l) {Z(l 6)” } =(1+UY9/97

se€ Pillai(1955) and Kres (1883, p. 8). The correspondiitigakrvalue in the
Table 1 was obtained by using a Type | Beta approximationegeation (9) in
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Pillai (1955). Here we have to apply the above mentionedtimaaonditions
for the correct use of the approximation of tHé statistic.
Pillai's R statistic:

RY = — M = {Z o } =(1+U0/97h
i=1 "

see Pillail(1955) and Kres (1983, p. 8). H&fé is the samé&J® but withmand

h interchanged. For this criterion, the correspondingaaltvalue in the Table 1

was computed by using a Type | beta approximation, see enutl) in_Pillai

(1955). Again, the same conditions explained before forlikie statistic have

to be applied for a satisfactory result in the approximatioBesides, we need

the conditionan > 0, or|vy — p| = 1 for getting satisfactory approximations.

The last condition was not considered by Fillai (1955), bistiequired, because

for a Beta distributiorB(a, b) it is known thata > 0, which is guaranteed when

m > 0 in the approximation.

Pillai's T® statistic:

RO
© - :
weofe) - e

see Pillai (1955) and Kres (1983, p. 8). In the Table 1, thecativalue was
obtained by using a Type |l Beta (see Gupta and Nagar (20®&)) approxima-
tion, see equation (13) in Pillai (1955). Again, for a satit$bry approximation,
including the restriction ovan, we use the same rules applied to R{® statistic.

Roy'sAmax:

fmax
1-6max’
see Royl(1957) and Kres (1983, p. 7). The correspondingaritalue in the
Table 1 was obtained from table 3.in Kres (1983, pp. 62-86%idiss, we got the
critical value by integrating the joint distribution of thés via Mathematica.
Roy'sfmax:

Amax =

Amax_ .
1+ Amax’
see Roy|(1957), Muirhead (1982, p. 481), Rencher (1995, @) a6d Kres
(1983, p. 7) among many others. For this criterion the cpording critical
value in the Table 1 can be obtained from table 2, 4 or 5 in|Ki&83, pp.
52-61, 87-104 and 105-117, respectively). Agaitathematica was used for
finding the critical value of that criterion by integratinfgetjoint distribution of
the eigenvaluegs.
Anderson’syin:

Omax =

Omin .
1-0min
see Roy|(1957), Anderson (1982) and Kres (1983, p. 7) amonty mothers.
As above, the critical value in the Table 1 was computedWighematica by

Amin =
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integrating the joint distribution of the eigenvalués. However, note that the
critical value can be determined as a function of the cilitiedue for6,y,;,.
(14) Roy'sOin:
__Amin
1+ ’lmin,
see Pillai[(1955) and Rby (1957). Similarly to Andersoniecion, the corre-
sponding critical value in the Table 1 was obtained by ira&gn of the joint
distribution of the eigenvaluess via Mathematica. However those values can
be obtained from the distribution 6fnax by using

Omin

Omin(@. S vH,vE) = 1 - Omax(a, S, Ve, Vh),

see Nanda (1948); but, again, the published tables do rmv ai$ to read the
values because, they do not incorporate such combinatfahe parameters; in
fact there are many similar particular cases for which tliticaf value can not
be found from those tables.
(15) Dempster'sp:
To = (trS4)/(trSg);

see Dempster (1958), Dempster (1960) iand Fujikeshl. (2004). In this crite-
rion, the critical value in the Table 1 was obtained by ushegrnormal approxi-
mation [5.1).

7. CONCLUSIONS

A sort of important problems appears when we try to test aimauwlate hypothesis:

1. from a practical point of view, we know that a test of mudtiiate hypothesis can be
performed by several criteria (for example, here we prebéstatistics for the same mul-
tivariate linear model), then the choice of the "best” stats is an important question to
solve; 2. finding the corresponding critical values is alszbpematic, because a few com-
binations of the parameters are provided in the publish@d4a3. an additional problem
is related with the approximations of the critical valuegegiin the books and softwares,
because most of them do not indicate the conditions for teetithose approximations;
4. only six of the 14 statistics have been studied considg(abound 70’s), but even
for the analyzed cases, the theoretical recommendatiotisd use are not clear today.
In this work, we tried to answer those questions, first, byexing some wrong pub-
lished results about the probability functions associatethese criteria, to explain the
historical discrepancies. Also, the exact distributiohimany statistics were found, these
provide the initial step in future works for obtaining thetical comparison among the
criteria. In fact, we proposed three alternative ways faedeining the density of Wilks’
V statistic and provided tables for a number of parameter @uatibns, improving the
existing tables and giving the exact formula for generating combination if necessary.
With the exact densities we avoid the classical problemsimigiapproximations without
clarifying their right use. Even with the above theoretiggults, which add bases for
an advanced discussion or comparison among the statisticthair critical values, an
important question remains about the best choice of thistitatin particular, there are
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some works about the power function, as it was explainedengéneral remark point
(c) of the example, which recommend some statistics und&ineonditions. However,
mainly they study the following criteria: WilksA, Lawley-Hotelling’sU®, Pillai’s V(9
and Roy’simax, and relationships with the remaining ten statistics ateclear yet.

8. AppPENDIX A. TABLES OF THE THIRD CRITERION V OF S. S. WiLKS (OLSON’S CRITERION)

(1) Contents of the tables and definition of the test statithe tables contain the
upper percentage points of the test statistic

ISHl 1 6 . ]
V=—=| |,1i:| | Wilks (1932, p. 486
1Sel 1] L (1-6) I P )

Here, Sy is the matrix of sums of squares and sums of products due thythe
pothesis ancse is the matrix of sums of squares and sums of products due to
the error. Also,,,---, s are thes = min(vy, g) non null eigenvalues of the
matrixSHSE1 such thatO< Ag < -+ < A1 < o0 andéy, - - - , 65 are thes non null
eigenvalues of the matri®(Sy + Sg) t with 0 < 6s < --- < 61 < 1; recall that
Ai=6/1-6)andg = 4/(1+ A),i=1,---,s
(2) Dimensions of the tables and definition of the parameters
(8) The parameter:
a = error probability
@ = 5% and 1%.
(b) The parametep:
p = dimension of the variates
forp=23
(c) The parametery:
vy = degree of freedom of the hypothesis
for vt = { 1(1)30 35(5)100120Q p=2;
H 3,5,10,15,20,30,50,80,100,120, p=3
(d) The parametere:
ve = degree of freedom of the hypothesis
2(1)3040(20)140170Q 200 240,320 440,600 800, 1000

forve = (p=2),
E- 10(10)5Q80, 100 200,400 600
(P=23).

These tables are valid fgr < vy; if p > vy, the respective critical values can be
obtained by making the following transformations in thegraeters,

(P, vH, VE) = (VH, P, VE + VH — P).
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20.64533
16.10514
12.88589
10.52669
8.749873
7.380511
6.304243
5.443883
4.745891
4.172232
3.69531(
3.294731
2.95517(
2.66493

2.414999
2.198284
2.00919

1.843271
1.696894
1.567137
0.80888!

0.329294
0.177129
0.11032

0.07523

0.054552
0.036485

0.0241680.026103

0.017959
0.009985
0.005231
0.002794
0.001564

0.00099¢

218460.9
4682.533
903.4207
329.2373
160.7143
92.55944
59.23837
40.77451
29.59444
22.36271
17.44001
13.95039
11.39364
9.468464
7.98505

6.819371
5.887694
5.131977
4.510970
3.994764
3.56124;

3.19381

2.879804
2.609421
2.375004
2.170499
1.991059
1.83278

1.692487
0.87297

0.355093
0.190914
0.11887

0.081043
0.058757
0.039290
0.028107
0.019335
0.01074

0.005630
0.003007
0.001683

0.001074

237065.1
5075.657
978.4737
356.3594
173.8606
100.084

64.0289¢

256429 4
5484.614
1056.51

384.5531
187.5222
107.9032
69.00494

44.0563847.46444

31.96634
24.1480:
18.8274
15.05664
12.2944
10.21502
8.61304:
7.354404
6.348604
5.532884
4.862671
4.305641
3.83790¢
3.441523
3.102807
2.81118¢
2.55838¢
2.337864
2.144391
1.97375
1.82251
0.939414
0.38181!
0.20518!
0.127721
0.08705:
0.06310:
0.042193
0.030174
0.020754

34.4289
26.00144
20.26754
16.2046
13.2291
10.98954
9.264461
7.909337
6.82659:
5.94860:
5.227334
4.627944
4.124704
3.6982812
3.33394

276554.

5909.42(
1137.554
413.8181
201.6991
116.0144
74.16624
50.99887
36.98241
27.92281
21.76021
17.39447
14.19774
11.7920%
9.939324
8.48416

7.321674
6.379144
5.604954
4.96166!

4.421637
3.964093
3.573201

3.0202893.23673(

2.748421
251129

2.303264
2.119804
1.95721

1.008211
0.409471
0.219952
0.136871
0.093274
0.067604
0.045192
0.03232

0.022224

0.0115380.012353
0.0064690.00690:

0.006043
0.003227
0.00180¢

0.001153

0.003454
0.001933

0.001234

2.94511(
2.690773
2.46767
2.270941
2.096604
1.07936
0.438044
0.235203
0.14632
0.09969
0.07224
0.048287%
0.03453(
0.023744
0.013194

0.00368:!
0.002064

0.001317

297439 9
6350.05

1221.58(
444.1544
216.3913
124.418

79.51297
54.6594;

39.62659
29.91214
23.30547
18.6260!

15.20014
12.6224

10.63761
9.078889
7.833833
6.824494
5.995527
5.30681(
4.728704
4.238952
3.82058

3.460504
3.14844;

2.876313
2.637623
2.42715

2.240664
1.15286

0.467544
0.250934
0.156074
0.106317
0.077035
0.05147

0.03680

0.025309
0.014061
0.007361
0.003930
0.002199

0.001403

319085.1
6806.534
1308.59

475.5621
231.598

133.1159
85.04494
58.44634
42.36157
31.96944
24.90331
19.89929
16.23647
13.48084
11.35933

9.693501
8.36307

7.28465(
6.399057
5.663364
5.045901
4.52285

4.076099
3.69161(
3.358434
3.067904
2.81310§
2.588449
2.38940

1.228704
0.497977
0.267167
0.16612

0.113134
0.081966
0.054765
0.039154
0.026920
0.014953
0.00782

0.00417:

0.00233!

0.001492
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TasLE 4. Upper percentage points of the test statigtig,, ,. (p = 2 anda = 0.05).

YH

3B ]

70 ]

75 ]

50 ]

55 | 60 |

65 ]

70 ]

75 | 80 ]

85 | 90 |

95 ]

100 | 120

438713.
9326.477
1788.55
648.6711
315.365!
180.9963
115.485
79.2742
57.3974
43.27574
33.68121
26.8918
21.9257
18.1919
15.31922
13.06484
11.26534
9.807474
8.61087
7.617301
6.783771
6.078011
5.475433
4.957051
4.508021
4.116614
3.77345
3.471004
3.203114
1.643097
0.66390:
0.355541
0.22080:
0.15025¢
0.108784
0.072633
0.051901
0.035664
0.01979:
0.01035!
0.005527
0.003094
0.001973

577346.

12242.34
2343.294
848.5641
412.0150
236.2001
150.5581
103.257

74.70201

56.28127
43.77367
34.9279

28.46108
23.60167
19.86449
16.93313
14.59421
12.70021
11.1462(
9.856341
8.774644
7.859064
7.077604
6.405547
5.823577
5.316437
4.87193

4.480264
4.13345

2.116011
0.852799
0.45599

0.282894
0.192354
0.139189
0.092873
0.066333
0.045562
0.025277
0.01321

0.007050
0.003943
0.002515

734983 .9
15554.1

2972.821
1075.241
521.5464
298.7271
190.264(
130.3964
94.2751

70.98573
55.18018
44.00717
35.84244
29.70959
24.99497
21.29823
18.34971
15.96273
14.0049(
12.38034
11.0183

9.865887
8.882474
8.036957
7.304961
6.667237
6.108417
5.616127
5.180291
2.647357
1.064594
0.568463
0.352344
0.239427
0.173155
0.11547Q
0.082437
0.056600
0.031383
0.016403
0.008746
0.004891
0.003119

911625.1
19261.95
3677.124
1328.701
643.9593
368.5774
234.6027
160.6915
116.1165
87.3891

67.9008¢
54.1295

44.0696'

36.5158

30.71057
26.16004
22.5315¢
19.59491
17.1868

15.1892

13.5148

12.0983

10.88997
9.851207
8.952103
8.168947
7.48282

6.878484
6.343561
3.23705

1.299247
0.69292¢
0.429137
0.291424

110727Q
23365.64
4456.21

1608.944
779.2543
445,751

283.5741
194.1415
140.2262
105.4915
81.9355

65.2950!

53.1427¢
44.02017
37.011212
31.5184

27.13974
23.5967

20.69204
18.2829¢
16.26411
14.5565

13.10001
11.84823
10.76494
9.821503
8.99508:

8.267307
7.623204
3.885081
1.55672

0.829367
0.51324

0.348354

0.2106680.251715

0.1404117
0.100204
0.068774
0.038114
0.0199117
0.010614
0.005934
0.003784

0.167691
0.11963f

0.082074
0.045464
0.023743
0.012657
0.007071

132192Q
27865.3f

5310.074
1915.973
927.431

530.2474
337.1781

230.7468270.5074

166.604
125.2924
97.2842!
77.5036!
63.0615!
52.22261
43.89681
37.37352
32.17424
27.96804

24.5203428.67184

21.66143
19.26599
17.24019
15.5125¢
14.02799
12.74343
11.6248¢
10.6451
9.782537
9.01917!
4.591387
1.836996
0.977742
0.6046671
0.410197
0.296284
0.197297
0.140704
0.096504
0.053434
0.027894
70.01486
0.008304

0.004504

0.00529

155557

32760.8

6238.721
2249.784
1088.484
622.0673
395.4144

195.2501
146.792
113.947
90.7551
73.82614
61.12324
51.36748
43.72511
37.6350!
32.70894

25.32463
22.5205(
20.14941
18.1276(
16.39044
14.88753
13.5790(
12.4330

11.42414
10.5314

5.355949
2.14004

1.138054
0.703374
0.476947
0.344374
0.229226
0.163426
0.112053
0.062017
0.032364
0.017236
0.009630
0.00613!

1808231
38052.4(
7242.144
2610.374
1262.361
721.210(
458.2842
313.4234
226.1644
169.9917
131.923

105.0497
85.43647
70.72188
59.42303
50.57324
43.5220

37.81933
33.14641
29.27254
26.02764
23.28414
20.94504
18.93554
17.19724
15.6838

14.35871
13.19211
12.16001
6.17874

2.465857
1.310287
0.809373
0.548583
0.395972
0.263471
0.187787
0.128719
0.071215
0.037151
0.019781
0.011050
0.007042

2079894
43739.87
8320.35!

2997.757
1449.252
827.6757
525.7861
359.4944
259.346

194.8887
151.2141
120.3871
97.8923;

81.01854
68.0635I

57.9178;

49.83521
43.29919
37.94404
33.50514
29.78733

23.9650
21.6633
19.67252
17.93944
16.42211
15.08642
13.9048
7.059764
2.81441
1.49443
0.92264
0.62511
0.451074
0.30003f
0.213787
0.14650
0.081023
0.042254
0.022497
0.012564

26.6443330.230&

2370560
49823.27
9473.34

3411.914
1648.954
941.4644
597.9204
408.7209
294.7974
221.484

171.8185
136.7675
111.194

92.01324
77.2888

65.75901
56.57462
49.14853
43.06477
38.02241
33.79961

27.18734
24.57383
22.31334
20.3458
118.62324
17.10706
15.7658
7.998989
3.18571¢
1.69047
1.043181
0.706526
0.509674
0.33889¢
0.241421
0.165397
0.091447
0.047673
0.025371

0.008004

0.01416
0.00902

2680230
56302.61

10701.11

3852.864
1861.541
1062.57¢
674.6874
461.1026
332.516
249.7797
193.736
154.190
125.3414
103.706
87.09914
74.0966:
63.7402:
55.3673
48.50854
42.82435
38.06444
34.04127
30.6121
27.6669
25.11974
22.90284

20.96211

19.25401
17.7432
8.99641
3.579744
1.898412
1.17098
0.792817
0.571773
0.38006
0.27068;
0.18540:
0.10246
0.05340¢
0.028414
0.015864

3008905
63177.9(
12003.67
4320.592
2087.00;
1191.011
756.087(
516.6394
372.5024
279.773%
216.969
172.6571
140.3347
116.0967
97.4943
82.93073
71.33201
61.95554
54.27534
47.91094
42.58184
38.07791
34.23924
30.94254
28.09164
25.6105
23.43869
21.52721
19.83677
10.05207
3.996497
12.118239
1.306043
0.883987
0.637362
0.423544
0.301585
0.20651
0.114104
0.059454
0.031627
0.017656

0.01010:

0.01124

3356584
70449.17
13381.0(
4815.104
2325.357
1326.764
842.1191
575.3314
414.7577
311.4654
241.5151
192.1667
156.1728
129.1854
108.4743
92.26129
79.34994
68.91323
60.36521
53.28217
47.3517

42.34000
38.0688(
34.4009(
31.22914
28.46899
26.05294
23.92683
22.04647
11.16581
4.43596

2.34995

1.448357
0.98001§
0.70644Q
0.46932(
0.334109
0.228741
0.126345
0.065814
0.035003
0.01953!

0.012445

3723267
78116.2

14833.12
5336.399
2576.587
1469.849
932.7837

637.1784916.1201

459.2807
344.8564
267.375!
212.718:
172.857
142.9721
120.0392
102.088
87.79411
76.24034
66.7781
58.93804
52.37424
46.82754
42.10073
38.04182
34.53214
31.47809
28.80491
26.4526:
24.3724:
12.3377
4.898147
2.59354
1.597921
1.080921
0.779004
0.517394
0.36826!
0.25207!
0.139192

0.0724880.10230

0.038544
0.021511

537875

1127443
21389.3!

7689.414
3710.324
2115.409
1341.767

660.0537
495.407
383.953:
305.3554
248.0501
205.098¢
172.1474
146.360
125.8322
109.243
95.65989
84.40783
74.98943
67.03203
60.2522

54.43147
49.39933
45.02121
41.18984
37.81891
34.83831
17.60731
6.973917
3.686634
2.268626
1.533164
1.104083
0.73264

0.521094
0.356424
0.196614

0.05435!
10.03032

0.01370

0.019304

Soo~oaswn|m

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
40
60
80
100
120
140
170
200
240
320
440
600
800

1000

SISATVYNY JLVIAVAILINA NI VIF3 LMD 1S31 1NogY

€q



TasLE 5. Upper percentage points of the test statigtig,, ,. (p = 2 anda = 0.01).

YH

2 | 3 | 4 [ 5 | 6 [ 7 [ 8 [ 9 [ 10 | 11 | 12 | 13 | 14 | 15 | 16

J. A. DIAZ-GARCIA AND F. J. CARO-LOPERA

81.00000255.2653520.30971876.02841322.3991859.4002487.0383205.30§4014.2074913.7365903.8926984.6778156.0909418.13(10770.8
13.2611737.1961871.67528116.687¢172.2271238.2906314.8769401.9837499.6114607.7592726.4269855.6142995.32091145.5471306.292
4.67544%12.2712822.8293936.3472852.8219(072.2513494.63444119.9704148.2589179.4994213.6917250.8357290.9312333.9782379.9765
2.2858015.74913910.4425116.3648923.5142331.8891(41.4886252.3122(064.3594277.6300192.12377107.8405124.7803142.9421162.3279
1.3327193.2543585.8094828.99746112.8167317.2661722.3450628.0529(034.3893¢41.3541848.9472(57.1682866.0173275.4942485.59894
0.8661982.0697983.6467145.5964587.91777710.6097113.6718117.1034920.9045125.0746629.6137834.5217539.7984845.4439(51.4579¢
0.6057191.4235942.4825553.7821935.32147%7.09964(9.11616811.3706913.8629%16.5927¢19.5599822.7645(026.2062429.8851333.80113
0.4463581.035431.7908122.7121293.7985185.0493326.4641188.0425579.78441911.6895413.7577§15.9890918.38328§20.9404123.6603
0.3421000.7852411.3489192.0328052.83617(3.7584494.79924§5.9582797.2353448.63028910.1430011.7733413.5213715.3869117.36995| 11
0.2703080.6150641.0506071.5766532.1925612.89784(3.6921434.5752165.5468716.60698717.7554428.99216(010.3170§11.7301413.23131| 12
0.2188360.4943130.8403011.2565421.74247¢2.2976722.9218193.6146934.3761255.2059926.10419%7.0706648.1053359.20816110.3791Q| 13
0.1807120.4056630.68676(1.0237691.4161981.8636642.3658872.9226693.53384¢4.1993174.9189885.69279(6.5206697.4025788.338483| 14
0.1517070.3387290.5713930.8494881.1725731.5403081.9524422.4087892.9092133.4536084.0418934.6740045.3498866.0695026.83281¢| 15
0.1291370.2869930.4826040.7157720.9861111.29331(01.6371442.0174422.4340812.8869623.37601(03.9011694.46238(5.0596165.69284Q| 16
0.1112370.2461990.4128570.6110340.8403711.1006071.3915181.712952.0648062.4469712.8594003.3020193.7747894.2776744.810644| 17
0.0968040.21348(0.3571070.5275230.7244080.9475101.19664(1.4716571.7724542.0989412.4510722.8287743.2320213.6607614.114989| 18
0.0850010.1868460.3118620.4599030.630676¢0.8239521.0395571.2773611.53726%1.8191922.1230822.4488852.7965633.1660823.557417| 19
0.0752270.1648810.2746530.4044070.5538770.7228520.9111721.1187161.3453941.5911331.8558762.13957§2.4422032.76371§3.10410Q| 20
0.0670420.1465580.2436920.3583170.4901910.6391170.80495(00.98757§1.18691%1.4028941.6354621.8845762.1502022.43231(02.73087F| 21
0.0601220.1311180.2176610.3196330.4368110.5690140.7161070.8779861.0545721.24580(01.4516221.6719981.9068942.1562822.420141| 22
0.0542180.1179870.1955690.28685¢0.39164(00.5097550.6410750.7855040.94296%1.1134011.29676%1.4930191.7021311.924076¢2.158832| 23
0.0491410.1067280.1766640.2588470.35308¢0.4592270.5771520.70677(0.8480121.0008221.1651561.3409781.5282591.7269741.937103| 24
0.0447440.0970040.1603620.2347280.3199240.4158050.5222620.6392090.7665810.90432¢1.0524021.2107761.3794191.5583091.74742%| 25
0.0409110.0885440.1462080.2138150.2911980.3782240.4747890.5808150.6962390.8210120.9550951.0984571.2510691.4129111.583963| 26
0.0375490.0811430.1338430.1955650.2661540.3454860.4334640.5300120.6350740.7486020.8705591.0009151.1396491.28672711.442144| 27
0.03458%0.0746310.12297710.1795450.2441920.3167940.3972730.4855480.58156640.68528%0.7966680.9156841.04232(01.1765431.318341| 28
0.0319580.06887(0.1133790.1654090.22482710.2915210.3654040.4464150.5344970.62961(0.7317210.8408040.95683(01.0797861.209654| 29
0.0296190.0637510.1048590.1528730.2076680.2691370.3372040.4117990.4928790.5804030.6743390.77466(0.8813460.9943761.113737| 30
0.0157090.03351(0.0547700.0794450.1074630.1387610.17329(0.2110130.2518990.2959230.3430640.3933040.4466350.5030380.562504| 40
0.00659(0.0139350.02263(0.0326580.0439830.05657¢0.0704150.0854810.1017580.11923%0.1379000.1577460.1787650.2009490.224294| 60
0.0036030.0075850.0122790.0176740.02375(0.0304910.0378820.0459140.054576¢0.0638640.0737650.0842810.0954030.1071290.11945%| 80
0.00226710.00476(0.0076940.0110540.0148340.0190210.02360710.0285840.0339450.0396870.0458060.05229¢0.0591560.0663830.073974| 100
0.0015570.0032630.0052640.00756(0.010136¢0.01298¢0.0161050.0194880.0231290.0270260.0311750.0355740.0402210.0451140.050251| 120
0.00113%0.0023750.00383(0.0054940.0073610.0094260.0116840.0141300.0167630.0195790.0225770.0257530.0291070.0326370.036342| 140
0.0007630.0015950.00257(0.0036830.0049320.0063110.00781§0.0094510.0112070.0130830.01508(0.0171950.01942¢0.0217750.024238| 170
0.0005480.0011450.0018430.00264(0.0035330.0045190.0055940.0067620.0080160.00935%0.0107790.01228§0.0138790.0155520.017307 | 200
0.0003790.0007900.0012710.0018190.0024340.0031120.0038520.0046530.0055140.0064330.00741(00.0084450.00953¢0.0106830.011886¢ | 240
0.0002110.0004410.00070§0.0010140.00135%0.0017320.0021430.0025870.00306%0.0035750.0041160.0046890.0052930.0059280.006594 | 320
0.0001110.0002320.0003720.0005320.0007110.0009080.0011230.0013560.00160%0.0018720.00215%0.0024540.0027690.0031010.003448| 440
0.00006(0.0001240.0001990.00028%0.00038(00.00048%0.0006000.0007240.0008570.0009990.00115(¢0.0013100.0014780.001654 0.00183% 600

9801.00039401.7988802.61158003.§247005.9355806.4484408.(632809.§801011.7989013. 1196813 1424418 1671821 1939024 2226027

Soo~oaswn||m

0.0000330.00007Q0.0001120.0001590.0002130.0002720.0003340.0004060.00048()0.0005590.0006440.0007330.00082770.0009260.001029( 800
0.0000210.0000440.0000710.0001020.0001360.0001740.0002150.0002590.0003060.0003570.0004110.00046§0.00052§0.00059(0.000656 | 1000
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TaBLE 6. Upper percentage points of the test statigtig,, ,. (p = 2 anda = 0.01).

YH

7]

8]

9 [ 20 |

2T ]

22 ]

23 | 24 | 25 ]

26 ]

27 | 28]

29 [ 30

Som~ouswn|m

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
40
60
80
100
120
140
170
200
240
320
440
600
800

100Q

2532830
12214.04
1477.557
428.9261
182.9354
96.3315(
57.8406(
37.9541

26.54314
19.4704

14.82054
11.61813
9.328353
7.63980!

6.36202

5.373673
4.594661
3.970544
3.463327
3.045887
2.698457
2.406381
2.158624
1.946751
1.76421(
1.60588(
1.46770

1.346419
1.239414
0.625024
0.248794
0.13237§
0.081927
0.055631
0.040220
0.026815
0.019143
0.013144
0.007289
0.003811
0.002033
0.001137
0.000725

2859433
13748.01
1659.34
480.827
204.7664
107.6917
64.5918!
42.34424
29.5887
21.688412
16.4978
12.92522
10.37216
8.49043
7.067152
5.966741
5.099766
4.405444
3.84138!
3.377304
2.991197
2.66670:
2.391534
2.156274

3205834
15372.5¢
1851.643
535.6791
227.8197
119.6797
71.71159
46.97134
32.79701
24.0237

18.26314
14.30034
11.4698

9.38468:

7.80819

6.58982!

5.630284
4.862104
4.238244
3.725147
3.298364
2.93979

2.635811
2.37598!

1.9536392.152237

1.777924
1.624607
1.490071
1.371397%
0.690594
0.2744471
0.145894
0.09024

0.061251
0.04427!

0.029507
0.02106!

0.014457
0.008014

1.958261
1.789051
1.64059

1.50967§
0.759202
0.301247
0.16000:

0.098912
0.067112
0.048492
0.032311
0.023056
0.015824
0.008771

0.0041890.004583

0.002234
0.001244
0.000797

0.002444
0.001364

3572040
17087.74
2054.464
593.4823
252.0954
132.2953
79.19974
51.83534
36.16804
26.47654
20.11644
15.74348
12.62157
10.3225
8.585151
7.242923
6.186203
5.340507
4.653907
4.089369
3.619937
3.225641
12.891444
2.605854
2.359994
12.146887
1.961023
1.797994
1.65424
0.830844
0.32919
0.174701
0.107941
0.073211
0.052885
0.035227
0.025132
0.017245
0.009556
0.004993
0.002661
0.00148

0.000871

0.000949

3958044
18893.54
2267.804
654.2367
277.593

145.5384
87.05643
56.9364(
39.70177
29.04664
22.05773
17.25461
13.82704
11.30407
9.397994
7.926009
6.76751

5.840641
5.088357
4.469979
3.95591(
3.524227
3.158424
2.845907
2.576907
2.34378

2.140514
1.962247
1.805084
0.905514
0.358274
0.189987
0.11732

0.079544
0.05744

0.038256
0.027287
0.018720
0.010371
0.005417
0.002887
0.001614
0.001029

4363844

4789452

20789.9722777.03

2491.664
717.9423
304.314
159.4095
95.28154
62.27434
43.39821
31.7341
24.0869"
18.83375
15.0864
12.32906

2726.044
784.599
332.258
173.908
103.8752
67.84921
47.25732
34.5390:
26.2042
20.4808¢
16.3996
13.3976

10.2467211.13131

8.63907¢
7.37419

6.36249:

5.541584
4.866963
4.306273
3.835547
3.436747
3.096101
2.802953
2.54896

2.32751

2.133353
1.962201
0.98321

0.38849¢
0.20585

0.127064
0.086122
0.062174
0.041394
0.029521
0.020244
0.011214
0.005857
0.003121
0.001744
0.001117

9.382114
8.006244
6.906067
6.01358!

5.2803117
4.671017
4.159597
3.726401
3.356444
3.03814

2.762399
2.522031
2.311304
2.125584
1.063924
0.41985¢
0.2223112
0.137157
0.092937
0.06708!

0.044644
0.031833
0.021831

5234854
24854.71
2970.941
854.2067
1361.4242
189.0342
112.8372
73.66099
51.2791
37.46121
28.40937
22.1959:
17.7667
14.50986
12.05176
10.15512
8.663654
7.471347
6.504334
5.71002f
5.050134
4.49635
4.027381
3.62694
3.282457

2.9840883.214033

2.724042
2.496097
2.29523
1.14765§
0.45234:
0.23935!
0.147602
0.099971
0.07214:
0.048007
0.034223
10.023464

0.0120880.01299

0.006311
0.003363
0.00188!

0.006781
0.003613
0.002014

0.00119:

5700060
27023.03
3226.35
926.7654
391.8124
204.7874
1122.1677
79.7096
55.46354
40.50077
30.70247
23.9789
19.18774
15.6656
13.00807
10.95808
9.346417
8.058314
7.013847
6.15608(
5.443621
4.845837
4.339681
3.90756
3.535894

2.93355

2.687724
24711372
1.234398
0.485972
0.256964
0.158399
0.10725

0.077383
0.051477
0.03669(
0.025153
0.013927
0.007264
0.003871
0.002163

0.001287

0.001379

6185065
29281.97
3492.293
1002.274
423.4236
221.1699
131.8664
85.99524
59.81067
43.65754
33.0835

25.82994
20.66253
16.86489
14.00027
11.79098
10.05453
8.66697

7.542104
6.618484
5.851471
5.208024
4.663297
4.198329
3.798464
3.452224
3.150549
2.886184
2.653287
1.324151
0.520724
0.275164
0.169544
0.114764
0.082786
0.05505

0.039235
0.026893
0.014881
0.007766
0.004136
0.002311
0.001473

668987(
31631.53
3768.747
1080.737
456.257

238.1781

141.9338152.3694

9251772
64.32034
46.9317

35.55244
27.74881
22.19114
18.10771
15.02821
12.6538

10.78797%
9.29732:

8.08910:

7.0972312
6.273679
5.58291¢
4.99822
4.499217

4.0701394.350924

3.69866
3.37503¢
3.091472
2.841691
1.41691
0.556606
0.293944
0.18104
0.12251¢
0.088354
0.05874;
0.04185!
0.028684
0.01587
0.00828!
0.004411
0.002464

7214474
34071.73
4055.721
1162.149
490.3129
255.8144

99.27704
68.99272
50.32314
38.109372
29.7357.
23.7735!
19.3940
116.09204
13.54661
11.54674
9.949361
8.654844
7.592314
6.710241
5.970504
5.34445¢
4.81023

7758880
36602.5%
4353.213
1246.5112
525.591
274.078¢
163.173%
106.273
73.82772
53.8319
40.75411
31.7905%
25.4098
20.72397
17.1916
14.46934
12.33087
10.62307
9.23932%
8.1037312
7.161152
6.37079
5.701992
5.131361
4.64082

3.9533394.216252

3.607006
3.303583
3.03634
1.51267
0.593614
0.31330
0.192884
0.130494
0.09408!
0.062541
0.04455
0.03053
0.01688
0.00880¢
0.00469
0.00262

0.00157

0.00167

3.846457
3.52251
3.237232
1.61143
0.63174
0.33323%
0.205071
0.13870
0.09998!
0.066454
0.04733
0.03242
0.01793:
0.00935:
0.00498!
0.0027812

8323085
39223.99
4661.224
?1333.824
562.0921
292.9704
174.346(
113.5064
78.82534
57.45794
43.48674
33.91324
27.09994
22.09739
18.32717
15.42199
13.14031
11.31844
9.842531
8.63147
7.626404
6.783771
6.07082
5.462611
4.939832
14.487399
4.09338
3.748267
3.444364
1.713203
0.671007
0.35374
0.21761§
0.147144
0.106055
0.070469
0.050185
0.034377
0.019007
0.009912
0.005276
0.002947

0.00177.

0.00187!

Som~ouswn|m

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
40
60
80
100
120
140
170
200
240
320
440
600
800

1000|
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TasLE 7. Upper percentage points of the test statigtig,, ,. (p = 2 anda = 0.01).

YH

3B ]

40 ]

45 ]

50 ]

55 ]

60 ]

65 ]

70 ]

75 ]

80 ]

85 ]

90 ]

95 ]

100 |

120

11441114
53690.63
6359.061
1814.667
762.9334
396.8413
235.7339
153.2244
106.2527
77.34744
58.46869
45.54564
36.35744
29.61729
24.54184
20.63404
17.56731
15.12034
13.13941
11.51504
10.16779
9.038952
8.084407
7.270529§
6.571344
5.966557
5.44011(
4.979212
4.573542
2.266961
0.884097
0.464892
0.285511)
0.192823
0.138844
0.092165
0.065584
0.044895
0.024799
0.012922
0.006879
0.003839

0.002444

15054147
70422.94
8319.871
2369.274
994.3357
516.4004
306.3309
198.8641
137.7452
100.1689
75.64774
58.8757¢
46.9598¢
38.22497
31.65173
26.59394
22.62707
19.46372
16.904194
14.80644
13.06744
11.61108
10.38013
9.331034
8.430164
7.651224
6.973463
6.380304
5.858419
2.895487
1.125134
0.590337
0.362014
0.244229
0.175721
0.116537
0.082877
0.056693
0.03129(¢
0.016297
0.008664
0.004834
0.00308(

19162184
89420.93
10543.65
2997.662
1256.299
651.6484
386.1367
250.4245
173.3024
125.922(
95.02381)
73.90337
58.90698
47.92006
39.65659
33.30142
28.31938
24.34830
21.13662
18.5055(
16.32522
14.49997
12.95781
11.64394
10.51611
9.541249
8.693278
7.951391)
7.298834
3.598637
1.394024
0.730016
0.447084
0.301333
0.216649
0.143564
0.102034
0.069759
0.038471
0.020019
0.01064Q
0.005934
0.003781

23765225
110684.9
13030.44
3699.824
1548.827
802.584(
475.1513
307.9054
212.9244
154.6064
116.5964
90.6283(
72.19864
58.70254
48.5563(
40.75639
34.64409
29.77399
25.8366(
22.61207
19.94094
17.7055(
15.81733
14.20914
12.82907
11.6365(
10.59944
9.692349
8.894679
4.376334
1.6907094
0.88388(
0.540683
0.364104
0.261614Q
0.173229
0.123053
0.084082
0.046337
0.024094
0.012801
0.00714Q
0.004547

2886327
134213.9
15780.13
4475.762
1871.907
969.2074
573.3744
371.3074
256.6117
186.2225
140.3662
109.0504
86.83477
70.57232
58.35079
48.95864
41.60113
35.74064
31.00407
27.12607
23.91454
21.22757
18.9586(
17.02659
15.36894
13.93691
12.69187
11.6031q
10.64587
5.228517
2.015134
1.051897
0.642784
0.43252¢4
0.310584
0.205521
0.145919
0.099659
0.054883
0.028524
0.015147
0.008444
0.005377

3445632
160008.9
18792.82
5325.474
2225.55]
1151.519
680.8061
440.6297
304.3624
220.76994
166.3323
129.16994
102.8153
83.52927
69.03987]
57.90821
49.19040
42.24824
36.63884
32.04743
28.24599
25.06617
22.38154
20.09613
18.13571
16.4424(
14.9705(
13.68359
12.55234
6.155114
2.367274
1.234039
0.753369
0.506582
0.363562
0.240427
0.170622
0.116473
0.064104
0.03330Q
0.017674
0.009853
0.006272

40544374
188069.9
22068.44
6248.963
2609.757
1349.519
797.4463
515.8724
356.1781
258.2484
194.495(Q
150.9863
120.1401
97.57337
80.62367
67.60501
57.4118¢4
49.2967¢4
42.74099
37.37611
32.93514
29.22111
26.08614
23.41779
21.12929
19.15294
17.4353(
15.93377
14.6141qQ
7.156114
2.747093
1.430282
0.872419
0.586253
0.42053(
0.27794(
0.197159
0.13453(
0.074007
0.03842(
0.020384
0.011361
0.00723(

47127433
218395.9
25607.17
7246.224
3024.527
1563.204
923.2944
597.036(
412.0582
298.6587
224.8542
174.499¢
138.8097
112.7044
93.10194
78.04907
66.26552
56.88613
49.31043
43.11204
37.98209
33.69249
30.07234
26.9915(
24.3496Y
22.068494
20.08627
18.35367
16.83104
8.231477
3.154571
1.640617
0.999919
0.671532
0.4814717
0.318052
0.225522
0.153821
0.084567
0.043885
0.023274
0.012969
0.008252

54205494
250987.9
29408.77
8317.263
3469.844
1792.579
1058.357
684.1199
472.0027
341.9997
257.4099
199.7103
158.8225
128.9224
106.4744
89.2402(
75.7512¢4
65.0163(
56.34714
49.25524
43.38669
38.48026
34.34011
30.8172§
27.79677
25.18907
22.92324
20.94309
19.20321)
9.381179
3.58969(
1.865014
1.135859
0.762407
0.5463994
0.360754
0.255707
0.174343
0.095801
0.049697
0.026344
0.014674
0.009337

6177856
285845.9
33473.30
9462.075
3945.734
2037.640Q
1202.617]
777.1242
536.0117
388.2714
292.162(
226.6179
180.1801
146.2282
120.7423
101.178Y
85.86916
73.68729
63.85111
55.8057Q
49.14899
43.58437
38.88945
34.89502
31.47064
28.51452
25.94636
23.70219
21.73053
10.6052(
4.052434
2.10347q
1.28023(
0.858872
0.615284
0.406051
0.28771Q
0.196092
0.10770Q
0.055839
0.029599
0.016483
0.010485

6984663
322969.4
37800.84
10680.64
4452.181
2298.39(¢
1356.091
876.0497
604.085(
437.4747
329.1107
255.2224
202.882(
164.6204
135.9047
113.864(
96.61914
82.89903
71.8223(
62.76334
55.26895
49.00482
43.72032
39.22479
35.37127
32.04494
29.15554
26.63089
24.41301
11.90354
4.542794
2.355987
1.433023
0.96092(Q
0.688131
0.453929
0.321524
0.219064
0.120262
0.062327
0.033027
0.018384
0.011695

7840970
362358.(
42391.34
11973.07
4989.184
2574.821
1518.773
980.894(
676.2227
489.6092
368.2554
285.5241
226.928(
184.0999
151.9607
127.2964
108.0012
92.65156
80.26072
70.128194
61.7465¢4
54.74159
48.83272
43.80653
39.49852
35.78034
32.55077
29.72914
27.25063
13.27617
5.060762
2.622541
1.594231
1.068545
0.764934
0.504384
0.357153
0.243262
0.133487
0.069154
0.036634
0.020391
0.012967

87467784
404012.7
47244.89
13339.14
5556.755
2866.957
1690.663
1091.66(
752.4244
544.6749
409.5973
317.5227
252.3182
204.6663
168.9114
141.4763
120.0153
102.9449
89.16634
77.90021
68.5818(
60.79467
54.22664
48.640249
43.85252
39.72064
36.13205
32.99701
30.24339
14.72309
5.606324
2.90313(
1.763849
1.181742
0.845689
0.557417
0.394584
0.268674
0.147372
0.076319
0.040417
0.022492
0.014302

97020867
447933.1
52361.3(¢
14779.07
6154.882
3174.764
1871.762
1208.345
832.6917
602.6714
453.1353
351.2187
279.052¢4
226.3197
186.7571)
156.403(
132.6614
113.7789
98.53914
86.07942
75.77464
67.16409
59.90204
53.72594
48.43321
43.86587
39.8993¢
36.43447
33.39127
16.24427
6.179474
3.197744
1.941871
1.300504
0.930391
0.613027
0.433824
0.295317
0.161917
0.083821
0.04437¢
0.024691
0.015694

14018324
646271.3
75456.84
21276.47
8852.995
4562.890
2688.241
1734.293
1194.400
863.9700
649.2512
502.9700
399.4320
323.8032
267.0836
223.5810
189.5667
162.5224
140.7023
122.8679
108.1224
95.80447
85.41869
76.58823
69.02273
62.49578
56.82881
51.87963
47.53390
23.07170
8.747872
4.516422
2.737929
1.831177
1.308619
0.861129
0.608805
0.413995
0.226667
0.117187
0.061981
0.034460
0.021898




ABOUT TEST CRITERIA IN MULTIVARIATE ANALYSIS a7

TasLE 8. Upper percentage points of the test statigtig,, ..

o
I
w

a =0.05

YH

10 ({0.0733220.7004547.52002127.1251866.10158228.49021075.2294439.7118692.978§15045.67| 10
20 {/0.0053790.0472640.46536711.6112853.83085812.8675858.95089239.3027465.7294802.741Q| 20
30 {/0.0013580.0116170.1108250.3771560.8865242.93504113.2470153.21887103.1730177.347¢| 30
40 |/0.00053(00.00447710.0420140.1416140.33066(1.0850384.84932419.3404437.3883964.13839| 40
50 {/0.0002590.0021730.0201880.0676320.1572240.51280%2.2758369.02713117.4126429.82274| 50
80 {/0.0000590.00049(0.004485%0.0148790.03434(0.1108470.4857051.9062123.6605186.248559| 80
100 {/0.00003(0.00024%0.0022260.0073590.0169390.0544660.2374570.92776§1.7780923.030608| 100
200 ({0.0000040.0000290.0002620.0008580.0019650.0062630.02699(00.1042880.1988370.33750%| 200
400 ({0.000000¢0.0000040.0000320.0001040.0002370.00075(0.0032120.0123220.0234100.039631| 400
600 ({0.0000000.0000010.0000090.00003(0.0000690.0002190.0009360.00358(0.0067950.011484| 600

p=3 a =001

YH

VE 3 5 10 15 20 30 50 80 100 120 VE

10 ([0.2646311.93193917.8138461.2230%9145.6231491.22442266.359253.39018049.9931162.11| 10
20 ({0.0170340.1107260.9038942.93216(6.73562121.8198396.9355(0386.3916747.31041282.661| 20
30 ({0.0041430.0259570.2026880.6416791.4504834.60382120.0255878.66108151.3051258.6989| 30
40 |/0.0015900.0097800.0746250.2330720.5219091.6358637.01745127.2828(052.2690989.11286¢| 40
50 ({0.0007700.004685%0.0352430.1091240.2428510.7546983.20551412.3665423.6186340.1761Q| 50
80 ((0.0001730.0010370.0076320.0233060.0513380.1572190.6558442.4925064.73031718.00886(Q| 80
100 {|0,0000860,0005140,0037550,0114130,0250480,0762870.3159911,1932712,2583233,815224| 100
200 ||0.0000100.0000600.0004340.0013050.0028420.0085510.0348390.1295190.2433470.408692| 200
400 ||0.0000010.0000070.0000520.0001560.00033§0.0010110.0040800.0150180.0280730.04695%|400]
600 ({0.0000000.0000020.0000150.0000460.0000990.0002940.0011830.00433¢0.0080890.013507 600
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