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ABOUT TEST CRITERIA IN MULTIVARIATE ANALYSIS

JOŚE A. DÍAZ-GARCÍA AND FRANCISCO J. CARO-LOPERA

A. The exact distribution of a certain criterion announced asnew by Olson
(1974), but really defined by Wilks (1932), is studied. Tables of that criterion are com-
puted for a sort of particular parameters. Some errors in twoof the criteria obtained
by Wilks (1932) are detected and corrected. The moments and the exact distribution of
Dempster’s test criterion are found. At the end, an example of the literature determines
all the criteria and their tests.

1. I

Consider the general multivariate linear model

Y = Xβ + ǫ (1.1)

where:Y ∈ ℜn×p is the matrix of the observed values;β ∈ ℜq×p is the parameter matrix;
X ∈ ℜn×q is the design matrix or the regression matrix of rankr ≤ q; ǫ ∈ ℜn×p is the error
matrix which has a matrix variate normal distribution, specifically ǫ ∼ Nn×p(0, In ⊗ Σ),
see Muirhead (1982, p.430);⊗ denotes the Kronecker product; andΣ ∈ ℜp×p, Σ > 0.
For this model, we want to test the hypothesis

H0 : CβM = 0 versusHa : CβM , 0 (1.2)

whereC ∈ ℜνH×q of rank νH ≤ r andM ∈ ℜp×g of rankg ≤ p. As in the univariate
case, the matrixC concerns to the hypothesis among the elements of the parameter matrix
columns, while the matrixM allows hypothesis among the different response parameters.
The matrixM plays a role in profile analysis, for example; in ordinary hypothesis test it
is taken to be the identity matrix,M = Ip.

Let SH be the matrix of sums of squares and sums of products due to thehypothesis
and letSE be the matrix of sums of squares and sums of products due to theerror. Both
are defined like this

SH = (Cβ̃M)′(C(X′X)−C′)−1(Cβ̃M)
SE = M′Y′(In − XX−)YM,

(1.3)
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respectively; wherẽβ = X−Y and X− is any generalised inverse ofX such thatX =
XX−X. Besides, under the null hypothesis,SH has ag-dimensional Wishart distribution
with νH degrees of freedom and parameter matrixM′

ΣM, i.e. SH ∼ Wg(νH ,M′
ΣM);

similarly SE has ag-dimensional Wishart distribution withνE degrees of freedom and
parameter matrixM′

ΣM, i.e. SE ∼ Wg(νE,M′
ΣM); specifically,νH andνE denote the

degrees of freedom of the hypothesis and the error, respectively. All the results given
below are true forM , Ip, just computeSH and SE from (1.3) and replacep by g.
Now, letλ1, · · · , λs be thes = min(νH , g) non null eigenvalues of the matrixSHS−1

E such
that 0 < λs < · · · < λ1 < ∞ and letθ1, · · · , θs be thes non null eigenvalues of the
matrix SH(SH + SE)−1 with 0 < θs < · · · < θ1 < 1; here we noteλi = θi/(1 − θi) and
θi = λi/(1+λi), i = 1, · · · , s. Various authors have proposed a number of different criteria
for testing the hypothesis (1.2). But it is known, see for example Kres (1983), that all the
tests can be expressed in terms of the eigenvaluesλ′s or θ′s. In our experience, a reason
for which many of these test statistics are not used is due to lack and/or inaccessibility of
tables for the respective critical values.

In this work the three test statistics proposed by Wilks (1932) are studied after cor-
recting some errors in the published density functions. We emphasize that two of those
statistics were proposed as new by Royet al. (1971) (U-statistic) and Olson (1974) (V-
statistic). Besides we show how to obtain the critical values for theU-statistic by starting
from the tables of Wilks’Λ statistic. The density of theV-statistic is derived by three dif-
ferent methods and the tables for the critical points are constructed for several values of
the parameters. The exact distribution of another test criterion proposed by Pillai (1955)
is found. The moments and the exact distribution for the Dempster statistic are given. At
the end, this work solves a problem in the literature by computing all the published test
statistics studied, also we propose a way for finding the critical values for the remaining
test criteria; special emphasis is given around some practical considerations that should
be taken into account when the approximations are used.

2. W’ 

Unfortunately, there is not homogeneity in the symbol of thetest statistics; moreover,
some of them were renamed creating more confusion. For example, the well known
statistic of Wilks is often represented byW, but in the literature it is also defined as
Wilks’ Λ. However, Anderson (1982, p. 299) denoted it byU, but Wilks (1932) named
another statistics with that symbol. In order to avoid any confusion in notation we return
to the original notation of Wilks (1932) and we define the three criteria in this way:

Λ = W =
|SE|

|SE + SH |
=

s∏

i=1

1
1+ λi

=

s∏

i=1

(1− θi) Wilks (1932, p. 485)
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U =
|SH |

|SE + SH |
=

s∏

i=1

λi

1+ λi

=

s∏

i=1

θi Wilks (1932, p. 482)

V =
|SH |
|SE|

=

s∏

i=1

λi

=

s∏

i=1

θi

(1− θi)
Wilks (1932, p. 486).

Curiously theU-statistic was proposed as a new statistic in the literatureby Royet al.
(1971, last paragraph p. 72) with the same original notationof Wilks (1932). Similarly,
the third statistic was proposed as new by Olson (1974); herewe used that notation.

Moreover, Wilks (1932) proposed integral expressions for the densities of the three
statistics, but even when the general expression for theW and theU statistics are correct
(Wilks (1932, eq. (5), p. 475)), the density forW (Wilks (1932, eq. (35), p. 486)) is
wrong. Maybe this fact explains the inconsistences of some particular expressions for the
densities ofW published by Wilks (1935), such as it is corroborated by Consul (1966)
when the results are compared with the results obtained by Anderson (1982, p. 308).
The correct density function ofW in Wilks (1932) is obtained by replacing (p− 2)/2 by
(p− 3)/2 in the exponent of the term (v1v2 · · · vn−1). Now, by using our notation

Wilks’ notation Our notation
N νH + νE + 1
p νH + 1
n p

whereνE = N− p, note the distribution ofU can be found as a function of the distribution
of W (and vice versa), just changing the rules ofνH and νE. This is, by making the
transformation

(νH , νE)→ (νE, νH).

Observe that in Wilks’ notation the density ofU can be obtained from the density ofW
by making the transformation

(N − p, p− 1)→ (p− 1,N − p);

here, the above-mentioned error in the density ofW is detected again. This equivalency
can be easily seen by replacing particular values ofνH andνE in the densities ofU and
W (the densities were derived by Hsu (1940) from the joint density of the eigenvalues of
the θ’s). For proving the equivalency, let us denote the density of Θ = (θ1, . . . , θs)′ by
p(Θ; s,m, h), where

m=
|νH − p| − 1

2
andh =

νE − p− 1
2

,

see Dı́az-Garcı́a and Gutiérrez-Jáimez (1997), Nanda (1948), Pillai (1955) or Rencher
(1995, p. 165). See also Srivastava and Khatri (1979, Theorem 3.6.2, p. 93), (but first
note some minor errors appear there: the exponent ofπ must bep2/2 instead ofp/2 and
the exponent of thel i should be (n2 − p− 1)/2 in place of (n2 − p− 1)).
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Now, it is known thatW ∼Wilks’ Λ. If Θ∗ = ((1− θ1), . . . , (1− θs))′ = (θ∗1, . . . , θ
∗
s)
′,

the distribution ofΘ∗is the same as that ofΘ, by interchangingmandh, see Nanda (1948,
Section 5). Then,

Λ∗ =
s∏

i=1

θ∗i ∼Wilks’ Λ, with m andh interchanged,

but noteΛ∗ = U. Therefore,

U ∼Wilks’ Λ, with m andh interchanged.

But νE > p andνH ≥ p, then the interchange ofm andh is equivalent to the interchange
of νH andνE.

In summary,

Theorem 1. The distribution of U-statistic, can be obtained from the distribution of the
Λ-statistic, by interchangingνH andνE; this is

UνH ,νE
d
= ΛνE,νH ,

where
d
= denotes identically distributed and the statistics U andΛ were denoted with

subindexes to indicate the interchange between the parametersνE andνH .

Note that, in general, all the distributions of the test statistics and the tabulation of the
correspondent critical values were derived by assuming that p ≤ νH ; however, ifp > νH ,
the associated densities and their respective critical values can be obtained by making
the following transformations in the parameters, see Muirhead (1982, eq. (7), p. 455),
Srivastava and Khatri (1979, p. 96) or Rencher (1995, p. 167),

(p, νH, νE)→ (νH , p, νE + νH − p). (2.1)

3. TW’ , V-

Wilks’ V-statistic have been rarely used, maybe because its exact and asymptotic dis-
tributions have not been derived, and of course, no tables ofits critical values have been
constructed, except the Table H in Olson (1973) where the critical values were obtained
via Monte Carlo. Recently that statistic have been used in the context of sensitivity anal-
ysis in regression, see Dı́az-Garcı́aet al. (2007). In fact, Wilks never found its particular
distribution; but the k-moments were derived and a suggestion for determining its dis-
tribution was given starting from the general equations (13) and (16) of Wilks (1932);
however the equation (16) contains two errors.

The right density function of theV-statistic is (in our notation)

fV(v) =
πp(p−1)/2 ∏p

i=1(Γ[(νH + νE)/2− i + 1])

Γp[νH/2]Γp[νE/2]
v(νH−p−1)/2 (1+ v)−(

νH+νE
2 −p+1)

×
∫ 1

0
...

∫ 1

0


1−

∏p−1
i=1 (1− r i)

1+ v
−

1−
p−1∏

i=1

(1− r i ) −
∏p−1

i=1 r i

1+ v





−(
νH+νE

2 −p+1)

×
p−1∏

i=1

[r i (1− r i )](νH+νE)/2−(p+i)/2dr1dr2 . . .dr(p−1), v > 0.
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Also we have that

1−∏p−1
i=1 (1− r i) −

∏p−1
i=1 r i

1+v

1−
∏p−1

i=1 (1−r i)
1+v

< 1

and ∏p−1
i=1 (1− r i)

1+ v
< 1

for r i ∈ [0, 1] andv > 0. This allows us to expand in a double series of powers the term
between the braces and later to integrate it term by term.

• For p = 1 we get

fV(v) =
Γ[ νH+νE2 ]

Γ[ νH2 ]Γ[ νE2 ]
v
νH−2

2 (1+ v)−
νH+νE

2 , v > 0.

• For p = 2 we have

fV(v) = k2 v
νH−3

2

∫ 1

0
[(1 − r1)v+ r1]

− νH+νE−2
2 [r1(1− r1)]

νH+νE−3
2 dr1, v > 0,

k2 =
Γ[ νH+νE2 ]Γ[ νH+νE−2

2 ]

Γ[ νH2 ]Γ[ νH−1)
2 ]Γ[ νE2 ]Γ[ νE−1

2 ]
.

• For p = 3 we obtain

fV(v) = k3 v
νH−4

2

∫ 1

0

∫ 1

0
[(1 − r1)(1− r2)v+ r1r2]−

νH+νE−4
2 [r1(1− r1)]

νH+νE−4
2

× [r2(1− r2)]
νH+νE−5

2 dr1dr2, v > 0,

k3 =
Γ[ νH+νE2 ]Γ[ νH+νE−2

2 ]Γ[ νH+νE−4
2 ]

Γ[ νH2 ]Γ[ νH−1
2 ]Γ[ νH−2

2 ]Γ[ νE2 ]Γ[ νE−1
2 ]Γ[ νE−2

2 ]
.

• For p = 4 we get

fV(v) = k4 v
νH−5

2

∫ 1

0

∫ 1

0

∫ 1

0
[(1 − r1)(1− r2)(1− r3)v+ r1r2r3]

− νH+νE−6
2

×[r1(1− r1)]
νH+νE−5

2 [r2(1− r2)]
νH+νE−6

2 [r3(1− r3)]
νH+νE−7

2 dr1dr2, v > 0,

k4 =
Γ[ νH+νE2 ]Γ[ νH+νE−2

2 ]Γ[ νH+νE−4
2 ]Γ[ νH+νE−6

2 ]

Γ[ νH2 ]Γ[ νH−1
2 ]Γ[ νH−2

2 ]Γ[ νH−3
2 ]Γ[ νE2 ]Γ[ νE−1

2 ]Γ[ νE−2
2 ]Γ[ νE−3

2 ]
.
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Observe that forp = 1, the distribution ofV is a constant times an F-distribution; so, we
can use the tables of F in order to find the critical values ofV. Tables forp = 2, 3 and
several values ofνH andνE are tabulated in the Appendix A.

Alternatively, the exact distribution of theV-statistic can be determined via the ap-
proach of Hsu (1940), i.e. by the joint distribution of theλ’s. In particular a simplified
expression forp = 2 can be obtained as follows: from Muirhead (1982, pp. 451 and
454-455) we have that

fλ1,λ2(λ1, λ2) = k (λ1λ2)(νH−3)/2[(1 + λ1)(1+ λ2)]−(νH+νE)/2(λ1 − λ2),

where

k =
πΓ2[(νH + νE)/2]
Γ2[νH/2]Γ2[νE/2]

;

if we defineV = λ1λ2 andR= (1+ λ1)(1+ λ2), thendvdr= (λ1 − λ2)dλ1dλ2. Thus

fV,R(v, r) = k v(νH−3)/2r−(νH+νE)/2,

by integrating with respect toR and ranging from (1+
√

v)2 to ∞ we get the density
function

fV(v) = k∗2 v(νH−3)/2
(
1+
√

v
)−(νH+νE−2)

, v > 0,

with

k∗2 =
2k

(νH + νE − 2)
=

2
√
π Γ[(νH + νE)/2]Γ[(νH + νE − 1)/2]

(νH + νE − 2)Γ[νH/2]Γ[(νH − 1)/2]Γ[νE/2]Γ[(νE − 1)/2]
.

A third approach for deriving the distribution of theV-statistic is proposed by Consul
(1966). It is based on the Mellin transform which we define as follows:

If M(s) is analytic in the stripσ0 < ℜe(s) < σ1, and if it tends to zero uniformly with
increasingIm(s) for any real valuec betweena andb, with its integral along such a line
converging absolutely, then if

f (x) =
1

2πi

∫ c+i∞

c−i∞
M(s)x−sds.

we have that

M(s) =
∫ ∞

0
f (x)xs−1dx

Conversely, supposef (x) is piecewise continuous on the positive real numbers, taking
a value halfway between the limit values at any jump discontinuities, and suppose the
integral

M(s) =
∫ ∞

0
f (x)xs−1dx

is absolutely convergent whenσ0 < ℜe(s) < σ1. Then f is recoverable via the inverse
Mellin transform from its Mellin transformM.

From Wilks (1932, p. 486) (in our notation),

E(Vh) =
Γp[νH/2+ h]Γp[νE/2+ h]

Γp[νH/2]Γp[νE/2]
.
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Then the exact density function ofV is

fV(v) =
1

Γp[νH/2]Γp[νE/2]
1

2π i

∫ c+i∞

c−i∞
v−h−1Γp[νH/2+ h]Γp[νE/2+ h]dh.

Puttingh+ (νE + 1− p)/2 = t, we obtain

fV(v) =
v(νE−1−p)/2

Γp[νH/2]Γp[νE/2]
1

2π i

∫ c′+i∞

c′−i∞
v−tΓp[t − (νE − νH + 1− p)/2]Γp[t + (1− p)/2]dt,

wherec′ = c+ (νE + 1− p)/2.

4. E    P , W(s)

Pillai (1955) proposed another test criterion and its approximated distribution, apart
from the other three criteria exposed in that work. The new criterion is defined like this

W(s) = 1− V(s)/s=
s−∑s

i=1 θi

s
=

∑s
i=1(1− θi)

s
where

V(s) = tr((SE + SH)−1SH) =
s∑

i=1

λi

(1+ λi)
=

s∑

i=1

θi ;

is the Pillai’s statistic, see Muirhead (1982, p. 466), Rencher (1995, 168), Kres (1983, p.
6) and Seber (1984, p. 414), among many others.

Then

sW(s) = tr(SE(SE + SH)−1) =
s∑

i=1

(1− θi).

Now, as in Section 2, a similar result for the exact distribution of theW(s)- statistic can be
derived:

Exactly as before, ifΘ∗ = ((1− θ1), . . . , (1− θs))′ = (θ∗1, . . . , θ
∗
s)
′, the distribution of

Θ
∗ andΘ are the same, so, by interchangingm andh

sV(s)∗ =
s∑

i=1

θ∗i ∼ Pillai’s V(s), with m andh interchanged

and by noting thatsV(s)∗ = sW(s), we have

sW(s) ∼ Pillai’s V(s), with m andh interchanged

In summary,

Theorem 2. The distribution of the W(s)-statistic can be obtained from the distribution
of V(s)-statistic, by interchangingνH andνE. This is

W(s)
νH ,νE

d
=

1
s

V(s)
νE,νH

where the statistics V(s) and W(s) were denoted with subindexes to indicate the inter-
change between the parametersνE andνH .

Note that this behavior of the parameters can be seen in the approximated distributions
of both statistics given in Pillai (1955, eqs. (5) and (6), respectively).
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5. E    D 

For the case of one or two samples, Dempster (1958) and Dempster (1960) pro-
pose a non exact proof for testing the hypothesis (1.2). For the general case (p > 2),
Fujikoshiet al. (2004) propose the following statistic

TD = (trSH)/(trSE);

which is termed the Dempster trace criterion.
Dempster’s criterion is rarely used. This is because its exact and asymptotic distribu-

tion are given in terms of the matrix of parametersΣ.
Fujikoshiet al. (2004) derive asymptotic null and nonnull distributions ofDempster

trace criterion whenn→ ∞ andp→ ∞. They prove that

T̃D

σD

d→ N(0, 1), (5.1)

where
d→ denotes convergence in distribution, and

T̃D =
√

p

{
n

trSH

trSE
− νH

}
,

and

σD =

√
2νH

(
trΣ2

)
/p

(trΣ)/p
.

For a practical situation, a (n, p)-consistent estimator is given by

σ̂D =

√
2νH{(trS2

E)/n2 − (trSE)2/n3}/p
(trSE)/(np)

.

Next we derive the exact null distribution and the moments ofthe Dempster trace crite-
rion.

Theorem 3. WhenνH > p− 1 andνE > p− 1, the exact null distribution of TD is

fTD (t) = |δ−1
Σ|−(νH+νE)/2

∞∑

k=0

∞∑

l=0

βII (t; (pνH + 2k)/2, (pνE + 2l)/2)
k! l!

×
∑

κ

∑

µ

(
1
2
νH

)

κ

(
1
2
νE

)

µ

Cκ
(
Ip − δΣ−1

)
Cµ

(
Ip − δΣ−1

)
, t > 0

whereβII (t; b, c) denotes the density function of a univariate Type II Beta distribution of
parameters b and c, see Gupta and Nagar (2000, p. 165);

∑
κ denotes summation over

all the partitionsκ = (k1, . . . , kp), k1 ≥ · · · ≥ kp ≥ 0, of k, Cκ(X) is the zonal polynomial
of X corresponding toκ and the generalised hypergeometric coefficient(a)κ is given by

(a)κ =
p∏

i=1

(a− (i − 1)/2)ki
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(r)k = r(r + 1) · · · (r + k− 1), (a)0 = 1 (see Muirhead (1982, p. 258))andδ ∈ (0,∞) is an
arbitrary parameter. Muirhead (1982, p. 341) proposesδ = 2δ1δp/(δ1+δp) as near value
to the optimal one, whereδ1, δp are the largest and smallest eigenvalue ofΣ respectively.

Proof. Remember thatSH ∼ Wp(νH ,Σ) andSE ∼ Wp(νE,Σ) are independent. Let
X = trSH andY = trSE, thenX andY are independent too. Using Theorem 8.3.4 in
Muirhead (1982, p. 339), the joint density function ofX andY is

fX,Y(x, y) = |δ−1
Σ|−(νH+νE)/2

∞∑

k=0

∞∑

l=0

1
k! l!

g(x; pνH/2+k, 2δ)g(y; pνE/2+k, 2δ)

×
∑

κ

∑

µ

(
1
2
νH

)

κ

(
1
2
νE

)

µ

Cκ
(
I − δΣ−1

)
Cµ

(
Ip − δΣ−1

)
,

where

g(x; r, 2δ) =
exp(−x/(2δ))xr−1

(2δr)Γ[r]
.

Making the change of variables

TD = X/Y, Z = Y (TD > 0, Z > 0),

with dxdy= zdzdt, the joint density function ofTD andZ is

|δ−1
Σ|−(νH+νE)/2

∞∑

k=0

∞∑

l=0

z
k! l!

g(tz; pνH/2+ k, 2δ)g(z; pνE/2+ k, 2δ)

×
∑

κ

∑

µ

(
1
2
νH

)

κ

(
1
2
νE

)

µ

Cκ
(
Ip − δΣ−1

)
Cµ

(
Ip − δΣ−1

)
.

Now integrating with respect toz overz ∈ (0,∞) it gives the desired marginal density
function ofTD. �

Corollary 1. Observe that if in Theorem 3,Σ = δIp, then

fTD(t) = βII (t; pνH/2, pνE)/2),

or alternatively
νE

νH
TD ∼ F (pνH , pνE),

whereF (b, c) is a central F-distribution with b and c degrees of freedom.

Corollary 2. Under the condition of Theorem 3 the moments of TD are given by

E(Th
D) = |δ−1

Σ|−(νH+νE)/2
∞∑

k=0

∞∑

l=0

Γ[(pνH + 2k)/2+ h]Γ[(pνE + 2l)/2− h]
k! l!Γ[(pνH + 2k)/2]Γ[(pνE + 2l)/2]

×
∑

κ

∑

µ

(
1
2
νH

)

κ

(
1
2
νE

)

µ

Cκ
(
Ip − δΣ−1

)
Cµ

(
Ip − δΣ−1

)
.

Similarly, ifΣ = δIp

E(Th
D) =

Γ[pνH/2+ h]Γ[pνE/2− h]
Γ[pνH/2]Γ[pνE/2]

.
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Proof. The proof follows easily from the moments of univariate TypeII Beta distribution.
�

Remark 1. Alternative expressions of the density function and the moments of TD given
in Theorem 3 and Corollary 2 can be derived in terms of theinvariant polynomials, Davis
(1980); specifically, by the eq. (5.1) and (5.10) in Davis (1980), the following results are
obtained (or see also Chikuse (1980)):

fTD (t) = |δ−1
Σ|−(νH+νE)/2

∞∑

k=0

∞∑

l=0

βII (t; (pνH + 2k)/2, (pνE + 2l)/2)
k! l!

×
∑

κ

∑

µ

∑

φ∈κ·µ

(
1
2
νH

)

κ

(
1
2
νE

)

µ

(
θ
κ,µ

φ

)2
Cφ

(
Ip − δΣ−1

)
, t > 0,

and

E(Th
D) = |δ−1

Σ|−(νH+νE)/2
∞∑

k=0

∞∑

l=0

Γ[(pνH + 2k)/2+ h]Γ[(pνE + 2l)/2− h]
k! l!Γ[(pνH + 2k)/2]Γ[(pνE + 2l)/2]

×
∑

κ

∑

µ

∑

φ∈κ·µ

(
1
2
νH

)

κ

(
1
2
νE

)

µ

(
θ
κ,µ

φ

)2
Cφ

(
Ip − δΣ−1

)
,

where

θ
κ,µ

φ
=

Cκ,µφ (Ip, Ip)

Cφ(Ip)
.

and Cκ,µφ (Ip, Ip) is an invariant polynomial evaluated in the identity matrix, Ip.

6. E

The present example describes and spreads the computation of the different statistics
for testing the multivariate linear hypothesis and proposes practical ways for finding the
corresponding critical values by using: the published tables, the integration of the exact
distribution or approximations. Also, we emphasize some directions about the use of
approximations for computing the critical values; unfortunately, such considerations are
not described in the texts where those approximations are established, see Kres (1983),
Rencher (1995), among many others; however, in most of the original sources we can
find some important directions for approximations, see for example Pillai (1955).

The following application is a modification of the example 9.4.3 of Srivastava (2002,
p. 294).

Example. The original observation matrix consists of a 32 vector corresponding to the
12 responses of each rat; for our exposition, the first two dependent variablesY1 andY2

are considered (i.e. the first two days). In this case we propose the following multivariate
linear model:

Y
(32×2)
= X

(32×5)
β

(5×2)
+ E

(32×2)
,
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where the design matrix is also provided in Srivastava (2002, p. 294) and

β =



β01 β02

β11 β12

β21 β22

β31 β32

β41 β42


.

We want to test the hypothesis

H : CβM = 0 versus A : CβM , 0,

whereM = I2 and

C =


0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1



The matrices of sums of squares and sums of products due to theerror and the hypoth-
esis are, respectively,

SE =

(
255.80 112.62
112.62 415.25

)
and SH =

(
10.05 27.55
27.55 81.30

)
.

The test statistics for all the known criteria are tabulatedin Table 1.

T 1. Criteria to test the null hypothesis

Criteria Statistics α(= 0.05) Critical value

Wilks’ Λ 0.832 0.626
Wilks’ U 5.190E-4 0.025
Wilks’ V 6.235E-4 0.038
Lawley-Hotelling’sU (s) 0.200 0.548
Pillai’s V(s) 0.168 0.415
Pillai’s W(s) 0.915 0.792
Pillai’s H(s) 0.908 0.969
Pillai’s R(s) 0.006 0.969
Pillai’s T(s) 0.167 3.168
Roy’sλmax 0.197 0.489
Roy’s θmax 0.164 0.328
Anderson’sλmin 0.041 0.117
Roy’s θmin 0.003 0.105
Dempster’sTD 0.136 0.182

Some definitions and comments about the results in Table 1:

(1) General remarks:
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(a) The decision rule for all the criteria is:
rejectH0 if the statistic≥ critical value

However, for Wilks’Λ and Pillai’sW(s) criteria, the decision rule is (this
class of test is known in statistical literature asinverse test, see Rencher
(1995, p. 162)):

rejectH0 if the statistic≤ critical value.
(b) The tables for critical values of all the criteria are tabulated in terms of the

parameters (p, νH, νE) or in terms of the parameters (s,m, h), where remem-
ber that

s= min(p, νH), m= (|νH − p| − 1)/2 and h = (νE − p− 1)/2.

Besides, the tables (in general) have been computed by assuming thatp ≤
νH andp ≤ νE. If p > νH then use the combination of parameters (νH , p, νE+
νH − p) in place of (p, νH , νE), see Muirhead (1982, eq. (7), p. 455),
Srivastava and Khatri (1979, p. 96) or Rencher (1995, p. 167).

(c) Observe that the null hypothesis is not rejected under any criteria. This is
remarkable, because usually, when several statistics are applied, in the same
test, some contradictory conclusions can appear, i.e. a hypothesis can be
rejected by some statistics and accepted by the remaining ones. This is due
to the multidimensional nature of the space in which the vectors involved in
the hypothesis lie, see Rencher (1995, p. 169). Some directions for choosing
one of these tests are given by the comparison of power functions, see for
example Morrison (1978, pp. 223-224), Anderson (1982, Section 8.6.5),
Olson (1974) and Rencher (1995, Section 6.2), among many others.

(2) Wilks’ Λ statistic:

Λ =
|SE|

|SE + SH |
=

s∏

i=1

1
1+ λi

=

s∏

i=1

(1− θi);

see Wilks (1932), Rencher (1995, p. 161) and Kres (1983, p. 5)among many
others. The critical value was taken from Table 1 in Kres (1983, pp. 14-51),
besides, it was computed with the correct expression by using Mathematica.

(3) Wilks’ U statistic:

U =
|SH |

|SE + SH |
=

s∏

i=1

λi

1+ λi
=

s∏

i=1

θi ;

see Wilks (1932), Royet al. (1971, p. 72), Seber (1984, p. 413) and Kres (1983,
p. 6) among many others. This criterion is also known as Gnanadesikan’sU
statistic. The critical value was computed with the expression (31) in Wilks
(1932) by the use ofMathematica. Observe, also, that this statistic is wrongly
defined as a function of the eigenvaluesλ’s andθ’s in Kres (1983, p. 6).

(4) Wilks’ V statistic:

V =
|SH |
|SE|
=

s∏

i=1

λi =

s∏

i=1

θi

(1− θi)
;
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see Wilks (1932), Olson (1974) and Kres (1983, p. 8). This statistic is also
known as Olson’sV statistic. The critical value given in the Table 1 was taken
from the tables in the Appendix A.

(5) Lawley-Hotelling’sU (s) statistic:

U (s) = tr(S−1
E SH) =

s∑

i=1

λi =

s∑

i=1

θi

(1− θi)
;

see Muirhead (1982, p. 466), Rencher (1995, 167) and Kres (1983, p. 6) among
many others. Unfortunately, the tables for the critical values do not include the
minimum required possible combinations between the parameters s, m andh;
see Table 6 in Kres (1983, pp.118-135). In the example of the Table 1 we have
used an F-approximation, see equation (6.30) in Rencher (1995, p. 167), see also
Pillai (1955, eq. (7)). Observe that this approximation is useful forh + s ≥ 30
whens= 2; whens increases by 1,h+ smust increase by 10 to give satisfactory
results, see Pillai (1955).

(6) Pillai’s V(s) statistic:

V(s) = tr((SE + SH)−1SH) =
s∑

i=1

λi

(1+ λi)
=

s∑

i=1

θi ;

see Muirhead (1982, p. 466), Rencher (1995, 168) and Kres (1983, p. 6) among
many others. The corresponding critical value in the Table 1was taken from
Table 7 in Kres (1983, pp. 136-153). However, note that for the critical value,
a Type I Beta approximation can be used (see Gupta and Nagar (2000, p.165)),
see equation (5) in Pillai (1955), see also Rencher (1995, Section 6.1.5). This
approximation is useful form+h ≥ 30 whens= 2; but, if s increases by 1, then,
m+ h must be increased by 10, for getting satisfactory results, see Pillai (1955).

(7) Pillai’s W(s) statistic:

W(s) = tr((SE + SH)−1SE) =
s∑

i=1

1
(1+ λi)

=

s∑

i=1

(1− θi) = (1− V(s)/s);

see Pillai (1955). For the critical values we can use a Type I Beta approximation,
see equation (6) in Pillai (1955). For practical use, this approach is satisfactory
for m + h ≥ 30 whens = 2; but, if s increases by 1, then,m + h must be
increased by 10, for getting satisfactory results, see Pillai (1955). However, note
the exact critical value can be obtained fromV(s)-statistic and the expression
W(s) = (1− V(s)/s). In fact, Table 1 contains the exact value.

(8) Pillai’s H(s) statistic:

H(s) =
s∑s

i=1(1+ λi)
= s


s∑

i=1

(1− θi)−1



−1

= (1+ U (s)/s)−1;

see Pillai (1955) and Kres (1983, p. 8). The corresponding critical value in the
Table 1 was obtained by using a Type I Beta approximation, seeequation (9) in
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Pillai (1955). Here we have to apply the above mentioned practical conditions
for the correct use of the approximation of theU (s) statistic.

(9) Pillai’s R(s) statistic:

R(s) =
s

∑s
i=1

1+λi
λi

= s


s∑

i=1

θ−1
i



−1

= (1+ U
′(s)/s)−1;

see Pillai (1955) and Kres (1983, p. 8). HereU
′(s) is the sameU (s) but withmand

h interchanged. For this criterion, the corresponding critical value in the Table 1
was computed by using a Type I beta approximation, see equation (11) in Pillai
(1955). Again, the same conditions explained before for theU (s) statistic have
to be applied for a satisfactory result in the approximations. Besides, we need
the conditionsm ≥ 0, or |νH − p| ≥ 1 for getting satisfactory approximations.
The last condition was not considered by Pillai (1955), but it is required, because
for a Beta distributionβ(a, b) it is known thata > 0, which is guaranteed when
m≥ 0 in the approximation.

(10) Pillai’s T(s) statistic:

T(s) = s


s∑

i=1

λ−1
i



−1

=
s

∑s
i=1

1−θi
θi

=
R(s)

1− R(s)
;

see Pillai (1955) and Kres (1983, p. 8). In the Table 1, the critical value was
obtained by using a Type II Beta (see Gupta and Nagar (2000, 165)) approxima-
tion, see equation (13) in Pillai (1955). Again, for a satisfactory approximation,
including the restriction overm, we use the same rules applied to theR(s) statistic.

(11) Roy’sλmax:

λmax=
θmax

1− θmax
;

see Roy (1957) and Kres (1983, p. 7). The corresponding critical value in the
Table 1 was obtained from table 3 in Kres (1983, pp. 62-86). Besides, we got the
critical value by integrating the joint distribution of theλ’s via Mathematica.

(12) Roy’sθmax:

θmax=
λmax

1+ λmax
;

see Roy (1957), Muirhead (1982, p. 481), Rencher (1995, p. 164) and Kres
(1983, p. 7) among many others. For this criterion the corresponding critical
value in the Table 1 can be obtained from table 2, 4 or 5 in Kres (1983, pp.
52-61, 87-104 and 105-117, respectively). Again,Mathematica was used for
finding the critical value of that criterion by integrating the joint distribution of
the eigenvaluesθ’s.

(13) Anderson’sλmin:

λmin =
θmin

1− θmin
;

see Roy (1957), Anderson (1982) and Kres (1983, p. 7) among many others.
As above, the critical value in the Table 1 was computed viaMathematica by
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integrating the joint distribution of the eigenvaluesλ’s. However, note that the
critical value can be determined as a function of the critical value forθmin.

(14) Roy’sθmin:

θmin =
λmin

1+ λmin
;

see Pillai (1955) and Roy (1957). Similarly to Anderson’s criterion, the corre-
sponding critical value in the Table 1 was obtained by integration of the joint
distribution of the eigenvaluesλ’s via Mathematica. However those values can
be obtained from the distribution ofθmaxby using

θmin(α, s, νH , νE) = 1− θmax(α, s, νE, νH),

see Nanda (1948); but, again, the published tables do not allow us to read the
values because, they do not incorporate such combinations of the parameters; in
fact there are many similar particular cases for which the critical value can not
be found from those tables.

(15) Dempster’sTD:
TD = (trSH)/(trSE);

see Dempster (1958), Dempster (1960) and Fujikoshiet al. (2004). In this crite-
rion, the critical value in the Table 1 was obtained by using the normal approxi-
mation (5.1).

7. C

A sort of important problems appears when we try to test a multivariate hypothesis:
1. from a practical point of view, we know that a test of multivariate hypothesis can be
performed by several criteria (for example, here we present14 statistics for the same mul-
tivariate linear model), then the choice of the ”best” statistics is an important question to
solve; 2. finding the corresponding critical values is also problematic, because a few com-
binations of the parameters are provided in the published tables; 3. an additional problem
is related with the approximations of the critical values given in the books and softwares,
because most of them do not indicate the conditions for the use of those approximations;
4. only six of the 14 statistics have been studied considerably (around 70’s), but even
for the analyzed cases, the theoretical recommendations for their use are not clear today.
In this work, we tried to answer those questions, first, by correcting some wrong pub-
lished results about the probability functions associatedto these criteria, to explain the
historical discrepancies. Also, the exact distributions of many statistics were found, these
provide the initial step in future works for obtaining theoretical comparison among the
criteria. In fact, we proposed three alternative ways for determining the density of Wilks’
V statistic and provided tables for a number of parameter combinations, improving the
existing tables and giving the exact formula for generatingany combination if necessary.
With the exact densities we avoid the classical problems of using approximations without
clarifying their right use. Even with the above theoreticalresults, which add bases for
an advanced discussion or comparison among the statistics and their critical values, an
important question remains about the best choice of the statistic. In particular, there are
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some works about the power function, as it was explained in the general remark point
(c) of the example, which recommend some statistics under certain conditions. However,
mainly they study the following criteria: Wilks’Λ, Lawley-Hotelling’sU (s), Pillai’s V(s)

and Roy’sλmax, and relationships with the remaining ten statistics are not clear yet.

8. A A. T     V  S. S. W (O’ )

(1) Contents of the tables and definition of the test statistic: The tables contain the
upper percentage points of the test statistic

V =
|SH |
|SE|
=

s∏

i=1

λi =

s∏

i=1

θi

(1− θi)
Wilks (1932, p. 486).

Here,SH is the matrix of sums of squares and sums of products due to thehy-
pothesis andSE is the matrix of sums of squares and sums of products due to
the error. Also,λ1, · · · , λs are thes = min(νH , g) non null eigenvalues of the
matrix SHS−1

E such that 0< λs < · · · < λ1 < ∞ andθ1, · · · , θs are thes non null
eigenvalues of the matrixSH(SH + SE)−1 with 0 < θs < · · · < θ1 < 1; recall that
λi = θi/(1− θi) andθi = λi/(1+ λi), i = 1, · · · , s.

(2) Dimensions of the tables and definition of the parameters:
(a) The parameterα:
α = error probability
α = 5% and 1%.

(b) The parameterp:
p = dimension of the variates

for p = 2, 3
(c) The parameterνH :
νH = degree of freedom of the hypothesis

for νH =

{
1(1)30, 35(5)100,120, p= 2;
3, 5, 10, 15, 20, 30,50, 80,100,120, p= 3.

(d) The parameterνE:
νE = degree of freedom of the hypothesis

for νE =



2(1)30, 40(20)140, 170, 200, 240, 320, 440,600,800,1000
(p= 2);
10(10)50, 80, 100, 200, 400, 600
(p= 3).

These tables are valid forp ≤ νH ; if p > νH , the respective critical values can be
obtained by making the following transformations in the parameters,

(p, νH, νE)→ (νH , p, νE + νH − p).
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1

T 2. Upper percentage points of the test statisticVp,νH ,νE (p = 2 andα = 0.05).

νH

νE 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 νE

2 361.00001481.7563362.6776003.7659405.02013566.4418488.0324169.7830611.7037813.7945776.0454498.4763981.0574223.8185226.73 2
3 12.0557340.8095285.46445145.9769222.3357314.5369422.5784546.4593686.1791841.73731013.1341200.3681403.4411622.3511857.099 3
4 2.9392289.13521218.3515130.5706445.7869463.9979385.20236109.3995136.5889166.7704199.9436236.1086275.2652317.4133362.5529 4
5 1.2426513.6822807.21156211.8205417.5054724.2645832.0968941.0018550.9790962.0283774.1495487.34247101.6071116.9433133.3511 5
6 0.6733261.9354933.7260766.0384558.86989612.2190216.0850620.4675425.3661430.7806736.7109743.1569450.1185157.5956165.58819 6
7 0.4193201.1802412.2441843.6063665.2646807.2180199.46573912.0074414.8428517.9717821.3941325.1097529.1186233.4206638.01583 7
8 0.2852920.7907021.4895082.3780683.4546994.7184906.1688947.8055639.62826311.6368313.8311516.2111318.7767221.5278424.46448 8
9 0.2063120.5650971.0567671.6784452.4287533.3069244.3124905.4451466.7046868.0909649.60387311.2433313.0092914.9016816.92049 9
10 0.1559860.4232930.7869491.2446211.7951562.4379013.1724483.9985304.9159635.9246157.0243908.2152149.49703110.8697912.33348 10
11 0.1219990.3285770.6079220.9580991.3781321.8674542.4257103.0526613.7481424.5120355.3442516.2447237.2134008.2502409.355210 11
12 0.0979890.2622760.4833010.7594351.0898371.4740131.9116492.4025322.9465133.5434834.1933634.8960905.6516176.4599057.320923 12
13 0.0804110.2141050.3931880.6162680.8826121.1917871.5435121.9375962.3739042.8523383.3728233.9353024.5397305.1860735.874301 13
14 0.0671610.1780310.3259820.5098080.7288680.9827761.2712801.5942101.9514402.3428822.7684663.2281403.7218624.2495984.811323 14
15 0.0569290.1503310.2745590.4285630.6117720.8238441.0645501.3337361.6312881.9571232.3111792.6934053.1037633.5422234.008758 15
16 0.0488650.1286060.2343570.3651910.5206010.7002770.9040131.1316691.3831401.6583491.9572382.2797622.6258832.9955733.388809 16
17 0.0423980.1112590.2023450.3148320.4482670.6023690.7769510.9718831.1870701.4224411.6779411.9535282.2491682.5648332.900501 17
18 0.0371330.0971890.1764460.2741670.3899410.5235150.6747180.8434291.0295621.2330491.4538411.6918981.9471882.2196842.509366 18
19 0.0327900.0856230.1552030.2408670.3422430.4590980.5912770.7386680.9011911.0787851.2714011.4790021.7015591.9390472.191446 19
20 0.0291660.0760010.1375660.2132610.3027480.4058130.5223130.6521450.7952350.9515241.1209681.3035331.4991891.7079151.929691 20
21 0.0261100.0679110.1227650.1901260.2696850.3612460.4646770.5798820.7067910.8453510.9955201.1572641.3305581.5153801.711712 21
22 0.0235100.0610450.1102230.1705480.2417350.3236030.4160290.5189250.6322250.7558790.8898481.0341011.1886131.3533641.528335 22
23 0.0212800.0551680.0995060.1538360.2178980.2915240.3746000.4670430.5687910.6797990.8000290.9294511.0680431.2157841.372658 23
24 0.0193520.0500990.0902750.1394580.1974090.2639700.3390350.4225280.5143910.6145800.7230600.8398030.9647871.0979941.239407 24
25 0.0176750.0456980.0822690.1270010.1796690.2401300.3082830.3840560.4673950.5582590.6566150.7624370.8757030.9963961.124500 25
26 0.0162060.0418510.0752800.1161360.1642100.2193670.2815140.3505830.4265240.5092960.5988700.6952190.7983250.9081701.024739 26
27 0.0149130.0384690.0691440.1066050.1506580.2011760.2580730.3212840.3907620.4664690.5483760.6364590.7307000.8310810.937591 27
28 0.0137690.0354810.0637280.0981990.1387120.1851510.2374310.2954940.3592950.4287970.5039730.5848010.6712630.7633420.861027 28
29 0.0127520.0328280.0589220.0907460.1281290.1709600.2191620.2726770.3314640.3954890.4647250.5391510.6187500.7035070.793410 29
30 0.0118430.0304610.0546400.0841100.1187100.1583360.2029150.2523950.3067330.3658980.4298660.4986160.5721320.6503980.733405 30
40 0.0063750.0162910.0290890.0446170.0627810.0835190.1067880.1325540.1607930.1914840.2246110.2601610.2981220.3384880.381246 40
60 0.0027130.0068890.0122460.0187140.0262500.0348270.0444220.0550210.0666090.0791790.0927200.1072260.1226920.1391130.156484 60
80 0.0014940.0037810.0067060.0102290.0143250.0189790.0241780.0299120.0361740.0429590.0502600.0580740.0663980.0752280.084562 80
100 0.0009440.0023850.0042230.0064350.0090040.0119180.0151710.0187570.0226690.0269040.0314590.0363310.0415180.0470170.052826 100
120 0.0006500.0016400.0029020.0044180.0061780.0081730.0103980.0128490.0155230.0184150.0215250.0248490.0283870.0321360.036096 120
140 0.0004750.0011970.0021160.0032200.0045000.0059510.0075680.0093490.0112900.0133900.0156470.0180590.0206250.0233430.026214 140
170 0.0003200.0008060.0014230.0021650.0030240.0039980.0050820.0062760.0075760.0089830.0104930.0121070.0138240.0156420.017561 170
200 0.0002300.0005790.0010230.0015550.0021710.0028690.0036460.0045020.0054330.0064400.0075220.0086770.0099060.0112060.012579 200
240 0.0001590.0004000.0007060.0010740.0014990.0019800.0025160.0031050.0037470.0044400.0051850.0059800.0068250.0077200.008664 240
320 0.0000890.0002240.0003950.0005990.0008370.0011050.0014040.0017320.0020890.0024750.0028890.0033320.0038020.0042990.004824 320
440 0.0000470.0001180.0002080.0003150.0004400.0005810.0007370.0009100.0010970.0012990.0015170.0017490.0019950.0022550.002530 440
600 0.0000250.0000630.0001110.0001690.0002360.0003110.0003950.0004870.0005870.0006950.0008110.0009350.0010670.0012060.001353 600
800 0.0000140.0000350.0000620.0000950.0001320.0001740.0002210.0002730.0003290.0003900.0004550.0005240.0005980.0006780.000758 800
1000 0.0000090.0000230.0000400.0000610.0000840.0001110.0001410.0001740.0002100.0002490.0002900.0003350.0003820.0004310.000484 1000
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ÍA

A
N

D
F.

J.
C

A
R

O
-L

O
P

E
R

A

T 3. Upper percentage points of the test statisticVp,νH ,νE (p = 2 andα = 0.05).

νH

νE 17 18 19 20 21 22 23 24 25 26 27 28 29 30 νE

2 96989.82109513.1 122796.5 136840.1151643.8167207.8183531.8200616.1218460.5237065.1256429.9276554.8297439.9319085.1 2
3 2107.6862374.109 2656.371 2954.4703268.4073598.1823943.7944305.2444682.5335075.6575484.6195909.4206350.0586806.534 3
4 410.6839461.8063 515.9200 573.0252633.1216696.2094762.2885831.3589903.4207978.47371056.5181137.5541221.5801308.598 4
5 150.8304169.3812189.00351209.6972231.4624254.2990278.2070303.1864329.2373356.3595384.5531413.8181444.1544475.5621 5
6 74.0962383.11969 92.65855 102.7128113.2824124.3674135.9677148.0833160.7143173.8606187.5222201.6991216.3913231.5988 6
7 42.9041048.08545 53.55984 59.3272765.3877171.7411678.3876185.3270492.55945100.0848107.9032116.0145124.4188133.1159 7
8 27.5865930.89415 34.38714 38.0655441.9293445.9785350.2130954.6330359.2383264.0289669.0049674.1662979.5129785.04499 8
9 19.0656721.33719 23.73507 26.2592528.9097431.6865334.5895837.6189140.7745144.0563847.4644950.9988754.6594858.44634 9
10 13.8880515.53348 17.26976 19.0968721.0147923.0235325.1230627.3133829.5944831.9663534.4289936.9824139.6265942.36152 10
11 10.5282911.76945 13.07867 14.4559515.9012617.4146018.9959620.6453322.3627124.1480826.0014527.9228129.9121531.96948 11
12 8.2346489.201058 10.22014 11.2918712.4162513.5932614.8228916.1051517.4400118.8274820.2675521.7602123.3054724.90331 12
13 6.6043917.376324 8.190084 9.0456579.94303310.8822011.8631612.8858913.9503915.0566516.2046817.3944718.6260019.89929 13
14 5.4070146.036653 6.700225 7.3977178.1291188.8944209.69361310.5266911.3936512.2944813.2291814.1977515.2001816.23647 14
15 4.5033495.025977 5.576629 6.1552926.7619567.3966138.0592548.7498739.46846410.2150210.9895411.7920212.6224613.48085 15
16 3.8055694.245839 4.709604 5.1968535.7075776.2417656.7994127.3805117.9850568.6130439.2644679.93932410.6376111.35933 16
17 3.2561543.631775 4.027353 4.4428754.8783335.3337185.8090236.3042436.8193717.3544047.9093378.4841669.0788899.693501 17
18 2.8162163.140220 3.481364 3.8396404.2150364.6075475.0171645.4438835.8876986.3486046.8265987.3216757.8338338.363070 18
19 2.4587392.740913 3.037955 3.3498573.6766084.0182014.3746314.7458915.1319775.5328845.9486086.3791456.8244947.284650 19
20 2.1645012.412332 2.673174 2.9470153.2338483.5336663.8464624.1722324.5109704.8626725.2273345.6049545.9955276.399052 20
21 1.9195382.138846 2.369625 2.6118672.8655623.1307053.4072903.6953103.9947624.3056414.6279444.9616685.3068105.663366 21
22 1.7135131.908886 2.114444 2.3301782.5560792.7921423.0383623.2947313.5612483.8379064.1247044.4216374.7287045.045901 22
23 1.5386511.713753 1.897953 2.0912432.2936162.5050652.7255852.9551703.1938183.4415233.6982823.9640934.2389524.522858 23
24 1.3890141.546804 1.712767 1.8868962.0691832.2596232.4582092.6649382.8798053.1028073.3339403.5732013.8205884.076099 24
25 1.2600041.402897 1.553170 1.7108161.8758272.0481982.2279242.4149992.6094212.8111863.0202893.2367303.4605043.691610 25
26 1.1480221.278009 1.414690 1.5580581.7081061.8648302.0282242.1982842.3750062.5583862.7484212.9451103.1484483.358434 26
27 1.0502171.168950 1.293782 1.4247051.5617131.7048011.8539642.0091982.1704992.3378642.5112902.6907732.8763133.067906 27
28 0.9643061.073171 1.187613 1.3076251.4332021.5643381.7010291.8432711.9910592.1443912.3032642.4676762.6376232.813105 28
29 0.8884480.988613 1.093896 1.2042921.3197951.4403991.5661011.6968951.8327801.9737502.1198052.2709412.4271562.588449 29
30 0.8211410.913598 1.010769 1.1126481.2192281.3305061.4464771.5671371.6924821.8225101.9572192.0966042.2406652.389400 30
40 0.4263950.473925 0.523830 0.5761100.6307560.6877700.7471450.8088800.8729700.9394161.0082111.0793601.1528601.228705 40
60 0.1748010.194062 0.214263 0.2354020.2574770.2804850.3044250.3292950.3550930.3818190.4094710.4380480.4675480.497972 60
80 0.0943970.104731 0.115562 0.1268890.1387110.1510250.1638310.1771280.1909140.2051890.2199520.2352030.2509390.267162 80
100 0.0589450.065371 0.072104 0.0791420.0864840.0941290.1020770.1103260.1188760.1277270.1368770.1463260.1560740.166120 100
120 0.0402650.044642 0.049227 0.0540170.0590140.0642150.0696210.0752300.0810430.0870580.0932760.0996960.1063170.113139 120
140 0.0292350.032407 0.035728 0.0391970.0428150.0465800.0504930.0545520.0587570.0631080.0676050.0722480.0770350.081966 140
170 0.0195810.021699 0.023918 0.0262350.0286510.0311640.0337760.0364850.0392900.0421930.0451920.0482870.0514780.054765 170
200 0.0140230.015538 0.017124 0.0187800.0205060.0223020.0241680.0261030.0281070.0301790.0323200.0345300.0368080.039154 200
240 0.0096580.010699 0.011790 0.0129280.0141140.0153490.0166300.0179590.0193350.0207590.0222290.0237460.0253090.026920 240
320 0.0053760.005955 0.006560 0.0071930.0078510.0085360.0092470.0099850.0107480.0115380.0123530.0131940.0140610.014953 320
440 0.0028190.003122 0.003439 0.0037700.0041150.0044730.0048450.0052310.0056300.0060430.0064690.0069080.0073610.007828 440
600 0.0015070.001669 0.001838 0.0020150.0021980.0023900.0025880.0027940.0030070.0032270.0034540.0036880.0039300.004178 600
800 0.0008440.000936 0.001029 0.0011280.0012310.0013380.0014490.0015640.0016830.0018060.0019330.0020640.0021990.002338 800
1000 0.0005390.000597 0.000657 0.0007200.0007860.0008540.0009250.0009980.0010740.0011530.0012340.0013170.0014030.001492 1000
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T 4. Upper percentage points of the test statisticVp,νH ,νE (p = 2 andα = 0.05).

νH

νE 35 40 45 50 55 60 65 70 75 80 85 90 95 100 120 νE

2 438713.8577346.8734983.9911625.1 1107270 1321920 1555573 1808231 2079894 2370560 2680230 3008905 3356584 3723267 5378759 2
3 9326.47712242.3615554.1819261.9523365.6527865.3032760.8838052.4043739.8749823.2756302.6163177.9070449.1278116.28112744.3 3
4 1788.5582343.2992972.8213677.1254456.2105310.0756238.7227242.1498320.3589473.34810701.1112003.6713381.0014833.1221389.38 4
5 648.6712848.56421075.2411328.7011608.9451915.9732249.7842610.3792997.7573411.9193852.8644320.5924815.1045336.3997689.416 5
6 315.3658412.0150521.5462643.9593779.2543927.43101088.4891262.3611449.2521648.9551861.5412087.0082325.3572576.5873710.325 6
7 180.9963236.2001298.7272368.5776445.7510530.2476622.0673721.2100827.6757941.46441062.5761191.0111326.7691469.8492115.402 7
8 115.4850150.5581190.2640234.6027283.5741337.1782395.4149458.2842525.7861597.9205674.6875756.0870842.1191932.78371341.767 8
9 79.27420103.2578130.3969160.6915194.1415230.7468270.5075313.4234359.4945408.7209461.1026516.6394575.3315637.1788916.1201 9
10 57.3974874.7020694.27510116.1165140.2262166.6040195.2501226.1644259.3468294.7974332.5160372.5028414.7577459.2807660.0537 10
11 43.2757456.2812270.9857387.38919105.4915125.2926146.7926169.9912194.8887221.4848249.7797279.7732311.4655344.8564495.4070 11
12 33.6812743.7736255.1801867.9008681.9355897.28429113.9470131.9236151.2141171.8185193.7368216.9690241.5151267.3750383.9533 12
13 26.8918934.9279044.0071754.1295965.2950977.5036390.75516105.0497120.3871136.7675154.1908172.6571192.1662212.7183305.3554 13
14 21.9257028.4610835.8424444.0696953.1427663.0615973.8261585.4364297.89238111.1940125.3414140.3342156.1728172.8570248.0501 14
15 18.1919923.6016229.7095936.5158044.0201752.2226761.1232470.7218881.0185592.01324103.7060116.0967129.1854142.9721205.0986 15
16 15.3192219.8644924.9949730.7105737.0112243.8968751.3674859.4230368.0635077.2888887.0991597.49430108.4743120.0392172.1474 16
17 13.0648416.9331321.2982326.1600431.5184837.3735243.7251150.5732457.9178865.7590174.0966382.9307392.26129102.0883146.3609 17
18 11.2653414.5942718.3497122.5315627.1397532.1742537.6350043.5220049.8352156.5746263.7402371.3320179.3499887.79411125.8322 18
19 9.80747412.7002115.9627319.5949123.5967027.9680632.7089437.8193343.2991949.1485355.3673261.9555568.9132376.24034109.2430 19
20 8.61087211.1462014.0049017.1868820.6920424.5203828.6718433.1464137.9440643.0647748.5085454.2753660.3652166.7781095.65989 20
21 7.6173029.85634712.3803615.1892518.2829621.6614325.3246329.2725433.5051438.0224142.8243547.9109453.2821758.9380484.40783 21
22 6.7837728.77464411.0183813.5148916.2641119.2659922.5205026.0276229.7873333.7996138.0644542.5818447.3517852.3742574.98943 22
23 6.0780117.8590669.86588712.0983914.5565017.2401920.1494123.2841526.6443830.2300934.0412738.0779142.3400046.8275467.03203 23
24 5.4754337.0776028.88247610.8899713.1000115.5125618.1276020.9450923.9650127.1873530.6121034.2392638.0688042.1007360.25221 24
25 4.9570516.4055428.0369579.85120711.8482314.0279916.3904618.9355921.6633924.5738327.6669030.9425934.4009038.0418254.43147 25
26 4.5080225.8235727.3049618.95210310.7649412.7434314.8875317.1972419.6725222.3133625.1197528.0916931.2291534.5321549.39933 26
27 4.1166145.3164326.6672378.1689479.82150311.6248613.5790015.6838817.9394920.3458222.9028525.6105828.4689931.4780945.02121 27
28 3.7734594.8719366.1084177.4828208.99508810.6451812.4330614.3587116.4221118.6232520.9621123.4386926.0529828.8049741.18984 28
29 3.4710054.4802695.6161226.8784858.2673029.78253211.4241413.1921115.0864217.1070619.2540121.5272723.9268326.4526837.81891 29
30 3.2031144.1334505.1802916.3435617.6232049.01917910.5314612.1600113.9048315.7658917.7432019.8367222.0464724.3724334.83831 30
40 1.6430972.1160112.6473523.2370583.8850814.5913875.3559496.1787467.0597647.9989898.99641010.0520211.1658112.3377817.60731 40
60 0.6639030.8527981.0645951.2992471.5567231.8369962.1400462.4658572.8144183.1857163.5797453.9964974.4359664.8981476.973917 60
80 0.3555410.4559900.5684630.6929290.8293620.9777421.1380551.3102871.4944301.6904731.8984122.1182392.3499502.5935403.686634 80
100 0.2208080.2828940.3523450.4291370.5132490.6046670.7033780.8093730.9226431.0431811.1709831.3060431.4483571.5979212.268626 100
120 0.1502560.1923590.2394220.2914250.3483540.4101970.4769420.5485830.6251130.7065260.7928170.8839820.9800181.0809211.533164 120
140 0.1087860.1391890.1731550.2106680.2517150.2962860.3443740.3959720.4510740.5096760.5717730.6373620.7064400.7790041.104083 140
170 0.0726330.0928730.1154700.1404120.1676910.1972970.2292260.2634710.3000300.3388960.3800690.4235440.4693200.5173940.732640 170
200 0.0519010.0663330.0824370.1002050.1196300.1407050.1634260.1877870.2137870.2414210.2706880.3015850.3341090.3682600.521096 200
240 0.0356660.0455620.0566000.0687740.0820760.0965040.1120530.1287190.1465020.1653970.1854030.2065180.2287410.2520700.356426 240
320 0.0197980.0252770.0313830.0381140.0454650.0534340.0620170.0712150.0810230.0914420.1024690.1141040.1263450.1391920.196619 320
440 0.0103580.0132180.0164030.0199120.0237430.0278940.0323640.0371510.0422540.0476730.0534060.0594540.0658140.0724880.102300 440
600 0.0055270.0070500.0087460.0106140.0126520.0148600.0172360.0197810.0224920.0253710.0284160.0316270.0350030.0385450.054358 600
800 0.0030920.0039430.0048910.0059340.0070720.0083040.0096300.0110500.0125620.0141680.0158650.0176560.0195380.0215110.030320 800
1000 0.0019730.0025150.0031190.0037840.0045090.0052940.0061380.0070420.0080050.0090270.0101080.0112480.0124450.0137020.019306 1000
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T 5. Upper percentage points of the test statisticVp,νH ,νE (p = 2 andα = 0.01).

νH

νE 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 νE

2 9801.00039401.7588802.67158003.8247005.0355806.4484408.0632809.8801011.7989013.8 1196816 1424418 1671821 1939024 2226027 2
3 81.00000255.2653520.3097876.02841322.3951859.4002487.0383205.3084014.2074913.7365903.8926984.6778156.0909418.13010770.80 3
4 13.2611737.1961871.67528116.6876172.2271238.2906314.8765401.9837499.6114607.7592726.4269855.6142995.32091145.5471306.292 4
5 4.67544512.2712822.8293936.3472852.8219072.2513494.63444119.9704148.2589179.4994213.6917250.8357290.9312333.9782379.9765 5
6 2.2858015.74913510.4425116.3648923.5142331.8891041.4886252.3122064.3594277.6300192.12377107.8405124.7802142.9427162.3279 6
7 1.3327193.2543585.8094828.99746112.8167317.2661722.3450628.0529034.3893641.3541848.9472057.1682866.0173275.4942485.59899 7
8 0.8661982.0697983.6467145.5964587.91777710.6097713.6718117.1034920.9045125.0746629.6137834.5217539.7984845.4439051.45796 8
9 0.6057191.4235942.4825553.7821935.3214757.0996409.11616811.3706913.8629516.5927619.5599822.7645026.2062429.8851333.80113 9
10 0.4463581.0354361.7908122.7121293.7985185.0493326.4641188.0425579.78441911.6895413.7577815.9890518.3832820.9404123.66038 10
11 0.3421000.7852411.3489152.0328052.8361703.7584494.7992465.9582797.2353448.63028910.1430011.7733813.5213715.3869117.36995 11
12 0.2703080.6150641.0506071.5766532.1925612.8978403.6921434.5752165.5468776.6069877.7554428.99216010.3170811.7301413.23131 12
13 0.2188360.4943130.8403011.2565421.7424762.2976722.9218193.6146934.3761255.2059926.1041977.0706648.1053359.20816110.37910 13
14 0.1807120.4056630.6867601.0237691.4161981.8636642.3658872.9226653.5338464.1993174.9189885.6927906.5206697.4025788.338483 14
15 0.1517070.3387290.5713930.8494881.1725731.5403081.9524422.4087892.9092133.4536084.0418934.6740025.3498866.0695026.832816 15
16 0.1291370.2869930.4826020.7157720.9861111.2933101.6371442.0174422.4340812.8869623.3760103.9011654.4623805.0596165.692840 16
17 0.1112370.2461990.4128570.6110340.8403771.1006071.3915181.7129562.0648062.4469772.8594003.3020193.7747894.2776744.810644 17
18 0.0968040.2134800.3571070.5275230.7244080.9475101.1966401.4716571.7724542.0989472.4510722.8287783.2320213.6607674.114989 18
19 0.0850010.1868460.3118620.4599030.6306760.8239521.0395571.2773611.5372651.8191922.1230822.4488852.7965633.1660823.557417 19
20 0.0752270.1648810.2746530.4044070.5538770.7228520.9111721.1187161.3453941.5911331.8558762.1395782.4422032.7637183.104100 20
21 0.0670420.1465580.2436920.3583170.4901910.6391170.8049500.9875781.1869151.4028941.6354621.8845762.1502022.4323102.730877 21
22 0.0601220.1311180.2176610.3196330.4368110.5690140.7161070.8779861.0545721.2458001.4516221.6719981.9068942.1562822.420141 22
23 0.0542180.1179870.1955690.2868560.3916400.5097550.6410750.7855040.9429651.1134011.2967651.4930191.7021311.9240762.158832 23
24 0.0491410.1067280.1766640.2588470.3530860.4592270.5771520.7067700.8480121.0008221.1651561.3409781.5282591.7269741.937103 24
25 0.0447440.0970020.1603620.2347280.3199240.4158050.5222620.6392090.7665810.9043261.0524021.2107761.3794191.5583091.747425 25
26 0.0409110.0885440.1462080.2138150.2911980.3782240.4747890.5808150.6962390.8210120.9550951.0984571.2510691.4129111.583963 26
27 0.0375490.0811430.1338430.1955650.2661540.3454860.4334640.5300120.6350740.7486020.8705591.0009151.1396451.2867271.442144 27
28 0.0345850.0746310.1229770.1795450.2441920.3167980.3972730.4855480.5815660.6852850.7966680.9156881.0423201.1765431.318341 28
29 0.0319580.0688700.1133790.1654090.2248270.2915210.3654060.4464150.5344970.6296100.7317210.8408020.9568301.0797861.209654 29
30 0.0296190.0637510.1048590.1528730.2076680.2691370.3372020.4117990.4928790.5804030.6743390.7746600.8813460.9943761.113737 30
40 0.0157090.0335100.0547700.0794450.1074630.1387610.1732900.2110130.2518990.2959230.3430640.3933060.4466350.5030380.562504 40
60 0.0065900.0139350.0226300.0326580.0439830.0565760.0704150.0854810.1017580.1192350.1379000.1577460.1787650.2009490.224294 60
80 0.0036030.0075850.0122790.0176740.0237500.0304910.0378820.0459140.0545760.0638620.0737650.0842810.0954030.1071290.119455 80
100 0.0022670.0047600.0076920.0110540.0148340.0190210.0236070.0285840.0339450.0396870.0458060.0522960.0591560.0663830.073974 100
120 0.0015570.0032630.0052660.0075600.0101360.0129860.0161050.0194880.0231290.0270260.0311750.0355740.0402210.0451140.050251 120
140 0.0011350.0023750.0038300.0054940.0073610.0094260.0116840.0141300.0167630.0195790.0225770.0257530.0291070.0326370.036342 140
170 0.0007630.0015950.0025700.0036830.0049320.0063110.0078180.0094510.0112070.0130830.0150800.0171950.0194260.0217750.024238 170
200 0.0005480.0011450.0018430.0026400.0035330.0045190.0055960.0067620.0080160.0093550.0107790.0122880.0138790.0155520.017307 200
240 0.0003790.0007900.0012710.0018190.0024340.0031120.0038520.0046530.0055140.0064330.0074100.0084450.0095360.0106830.011886 240
320 0.0002110.0004410.0007080.0010140.0013550.0017320.0021430.0025870.0030650.0035750.0041160.0046890.0052930.0059280.006594 320
440 0.0001110.0002320.0003720.0005320.0007110.0009080.0011230.0013560.0016050.0018720.0021550.0024540.0027690.0031010.003448 440
600 0.0000600.0001240.0001990.0002850.0003800.0004850.0006000.0007240.0008570.0009990.0011500.0013100.0014780.0016540.001839 600
800 0.0000330.0000700.0001120.0001590.0002130.0002720.0003360.0004060.0004800.0005590.0006440.0007330.0008270.0009260.001029 800
1000 0.0000210.0000440.0000710.0001020.0001360.0001740.0002150.0002590.0003060.0003570.0004110.0004680.0005280.0005900.000656 1000
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T 6. Upper percentage points of the test statisticVp,νH ,νE (p = 2 andα = 0.01).

νH

νE 17 18 19 20 21 22 23 24 25 26 27 28 29 30 νE

2 2532830 2859433 3205836 3572040 3958044 4363848 4789452 5234856 5700060 6185065 6689870 7214475 7758880 8323085 2
3 12214.0913748.0115372.5617087.7418893.5420789.9722777.0324854.7227023.0329281.9731631.5334071.7336602.5539223.99 3
4 1477.5571659.3401851.6432054.4652267.8052491.6652726.0442970.9413226.3583492.2933768.7474055.7214353.2134661.224 4
5 428.9261480.8270535.6791593.4823654.2367717.9423784.5990854.2067926.76561002.2761080.7371162.1491246.5121333.826 5
6 182.9359204.7665227.8197252.0955277.5938304.3148332.2582361.4242391.8126423.4236456.2570490.3129525.5913562.0922 6
7 96.33150107.6917119.6797132.2953145.5386159.4095173.9080189.0342204.7879221.1692238.1781255.8146274.0786292.9702 7
8 57.8406064.5918071.7115279.1997487.0564395.28159103.8752112.8372122.1677131.8665141.9338152.3695163.1735174.3460 8
9 37.9541842.3442646.9713451.8353956.9364062.2743467.8492173.6609979.7096885.9952692.5177299.27706106.2733113.5064 9
10 26.5431529.5887032.7970136.1680439.7017743.3982147.2573251.2791055.4635459.8106264.3203668.9927273.8277278.82534 10
11 19.4704621.6884224.0237826.4765429.0466831.7341834.5390337.4612140.5007243.6575546.9317050.3231553.8319057.45794 11
12 14.8205516.4978318.2631420.1164422.0577324.0869926.2042028.4093730.7024733.0835035.5524538.1093240.7541043.48679 12
13 11.6181312.9252214.3003415.7434817.2546218.8337520.4808622.1959323.9789625.8299427.7488729.7357331.7905233.91325 13
14 9.32835310.3721611.4698912.6215213.8270415.0864316.3996917.7667919.1877420.6625322.1911523.7735925.4098627.09994 14
15 7.6398008.4904309.38468810.3225611.3040212.3290613.3976814.5098615.6656016.8648918.1077119.3940820.7239722.09739 15
16 6.3620267.0671527.8081998.5851519.39799410.2467211.1313112.0517613.0080714.0002215.0282116.0920417.1916918.32717 16
17 5.3736735.9667416.5898297.2429237.9260098.6390769.38211510.1551210.9580811.7909812.6538313.5466214.4693415.42199 17
18 4.5946615.0997665.6302856.1862036.7675107.3741938.0062448.6636549.34641710.0545310.7879711.5467612.3308713.14031 18
19 3.9705444.4054464.8621045.3405075.8406426.3624986.9060677.4713428.0583148.6669789.2973289.94936110.6230711.31845 19
20 3.4633273.8413804.2382444.6539075.0883575.5415846.0135806.5043367.0138477.5421068.0891088.6548499.2393259.842531 20
21 3.0458823.3773093.7251424.0893694.4699794.8669635.2803125.7100206.1560806.6184867.0972327.5923168.1037328.631478 21
22 2.6984522.9911973.2983623.6199373.9559104.3062734.6710175.0501355.4436225.8514716.2736796.7102417.1611527.626409 22
23 2.4063812.6667082.9397983.2256413.5242273.8355474.1595924.4963584.8458375.2080255.5829165.9705066.3707936.783771 23
24 2.1586292.3915352.6358112.8914443.1584263.4367473.7264014.0273814.3396814.6632974.9982235.3444565.7019926.070828 24
25 1.9467512.1562742.3759802.6058592.8459023.0961013.3564493.6269403.9075684.1983294.4992174.8102305.1313625.462612 25
26 1.7642101.9536392.1522372.3599942.5769022.8029533.0381403.2824573.5358993.7984624.0701394.3509294.6408284.939832 26
27 1.6058801.7779241.9582622.1468872.3437882.5489602.7623952.9840883.2140333.4522263.6986623.9533394.2162524.487399 27
28 1.4677001.6246071.7890511.9610232.1405152.3275192.5220312.7240422.9335503.1505493.3750363.6070063.8464574.093386 28
29 1.3464191.4900711.6405991.7979941.9622472.1333532.3113042.4960972.6877252.8861843.0914723.3035833.5225163.748267 29
30 1.2394141.3713971.5096751.6542401.8050841.9622012.1255852.2952302.4711322.6532872.8416913.0363403.2372323.444364 30
40 0.6250250.6905940.7592020.8308440.9055150.9832101.0639251.1476551.2343981.3241511.4169101.5126731.6114381.713203 40
60 0.2487950.2744470.3012470.3291900.3582750.3884980.4198560.4523480.4859720.5207250.5566060.5936140.6317460.671002 60
80 0.1323780.1458950.1600030.1747010.1899870.2058580.2223120.2393500.2569690.2751680.2939450.3133000.3332320.353740 80
100 0.0819270.0902400.0989120.1079410.1173260.1270650.1371570.1476020.1583980.1695440.1810400.1928850.2050770.217618 100
120 0.0556310.0612510.0671120.0732110.0795480.0861220.0929320.0999770.1072560.1147690.1225160.1304950.1387060.147149 120
140 0.0402200.0442700.0484920.0528850.0574480.0621790.0670800.0721480.0773830.0827860.0883550.0940890.0999890.106055 140
170 0.0268150.0295070.0323110.0352270.0382560.0413950.0446460.0480070.0514770.0550580.0587480.0625460.0664540.070469 170
200 0.0191430.0210600.0230560.0251320.0272870.0295210.0318330.0342230.0366900.0392350.0418580.0445570.0473330.050185 200
240 0.0131440.0144570.0158240.0172450.0187200.0202490.0218310.0234660.0251530.0268930.0286860.0305310.0324280.034377 240
320 0.0072890.0080150.0087710.0095560.0103710.0112150.0120880.0129900.0139220.0148810.0158700.0168870.0179330.019007 320
440 0.0038110.0041890.0045830.0049930.0054170.0058570.0063110.0067810.0072660.0077660.0082800.0088090.0093530.009912 440
600 0.0020330.0022340.0024440.0026610.0028870.0031210.0033630.0036130.0038710.0041360.0044100.0046910.0049800.005276 600
800 0.0011370.0012490.0013660.0014880.0016140.0017450.0018800.0020190.0021630.0023110.0024640.0026210.0027820.002947 800
1000 0.0007250.0007970.0008710.0009490.0010290.0011120.0011980.0012870.0013790.0014730.0015700.0016700.0017730.001878 1000
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T 7. Upper percentage points of the test statisticVp,νH ,νE (p = 2 andα = 0.01).

νH

νE 35 40 45 50 55 60 65 70 75 80 85 90 95 100 120 νE

2 1144111415054147191621842376522528863270344563204054437447127432542054946177856069846630784097058746778497020867140183240 2
3 53690.63 70422.94 89420.93 110684.6 134213.9 160008.9 188069.6 218395.9 250987.9 285845.6 322969.0 362358.0 404012.7 447933.1 646271.3 3
4 6359.061 8319.871 10543.65 13030.40 15780.13 18792.82 22068.48 25607.12 29408.72 33473.30 37800.84 42391.36 47244.85 52361.30 75456.84 4
5 1814.662 2369.275 2997.662 3699.825 4475.762 5325.475 6248.963 7246.226 8317.263 9462.075 10680.66 11973.02 13339.16 14779.07 21276.47 5
6 762.9334 994.3357 1256.299 1548.822 1871.907 2225.551 2609.757 3024.522 3469.848 3945.734 4452.181 4989.188 5556.755 6154.882 8852.995 6
7 396.8413 516.4008 651.6484 802.5840 969.2074 1151.519 1349.518 1563.204 1792.579 2037.640 2298.390 2574.827 2866.952 3174.764 4562.890 7
8 235.7339 306.3309 386.1367 475.1513 573.3744 680.8061 797.4463 923.2948 1058.352 1202.617 1356.091 1518.773 1690.663 1871.762 2688.241 8
9 153.2246 198.8641 250.4245 307.9056 371.3074 440.6297 515.8726 597.0360 684.1199 777.1242 876.0497 980.8940 1091.660 1208.345 1734.293 9
10 106.2527 137.7452 173.3024 212.9245 256.6112 304.3624 356.1781 412.0582 472.0027 536.0117 604.0850 676.2227 752.4248 832.6912 1194.400 10
11 77.34748 100.1689 125.9220 154.6066 186.2225 220.7698 258.2484 298.6582 341.9992 388.2714 437.4747 489.6092 544.6749 602.6716 863.9700 11
12 58.46869 75.64778 95.02381 116.5966 140.3662 166.3323 194.4950 224.8542 257.4099 292.1620 329.1107 368.2558 409.5973 453.1353 649.2512 12
13 45.54564 58.87576 73.90337 90.62830 109.0505 129.1698 150.9863 174.4998 199.7103 226.6179 255.2225 285.5241 317.5227 351.2182 502.9700 13
14 36.35744 46.95986 58.90698 72.19866 86.83477 102.8153 120.1401 138.8092 158.8225 180.1801 202.8820 226.9280 252.3182 279.0526 399.4320 14
15 29.61729 38.22492 47.92006 58.70256 70.57232 83.52927 97.57337 112.7046 128.9228 146.2282 164.6205 184.0999 204.6663 226.3197 323.8032 15
16 24.54185 31.65173 39.65659 48.55630 58.35075 69.03987 80.62362 93.10196 106.4748 120.7423 135.9042 151.9607 168.9116 186.7571 267.0836 16
17 20.63406 26.59395 33.30142 40.75635 48.95864 57.90821 67.60501 78.04902 89.24020 101.1785 113.8640 127.2966 141.4763 156.4030 223.5810 17
18 17.56731 22.62707 28.31938 34.64409 41.60113 49.19040 57.41188 66.26552 75.75128 85.86916 96.61914 108.0012 120.0153 132.6615 189.5667 18
19 15.12036 19.46372 24.34830 29.77398 35.74066 42.24828 49.29678 56.88613 65.01630 73.68728 82.89903 92.65156 102.9448 113.7789 162.5224 19
20 13.13941 16.90418 21.13662 25.83660 31.00402 36.63884 42.74098 49.31043 56.34714 63.85111 71.82230 80.26072 89.16634 98.53916 140.7023 20
21 11.51504 14.80644 18.50550 22.61207 27.12607 32.04743 37.37611 43.11206 49.25526 55.80570 62.76334 70.12818 77.90021 86.07942 122.8679 21
22 10.16779 13.06746 16.32522 19.94095 23.91456 28.24598 32.93516 37.98208 43.38669 49.14899 55.26895 61.74656 68.58180 75.77468 108.1224 22
23 9.038952 11.61108 14.49997 17.70550 21.22757 25.06612 29.22111 33.69249 38.48026 43.58437 49.00482 54.74159 60.79467 67.16405 95.80447 23
24 8.084407 10.38013 12.95781 15.81733 18.95860 22.38155 26.08614 30.07234 34.34011 38.88945 43.72032 48.83272 54.22664 59.90206 85.41869 24
25 7.270528 9.331036 11.64396 14.20916 17.02658 20.09613 23.41779 26.99150 30.81725 34.89502 39.22478 43.80653 48.64026 53.72595 76.58823 25
26 6.571344 8.430163 10.51611 12.82907 15.36896 18.13571 21.12929 24.34965 27.79677 31.47064 35.37122 39.49852 43.85252 48.43321 69.02273 26
27 5.966552 7.651226 9.541248 11.63650 13.93691 16.44240 19.15294 22.06848 25.18902 28.51452 32.04496 35.78034 39.72065 43.86587 62.49578 27
28 5.440110 6.973463 8.693278 10.59944 12.69187 14.97050 17.43530 20.08622 22.92325 25.94636 29.15554 32.55077 36.13205 39.89936 56.82881 28
29 4.979212 6.380308 7.951391 9.692349 11.60310 13.68359 15.93377 18.35362 20.94309 23.70219 26.63088 29.72915 32.99701 36.43442 51.87963 29
30 4.573542 5.858419 7.298834 8.894679 10.64587 12.55236 14.61410 16.83106 19.20321 21.73053 24.41301 27.25063 30.24339 33.39127 47.53390 30
40 2.266961 2.895482 3.598637 4.376336 5.228512 6.155118 7.156116 8.231477 9.381179 10.60520 11.90354 13.27617 14.72308 16.24427 23.07170 40
60 0.884097 1.125134 1.394025 1.690708 2.015136 2.367274 2.747093 3.154571 3.589690 4.052436 4.542796 5.060762 5.606324 6.179476 8.747872 60
80 0.464892 0.590337 0.730016 0.883880 1.051897 1.234038 1.430282 1.640612 1.865014 2.103476 2.355987 2.622541 2.903130 3.197748 4.516422 80
100 0.285511 0.362015 0.447084 0.540683 0.642785 0.753369 0.872419 0.999919 1.135859 1.280230 1.433023 1.594231 1.763849 1.941871 2.737929 100
120 0.192823 0.244229 0.301333 0.364106 0.432528 0.506582 0.586253 0.671532 0.762407 0.858872 0.960920 1.068545 1.181742 1.300506 1.831177 120
140 0.138846 0.175721 0.216649 0.261610 0.310585 0.363562 0.420530 0.481477 0.546398 0.615284 0.688131 0.764934 0.845689 0.930391 1.308619 140
170 0.092165 0.116537 0.143564 0.173229 0.205521 0.240427 0.277940 0.318052 0.360758 0.406051 0.453928 0.504384 0.557417 0.613022 0.861129 170
200 0.065588 0.082877 0.102036 0.123053 0.145918 0.170622 0.197159 0.225522 0.255707 0.287710 0.321526 0.357153 0.394588 0.433828 0.608805 200
240 0.044895 0.056693 0.069758 0.084082 0.099655 0.116473 0.134530 0.153821 0.174343 0.196092 0.219066 0.243262 0.268678 0.295312 0.413995 240
320 0.024799 0.031290 0.038471 0.046337 0.054883 0.064106 0.074002 0.084567 0.095801 0.107700 0.120262 0.133487 0.147372 0.161917 0.226667 320
440 0.012922 0.016292 0.020018 0.024096 0.028524 0.033300 0.038420 0.043885 0.049692 0.055839 0.062327 0.069154 0.076319 0.083821 0.117187 440
600 0.006875 0.008664 0.010640 0.012801 0.015147 0.017676 0.020386 0.023278 0.026348 0.029599 0.033027 0.036634 0.040417 0.044378 0.061981 600
800 0.003839 0.004836 0.005936 0.007140 0.008446 0.009853 0.011361 0.012969 0.014676 0.016483 0.018388 0.020391 0.022492 0.024691 0.034460 800
1000 0.002446 0.003080 0.003781 0.004547 0.005377 0.006272 0.007230 0.008252 0.009337 0.010485 0.011695 0.012967 0.014302 0.015698 0.021898 1000
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T 8. Upper percentage points of the test statisticVp,νH ,νE .

p = 3 α = 0.05

νH

νE 3 5 10 15 20 30 50 80 100 120 νE

10 0.0733220.7004547.52002127.1251866.10158228.49021075.2294439.7118692.97815045.67 10
20 0.0053790.0472640.4653671.6112853.83085812.8675858.95089239.3027465.7294802.7410 20
30 0.0013580.0116170.1108250.3771560.8865242.93504113.2470153.21887103.1730177.3476 30
40 0.0005300.0044770.0420140.1416140.3306601.0850384.84932419.3404437.3883564.13839 40
50 0.0002590.0021730.0201880.0676320.1572240.5128052.2758369.02713117.4126429.82274 50
80 0.0000590.0004900.0044850.0148790.0343400.1108470.4857051.9062123.6605186.248559 80
100 0.0000300.0002450.0022260.0073590.0169390.0544660.2374570.9277681.7780923.030608 100
200 0.0000040.0000290.0002620.0008580.0019650.0062630.0269900.1042880.1988370.337505 200
400 0.0000000.0000040.0000320.0001040.0002370.0007500.0032120.0123220.0234100.039631 400
600 0.0000000.0000010.0000090.0000300.0000690.0002190.0009360.0035800.0067950.011484 600

p = 3 α = 0.01

νH

νE 3 5 10 15 20 30 50 80 100 120 νE

10 0.2646311.93193917.8138461.22305145.6237491.22442266.3569253.39018049.9931162.11 10
20 0.0170340.1107260.9038942.9321606.73562121.8198396.93550386.3916747.31041282.661 20
30 0.0041430.0259570.2026880.6416791.4504834.60382120.0255878.66108151.3051258.6989 30
40 0.0015900.0097800.0746250.2330720.5219091.6358637.01745727.2828052.2690989.11286 40
50 0.0007700.0046850.0352430.1091240.2428510.7546983.20551412.3665423.6186340.17610 50
80 0.0001730.0010370.0076320.0233060.0513380.1572190.6558442.4925064.7303178.008860 80
100 0,0000860,0005140,0037550,0114130,0250480,0762870.3159911,1932712,2583233,815224 100
200 0.0000100.0000600.0004340.0013050.0028420.0085510.0348390.1295190.2433470.408692 200
400 0.0000010.0000070.0000520.0001560.0003380.0010110.0040800.0150180.0280730.046955 400
600 0.0000000.0000020.0000150.0000460.0000990.0002940.0011830.0043360.0080890.013507 600

A
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Dı́az-Garcı́a J. A. and Gutiérrez-Jáimez, R. (1997), ‘Proof of conjectures of H. Uhlig
on the singular multivariate Beta and the Jacobian of a certain matrix transformation’,
Ann. of Statist.25, 2018-2023.
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